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BANACH SPACE PROPERTIES SUFFICIENT FOR THE
DOMINGUEZ-LORENZO CONDITION

Mina DINARVAND?

In this paper, we consider some geometric properties on Banach spaces
concerning the Garcia-Falset coefficient and the von Neumann-Jordan type constant,
which imply the Dominguez-Lorenzo condition and thus the existence of fixed points
for multivalued nonexpansive mappings. The obtained results generalize some
previous results in the recent literature. We also show that our results are sharp.
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1. Introduction

In 1969, Nadler [1] extended the Banach Contraction Principle to
multivalued contractive mappings in complete metric spaces. Since then, the metric
fixed point theory of multivalued mappings has been rapidly developed. Some
classical fixed point theorems for singlevalued nonexpansive mappings have been
extended to multivalued nonexpansive mappings. One of the first results in this
direction was established by Lim [2] in the framework of a uniformly convex
Banach space. Later on, by using Edelstein's method of asymptotic centers, Kirk
and Massa [3] proved the existence of a fixed point for a multivalued nonexpansive
self-mapping in a Banach space, for which the asymptotic center of any bounded
sequence in a closed bounded convex subset is nonempty and compact.

Despite of the above results, some important questions remain still open, for
instance, the possibility of extending the celebrated Kirk's theorem [4], i.e., do
Banach spaces with weak normal structure (o-NS) have the fixed point property
(FPP) for multivalued nonexpansive mappings?

In 2004, Dominguez Benavides and Lorenzo [5] proved that nearly
uniformly convex spaces have the FPP for multivalued nonexpansive mappings
with compact and convex values. Dhompongsa et al. [6] noticed that the main tool
used in the proof of that result is a relationship concerning the Chebyshev radius of
the sequence. Consequently, they introduced the so called Dominguez-Lorenzo
condition ((DL)-condition, in short), which implies ®-NS (see [6]) of a Banach
space and in turn the FPP for multivalued nonexpansive mappings (see [7]).
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Therefore, a first approach to the problem of extending Kirk’s theorem is to study
whether properties implying o-NS also imply the (DL)-condition. Positive results
will give only partial answers to the problem, because it is known that uniform
normal structure does not imply the (DL)-condition (see [8]).

Recently, many geometric constants for a Banach space have been
investigated. Among them, the von Neumann-Jordan constant is one of the most
widely studied geometric constants. In connection with the celebrated work of
Jordan and von Neumann concerning inner products [9], the von Neumann-Jordan
constant of Cy,;(X) of a Banach space X was introduced by Clarkson [10] as the
smallest constant ¢ for which

1 2 _ 2
_Sllx+yll+llx yl <
C 2(1 x 11241y 112)

holds for all x,y € X with (x,y) # (0,0). If C is the best possible constant on the
right-hand side of the above inequality, then so is % on the left-hand one. Such a
constant is important due to its strong connection with some useful geometric
properties.

Throughout this paper, we assume that X be a Banach space with the unit
sphere Sy = {x € X : || x l= 1} and the closed unit ball By ={x € X : || x I<

1).

Recently, Takahashi [11] has introduced the von Neumann-Jordan type
constant by

2
C,(X) = sup {]1X.|t.(2 :

for —oco < t < oo, where the James type constant Jx .(7) is defined as

]X,t(T)

OSTSI}

1
Il x + Ty 1541 x — Ty 15\

sup < Y > 4 : X,y €Sx¢, —oo<t<oo,t#0,

sup{y/l x+zy LI x—zy Il : xy€ Sy}, t=0,

sup{min{ll x +ty Ll x —ty I} : x,¥ € Sx}, t = —oo,

Here, we remark that J(X) = Jx —(1). By taking t = —oo in the definition of
C:(X), we get the constant

Jfo(®

C_OO(X)zsup{l_l_T2 0STS1}.

It is obvious that the von Neumann-Jordan type constant includes some known
constants, such as the von Neumann-Jordan constant Cy;(X) (see [10]) and the

Zbaganu constant Cz(X) (see [12]). These constants are defined by Cy;(X) =
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C,(X) and C;(X) = Cy(X) . As regards the above constants, the following
inequalities do hold (see [11]):

1
5 U))* < Co(X) < €200
< Cy; (X0). (1.1)

Many recent studies have focused on geometric properties concerning some well
known moduli and coefficients, which imply normal structure of Banach spaces and
the existence of fixed points for multivalued nonexpansive mappings. For more
details in this direction, we refer the reader to [6, 7, 8, 13, 14, 15, 16, 17, 18, 19, 20,
21] and the references mentioned therein.

The purpose of this work is to investigate some geometric conditions on a
Banach space X in terms of the Garcia-Falset coefficient and the von Neumann-
Jordan type constant, which imply the Dominguez-Lorenzo condition and thus the
existence of fixed points for multivalued nonexpansive mappings. Our main results
generalize some existing results in the literature on this topic. Moreover, we show
that the results are sharp.

2. Preliminaries

In the following lines, we give some notions and definitions which will be
needed in the sequel.

Let X be a Banach space and E be a nonempty subset of X. We shall denote
by CB(E) the family of all nonempty bounded closed subsets of E and by KC(E)
the family of all nonempty compact convex subsets of E.

A multivalued mapping T: E — CB(X) is said to be nonexpansive if

H(Tx,Ty) <llx—yl, X,y €E,

where H(:,) denotes the Hausdorff metric on CB(X) defined by

H(A,B) = max {sup inflx—yll, supinf || x—y II}, A B
€ CB(X).

A point x € E is a fixed point of T if and only if x is contained in Tx.

Let {x,,} be abounded sequence in X. The asymptotic radius r(E, {x,,}) and
the asymptotic center A(E, {x,}) of {x,,} in E are defined by
r(E,{x,}) = inf {lim sup I x, —x Il : xE€ E}

n—-oo

and
A(E,{x,}) = {x €E : limsupllx,—xIl=r(E, {xn})},

n—-oo
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respectively. It is known that A(E, {x,}) is a nonempty weakly compact convex
set whenever E is (see [22]).

The sequence {x,} is called regular with respect to E if r(E,{x,}) =
7(E, {xn,}) for all subsequences {x,, } of {x,}.

Lemma 2.1. (Goebel [23], Lim [2]) Let {x,,} and E be as above. Then there always
exists a subsequence of {x,,} which is regular with respect to E.

Let C be a nonempty bounded subset of X. The Chebyshev radius of C
relative to E is defined by
rg(C) :=inf {sup{llx —y Il : y€eC} : x€E}
In 2006, Dhompongsa et al. [6] introduced the Dominguez-Lorenzo condition
((DL)-condition, in short) as follows.

Definition 2.2. ([6]) A Banach space X is said to satisfy the (DL)-condition if there
exists A € [0,1) such that for every weakly compact convex subset E of X and for
every bounded sequence {x, } in E which is regular with respect to E,

r5(A(E, {xn))) < A7(E, {x,)).

In [6, Theorem 3.2] it was proved that the (DL)-condition implies weak
normal structure. We recall that a Banach space X is said to have weak normal
structure (w -NS) if for every weakly compact convex subset K of X with
diam(K) :==sup{llx —y Il : x,y € K} > 0, there exists x € K such that sup{||
x—yl : y€K}<diam(K).

The (DL)-condition also implies the existence of fixed points for
multivalued nonexpansive mappings.

Theorem 2.3. ([7]) Let E be a nonempty weakly compact convex subset of a Banach
space X and T: E — KC(E) be a nonexpansive mapping. If X satisfies the (DL)-
condition, then T has a fixed point.

In the attempts to find sufficient conditions for the weak fixed point
property, many other geometrical properties have been described. Next, we will
recall some of these properties involving normal structure.

Definition 2.4. ([24]) A Banach space X has the Opial property if for every weakly
null sequence {x,} and every x # 0 in X,
liminf || x,, | < liminf || x, + x |l
n—-oo n—->oo

We will say that X satisfies the nonstrict Opial property if
liminf || x, I < liminf |l x, + x |l
n—-oo n—-oo

under the same conditions.
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The Opial modulus of X [25] is defined for ¢ > 0 as
ry(c) = inf {lim inf |l x, +x |l —1},
n

where the infimum is taken over all x € X with || x | = ¢ and all weakly null
sequences {x,} in X with liminf, || x, | = 1.
This modulus satisfies the following properties (see [26, 27]):

e 1y is nondecreasing and continuous in [0, o).
c—1<ry(c) <cforall c = 0. Inparticular, ry(c) > 0 forall ¢ > 1.
If ry(0) < 0, then ry is constant in [0, =7 (0)].
X has the nonstrict Opial property if and only if ry(c) = 0 forall ¢ > 0.
It is known that a space X with the Opial property has w-NS. Furthermore,
the condition rx (1) > 0 implies weak uniform normal structure (see [25]).

Recall that a Banach space X is called uniformly non-square provided that
there exists & > 0 such that either | x +y <2 —-6orllx—y <2 — 6 for all
X,y € By. In [28] it was proved that uniformly non-square Banach spaces are
reflexive.

In 1997, Garcia-Falset [29] introduced the following coefficient, the so-
called Garcia-Falset coefficient,

R(X) = sup {liminf Il x,, + x I},
n—-oo
where the supremum is taken over all weakly null sequences {x,} in By and all x €

Sx. He proved that a reflexive Banach space X with R(X) < 2 enjoys the fixed
point property (see [22, 30]). Here, we remark that 1 < R(X) < 2.

3. Main Results

Throughout this section, let X be a Banach space without the Schur
property, that is, there is a weakly convergent sequence which is not norm
convergent.

The following result is the heart of this paper.

Theorem 3.1. Let X be a Banach space and let E be a weakly compact convex
subset of X. Suppose that {x,,} is a bounded sequence in E which is regular relative

to E. Assume that ry G) > 0and
C_o(X) <1+

Then there exists A € (0,1) such that
rc(ACE, () < A7(E, {x}).

(R(X))*

In particular, if X satisfies the nonstrict Opial condition, then
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1= —C—“’Ul‘) |
L+ &y

Proof. If ry G) > 0, then (1) > 0 and the result follows from Corollary 2 in [8].

Now, suppose that ry G) = 0. For convenience, we denote r = r(E, {x,,})

and A = A(E,{x,,}). We can assume r > 0. Since E is a weakly compact set, we
can also assume that {x,,} is weakly convergent to a point x € E.
If z€ A (z # x), then limsup,, Il x, — z |= r. Since the norm is weak
lower semicontinuity, it follows that
llz — xl|
< lim inf |z — x,|| <limsup ||x, —z|| = 7. (3.1)
n

On the other hand,
B == limsup ||x, — x| =>7.

n
Fix € > 0. By passing through a subsequence, if necessary, we can assume
that
l|lx, — x|| < B +¢, foralln
EN (3.2)
By applying (3.1) and (3.2) and taking into account that x,, — x is weakly
convergent to 0, we have
lirr711inf I x, —2x+ 2zl

= lim inf || — 1—— .
=limin ||B+€(xn—x)+( —B—_l_e)(xn—x)+;(z—x)||
< rliminf[[Cn =) L 22X +(1-=~=)timsup | I
< rliminf || ——— " BT e 1m1?up Xy — X
r "
STR(X)+(1—B—+€)11m§upIIxn—xII
—rR(X)+(1—L)B—r<R(X)+E— )
a B+e/ r B+¢e/

Denote R(e) = R(X) + g — %. Since E is convex and R(e) = 1, it follows that
2 (R(8))%-1
(R(£))%2+1 (R(e))%2+1

z € C. Hence, we have

2 (R(£))? — 1
n ((R(e))z 1 T RE T 1Z>H =T

lim sup
n
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On the other hand, the weak lower semicontinuity of the norm implies that
lim inf [I((R(£))* = D0 — %) = (R())* = D(z = 1)l
> ((R())* = Dllz — xI.

In view of the above inequalities, we can find a natural number N such that
D llxy —zl| <7 +e.
(2) llxy —2x + z|| < R(e)(r + &).
(3) [|xn — - + RE" =1 A\, _
NMA\REZF1T T REEFL)| T
D) IR (£))? = D — x) — ((R(e))? = D(z — )|

> (R(e)2 ~ Dllz x| (- - ).

We now consider u= (R(&))*(xy —2) and v=(xy —2x+2z2) .
According to the above estimates, we obtain [|u]| < (R(£))?(r + &) and ||v]| <
R(&)(r + €) and so that

I +vll = [(RGON(Gen = %) = (2 =) + Cey = x) + (z = x)|

3 (R(&))* -1

= ((R(e))? (xN_X)_m( - )H
RGN 1 2 L (R~ 1

= (RE7+D) xN_((R(s))Z 1 T REET )H

> ((R(E)*+D(r+eo),

e = wll = [|(RE))2(Gew =) = (2 = 0) = (Goy = ) + (2 = D)
= I(RE)* = Dl =) ~ (RE)* + D =0l
> ((RE)? - Dllz = 2l (=),

By the definition of C_., (X), we have
min{|Ju + v||?, |[u — v||?
C.(X)> {Il 2 1%, 11 : 11}
llull? + vl

min{((R()? + 1 = &%, (RE)? + D2z - 2112 (F5)' ]
= R (r + )2 + (RED2(r + £)2 |
Since ||z — x|| < r, it follows that
(R(e)? + 12|z — x12 (L5
C-o) 2 Gyt o7+ REIG + 7
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On taking the limit as € — 0, we get

; (X)><1+ 1 )uz—xnz
= U T RO

1 Iz = xII\*
+ )2( . ) (3.3)

(R(X) + g ~1
At this point, we shall distinguish two cases:
Case 1. Suppose that B = r, which is the case when X satisfies the nonstrict
Opial condition. From (3.3), we get
llz — xl|

(3.4)

ZEA

(
rc(4) < k — 1

Case 2. Suppose that B > r. In this situation X cannot meet the nonstrict
Opial condition. Since ry G) > 0, the continuity of the Opial modulus allows us to

which implies that

find a real number A € (0,1) such that ry (’51) < 0 and for which
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1 1
C_o(X)<1+ <l+—s
0 IO
- (5
R(X) - —ZA
1 + TX (7)
Clearly, we either have
llz — xI|
r
<k (3.5)
or
llz — xI| ok

r
In the latter case, since B < 2r and taking a subsequence of {x,} if
necessary, we get

Tx (E) <ry (llZ;xII < lirr}linf”an_x+x_Z” -1

2 B
Xp—Z r
=liminfM—1 <--1<0.
n B
From the above estimate and since ry g) + 1 > 0, itis clear that
B 1
r Ty (g) +1
Therefore,
k
B 1 n(3)
R(X) +--1< R(X) + ———-1=R(X) -

r(z)+1 1+ (—)

Taking into account (3.3), we deduce

Coo(X) =1+ ! _ <”Z — x”) ,

k

R(X) ——2)_ G f
1 +rX(

N
~—

which implies that
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|z — x|

< C‘“()l() r (3.6)
1+ .
e (3)
RX) - —=0<
\ L+ (3)

As a consequence of the inequalities (3.4), (3.5) and (3.6), for any z € A,
we obtain
lz—x| <A,
where

C_o(X) k C_m()l()
14+ —
R(X) — x (7)
\ \ Lty (g) )

supllz—x|| <A,
ZEA

A = max< > < 1.

1
T ®mooy

Consequently,

from which it follows that
rc(A) < Ar.
This finishes the proof.

Corollary 3.2. Let X be a Banach space which satisfies ry G) >0.If

CoX) <1+

then X satisfies the (DL)-condition.
Remark 3.3. Corollary 3.2 is sharp in the sense that there is a Banach space X such

that C_,(X) =1+ ﬁ and X does not satisfy the (DL)-condition. Consider the

Bynum space ¥, defined as €, = (€3, 11" llz0) Where Il x llgq:= max{]
x¥ Ny, I x~ I, 3 with x* (i) = max{x(i),0} for eachi > 1and x~ = x* — x. We

1
(R(X))*
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use the computation to conclude that the space £ ., is a limiting space for Corollary

3.2, i.e., that corollary is sharp. It is known that Cy;(£2,.) = % (see [19]). From the
inequality C_,(X) < Cy;(X) (see [11]), we have C_o(f20) s%. Take x =
(=1,1,0,..) € £ and y = G%o ) € £,,. Thus, we obtain || x +y lI=l|
x—yl= % lxll=1andllyll= 715 and s0 C_oo(f2,0) = % Hence, C_o(¥200) =

;. It is easy to see that R(leoo) = /2 (see [19, 29]). Therefore, we have

3
Cooob20) =5 =1+ (R(2m))?

However, fails to have weak normal structure and hence does not satisfy the (DL)-
condition.

Since the constants C;(X) and Cy,(X) are more than or equal to C_.,(X), we get
the following results.

Corollary 3.4. Let X be a Banach space such that ry G) >0and

C,(X) <1+
Then X satisfies the (DL)-condition.

(R(X))*

Corollary 3.5. ([18]) Let X be a Banach space such that ry G) > 0 and

Cy)(X) <1+

Then X satisfies the (DL)-condition.
Recall that for a normed space X, the real number

lx—ylllzl
Cr(X) =su {
PX) = SUP = I Tz =y T

# x}

is called the Ptolemy constant of X. The notion of the Ptolemy constant of Banach
spaces was introduced in [31] and recently it has been studied by Llorens-Fuster
etal. in [32].

Because C;(X) < Cp(X), the next result is a consequence of Corollary 3.4.

(R(X))*

x,y,Zz€ X\{0} L, x#+y #z

Corollary 3.6. Let X be a Banach space such that ry G) >0and

Cr(X) <1+
Then X satisfies the (DL)-condition.

L
(R(X))*
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Since rX( ) > 0 whenever X satisfies the nonstrict Opial condition, we
obtain the following result.

Corollary 3.7. Let X be a Banach space with the nonstrict Opial condition.
Suppose that one of the following conditions is satisfied

1 C.oX)<1+

(2) G0 <1+ —— (R(an’
B) Cyy(X) <1+

4 X)) <14+—— (R(X))Z
Then X satisfies the (DL)-condition.
Because R(X) > 1, it follows that each of the conditions C_(X) < 2,
Cz(X) <2 and Cy;(X) < 2 imply reflexivity of X. Thus, as a consequence of
Theorem 2.3 and Corollaries 3.2, 3.4, 3.5 and 3.6, we obtain the following sufficient
condition so that a Banach space X has the FPP for multivalued nonexpansive
mappings.

(R(X))Z’

(R(X))Z’

Corollary 3.8. Let E be a nonempty bounded closed convex subset of a Banach
space X such that ry G) >0and T:E — KC(E) be a nonexpansive mapping.
Suppose that one of the following conditions is satisfied
QD) CoX)<1+—=
(2 C;(X) <1+ (R(X))Z’
@) CyyX)<1+—=
4) (X)) <1+ (R(X))2
Then T has a fixed point.

(R(X))Z’

(R(X))z’
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