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ALGORITHM FOR AXONOMETRIC DRAWING OF
CYLINDER INTERSECTING A CONE"

Hu ZHIGANG", Chen SHAOKUN?, Hu CHEN?,
Ning XIN', Su JIANXIU*"

In terms of the general theory of conics, we derive the general and standard
form of equation of the ellipse, the axonometric projection of circular base for
cylinder, cone and their intersecting combination, hence the directions, end points
and lengths of principal diameters of the ellipse are determined. We also deliver the
related equations for tangent points and directions of tangent lines of cylinder and
cone axonometric drawing by which the straight-line segments of the outlines can be
drawn, another conclusion is made that one of the two principal directions of the
ellipse is identified with the direction of tangent line of the cylinder. The
axonometric drawing for a combination of cylinder intersecting a cone can be
drawn with the results of discussions above along with the parametric equations of
intersection.
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1. Introduction

Cylinders and cones are elementary and frequently used quadrics in
engineering design. The combination of cylinder intersecting a cone is always
seen in geometric modeling. Pictorial drawing is such an engineering drawing
only preceded by Multiview drawings that it is widely used in engineering design,
manufacture, sell and use processes of industrial products[1-5]. Axonometric
drawings play a main role in engineering pictorial representations, converse
construction and many other fields [6-10]. Many discussions with respect to
methods of axonometric drawing construction or transformation algorithms have
been made before [11-13]. For constructing a cone, a cylinder or their intersecting
combinations of axonometric drawing, determination of the contour is prior to
many other problems resolved. From analytical geometry and descriptive
geometry, we know that the contour comprises tangent lines (limiting elements)
and elliptical arcs. We can use a method called quadric envelop line to form the
contours[14], that is, a pencil of element curves are selected first which are
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parallel one another on a quadric surface, determine their analytical equation.
Secondly, we draw an envelope line tangent to each of the element curve pencil of
the quadric, at the tangent point, there is an identical tangency vector for them, it
can be derived the analytical equation of the envelope line. As for cylinders and
cones, each of their element curve pencil is a circle or an ellipse which takes the
shape of an ellipse in axonometric projection drawings, and the envelop line is
straight line. Taking this method is not appropriate; it would lead to inefficient
calculation for drawing. Another choice could also be considered with the
principle of descriptive geometry by which cone vertex, tangent lines (limiting
elements) and tangent points on ellipse(s) of cones and cylinders must be
determined, then the contours can be drawn [14]. This method is simple and
computational efficiency, but it doesn’t work when the axes of cylinders and
cones are tilted with respect to picture planes or they are in general orientation. In
this paper, an approach will be delivered based on general quadrics theory and
Feng Jinhua method [15] to perform the axonometric drawing for an object of
cylinder intersecting a cone. It can be determined the tangent lines, tangent points
and principal directions of conic on general quadrics theory, and intersections of
cylinder intersecting a cone can be computed by the parametric intersection
equation given in reference [16-17].

2. Cylinder and cone axonometric transformation

In 3D space, a O’X’Y’Z’ Cartesian coordinate system is set up, a
combination of a cone intersecting of a cylinder is positioned in it. The cone
vertex at the origin O’,Z’ axis is the cone axis, half cone angle denoted a, so the
cone is in canonical position and orientation. The cylinder is positioned and
defined by O’ being its base point, Y’ axis and radius r, shown in Fig.1. Here we
will discuss the process of cylinder and cone axonometric transformation.
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Fig.1 The coordinate system and original position of cone and cylinder
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3. Cone axonometric transformation

Axonometric transformation matrix. In O’X’Y’Z’ coordinate system,
the following steps are to transform cone from canonical position to an
axonometric projection in 2D space coordinate system OXY relative to O’X’Y’Z’
with its origin at O’Y’Z’ plane.

1) revolve the cone about Z’ by 6.

2) revolve the cone about Y’ by ¢.

3) Projecting the cone to O’Y’Z’ plane (X’=0), the cone axonometric
projection is obtained.

4) in OXY coordinate system, translate the cone projection to the start
point Po (xo,Yo) , then translate dx and dy along X and Y axes to the final position,
respectively, see Fig. 2.

dy

Fig.2 Start point of drawing Py (xo0,yo) and displacement
The axonometric projection transformation from O’X’Y’Z’ to OXY for

cone is represented as Tcon
sin@ —cosésing O
cosgé  sinfdsing O
eon 0 CoS @ 0
X, + dX y, +dy 0

1)

O O O

Equations of coordinates are
X=X'sin@+y'cosd + X, +dx
y=-x'cosédsing+y'sindsinp+z'cose+ Yy, +dy (2)
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Derivation of axonometric projection equations for cone base. In
O’X’Y’Z’, equations of cone base are denoted

x2+y*? =h(tana)’
{ = =h{tane) ©
z'=+h

where h is the distance from cone vertex to base plane, as shown in Fig.1,
equations of cone axis are

x'=0 A
boo @

Base centers are represented as O’y (0,0,h) and O’» (0,0,-h), also shown

as in Fig.1. From Eq.(2) along with z'=%h sybstituted into Eq. (4), itcan be
obtained Eq.(5).

w=xsind-y 0 n 0y a0 4 asing
Sing  tang sing
: . (%)
y'=XC0s6+ yC_O—SH$hw—(yo+dy)s_lL€—(x0 +0X)cosd
sSingp ~ tang sing

Substitute Eq.(5) into EQ.(3) and make an arrangement, the general
circular base equation is obtained in OXY, see Eq.(6).

F(x,y)= a11X2 +a, y?+ 283X +28,,Y + 8y,
Where

(6)
a, =1
1
(sin (p)2

a3 =—(X +dx) (7)
Q- Yy, +dythcose

(sin (0)2

2

85 = (%, +dx)" + (% *+dy £ heosg) ~h?(tana)’

(sin (p)2
Substitute Eq.(7) into Eqg.(6) and make an arrangement, the equation of
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base axonometric projection will be taken the following form
y0+dy +hcos (p)]2

(sin (p)2

Obviously, it’s the standard form of equation for the ellipse. Substitute
Eq.(5) into Eq.(4), we derive the equation of cone axis (Z’ axis) of OXY

X=X, +0dx (9)

Base centers O’1, O’ of the double cone in O’X’Y’Z’ can be transformed
to new coordinates of OXY which will be denoted Qi(Xo+dx,yo+dy+hcosg) and
Q2(xo+dx,yo+dy-hcose), cone vertex O’ transformed to Q(xo+dx,yo+dy), as shown
in Fig.2.

Determination of the tangent lines (limiting elements) of cone
axonometric projection. In drawing cone axonometric projection, connect cone
vertex Q to four tangent points P,Pr,Prz and Py of two ellipses (bases projections
of double cones), it can be obtained four tangent lines QPt1, QPr, QP and QPys,
as shown in Fig.2. To accomplish it, the direction of tangent lines must be
determined. In terms of the conditions of tangent line direction of quadrics [18],
assuming X:Y to be the tangent line direction, along with

{Fl(x’ y)= X+, (10)
F,(x,y)=a,y+a,

Substitute every one of Eq.(7) into Eq.(6) and Eq.(10) , it can be obtained
1

[ x—=(%, +dx):|2 +[y—(

=h*(tana)’ (8)

F (X, + dx, y, +dy) = h%( ~—(tana)’)  (12)
(tan @)
F (X, +dx,y, +dy)=a,(x,+dx)+a,=0
_ hcosg (12)
F, (%) +dX, Yo +dy) =2, (Y, +dy) +a, =F— 2
(sing)
Defining
YZ
d)(X,Y):a11X2+a22Y2:X2+ > (13)
(sing)

Following the conditions of tangency of conics [18], it can be obtained
[XF, (%, +dX, y, +dy) +YF, (X, +dX, y, +dy)]* —®(X,Y)F(x, +dx, y, +dy) =0

(14)
Substitute Eq.(11), (12) and (13) into Eqg.(14), two tangent line directions
are derived.
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X tan
AR ¢ (15)

Y J(cosp) —(tanacosg)
Hence, the parametric equations of two tangent lines starting from Q are

X = X, + dx+ Xt (16)
y=Y,+dy+Yt

Where, t is the parameter. Denoting Py (x,yt) the tangent point, there is

{F(xt,yt)=0 an
XFl(Xt’ yt)+YF2(Xt’ yt) =0

where
F (X, Y =a,X +a; =X — (X +dX)
. —(y, +dy+hcos (18)
Fz (Xt7 yt) =ay,Y tay = ) (yo(sinip)z (ﬂ)

Insert Eq.(18) into EQ.(17), y: comes as
tana (sing)’[ - (% +dx)]
\/(COSgD)Z —(tanasin (p)2

Substitute Eq.(19) into the first of Eq.(17), the coordinates of tangent
points are obtained.

Yy, =Y, +dythcosep+ (19)

X, =X, +dxthtan a\/l—(tan atan (0)2

(tan asin go)z] (20)

Y, = y0+dyih£005go
cos ¢

4. Cylinder axonometric transformation

Cylinder axonometric transformation matrix and base equations.
Revolve the cylinder around X’ by j, translate it along X’ and Y’ axes by dx’ and
dy’ successively to the destination, as shown in Fig.3. Then, transforming it to
OXY coordinate system, the cylinder axonometric projection is drawn. Deriving
the transformation matrix Tey

sind -C0sfsing 00

o cosgcos cosgsin@sing+sin fecosp 0 0 1)
91 —sin feosd cospcosp-singsindsing 0 0

dx'sin@+x,+dx dz'cosp-dx'cosdsing+y,+dy 0 1
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Fig.3 Cylinder position transformation
Replace all the elements of the left two columns of above matrix by A-H in
sequence, Eq.(21) becomes

A E 00
B F 0O
T, = 22
cyl C G 0 0 ( )
D H 01

So each point P’(x’,y’,z’) of the cylinder in 3D space of O’X’Y’Z’
coordinate system will be transformed as P(x,y) of the axonometric projection of
2D OXY coordinate system, the new coordinates are

X=Ax+By+Cz'+D
(23)
y=Ex+Fy+Gz'+H
In O’X’Y’Z’, the equations of the cylinder circular base is
12 2 2
{X +zZ°=r (24)
y'==l

Where | is half of the cylinder height, Y’ is the cylinder axis, C’1, denote

base centers with their coordinates (0,£1,0).

Substituting Eg.(24) into Eq. (23) yields the resolution x’,z” , and
substitute them into Eq. (24), it can be obtained the equation F’(x,y) of the base
axonometric projection. From its coefficient matrix, it can be also obtained two
linear equations denoted F’1(x,y) and F’2(x,y)

F (X, y) =b,X* +b,,y* + 2D, Xy +2b,,x + 20,y +byy =0
Fl '(x,y) = b11X+b12y+b13 (25)
Fz I(X’ y) = b12X + bzzy + b23
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Where

b,=G*+E’

b,, = A*+C?

b, =—(CG + AE) = BF

b, =—[by, (D£BI)+b, (HFI)]

by, =—[by, (D+BI)+by, (H +Fl)]

b, =, (D+BI)’ +b,, (H £ FI)" +2b, (D+BI)(H £ FI)-r?(AG - CE)*

Calculation of axonometric projection for cylinder base.

1) Determining the centers of the base of axonometric projection (ellipse)

Assume the axonometric projection of base center C (xc, Yc), from the
general theory of Quadrics, the center will satisfy the following equations [5]

{Fl I(Xc1 yc) = bllXc +b12yc +b13 = O (27)
Fz I(Xc’ yc) = blZXc +b22yc + b23 =0

(26)

Solve the equations (27), it can be obtained the base centers written as C1, 2
(Xe1, 2,Yet, 2) , as shown in Fig.4, making an arrangement results in
{xm =+l cos@cos B+ dx'sin & +dx + X, 28)
Y1, = £(sin@cos fsin g +sin S cos ) +dz'cos ¢ —dx'cosdsin g +dy + Y,
Also substituting the base centers coordinates (0,£1,0) into the equations
(23) , to obtain Eq.(28).

Fig.4 center points and quadrants of axonometric projection of cylinder base curves
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2) Determination of ellipse principal directions (directions conjugated
diameters)

In terms of the definition of conjugated principal directions of conics,
assume l1=bu1+ba2, 12=b11b22-b12?, then two eigenvalues of the ellipse equation is
denoted [18]

I, £4/12 -4l
dp=————— ; 2 (29)
From the equations (22) and Eq.(26), it can be obtained
bzz_bn: F*-B’ (30)

Assume X1:Y1 and X2:Y2 the two principal directions of the ellipse, then
ﬁ_ b12 — 11_b22 _E

Yl ﬂ“l_bll b12 F
&: b12 — /Lz_bzz =_£
Yz ﬂz_bn b12 B
3) Determination of the end points of principal diameters of ellipse
Assume Qei(Xei, Yei) the end points of principal diameters of ellipse,
parametric equation of intersections of the ellipse and the arbitrary line passing

through the ellipse center is

(31)

(D'(X ’Y)tz + 2[XF1 '(Xrﬂ yc) +YF2 '(Xrﬂ yc)]t + F '(Xrﬂ yc) = 0 (32)
Where
@'(X,Y)=b,X?+2b,XY +b,Y? (33)

Substitute Eq. (28) into the EQq.(25), it can be obtained F’(xc, Yc), here be
careful F’(Xc, Yc)#0, and F’(Xc1, Ye1)= F’(Xc2, Yc2), substitute this equation and
Eq.(27), (33) into Eq.(32), the parameters t1. and ts4 are obtained by which the
end points of principal diameters of the ellipse are derived.

t. = —F '(Xc’ yc)
1,2 — 1
D'(X,Y,)

t _ _FI(XC'yC)
34 '
@'(X,,Y,)

So, the end points coordinates are

H

(34)

-+
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qui = ch + th2k—1+m
(35)

yqei = ycj +th2k—1+m
There are two bases of a cylinder or two ellipses of base axonometric
projection, so two centers of the ellipses C1, 2 (Xc1. 2,yc1. 2)  exist, and j=1,2, each
ellipse includes two principal directions Xi:Yiand X2:Yz, k=1,2; the principal
direction for each center corresponds to two parameters t12or t34 and m=0,1. So
the point of equation (35) corresponds to eight and points, each ellipse has four
end points, i=1 to 8, as shown in Fig.4.
Assume the halves of the ellipse principal diameters Ry,
Riz =y (gers = %) + Voers = Yer)? (36)
With the ellipses’ centers, end points and halves of principal diameter,
which are derived from the corresponding equations (28), (35) and (36)
respectively, the bases of the axonometric projection of the cylinder or two
ellipses will be drawn.
4) Determination of the tangent lines and tangent points at which the
tangent lines are tangent to the ellipses for the cylinder.
From Eq. (23), deriving the cylinder axis parametric equations, with y’
being the parameter

{x =By'+D @37

y=Fy'+H

The axis direction is Xa:Yo=B:F, it’s also the direction of tangent lines
Qe1Qes and Qe2Qes, as shown in Fig.4. This direction is equal to one of the
directions of the ellipses, the base axonometric projections Xi:Yy, so at this
direction, the end points of the ellipses Qi(i=1,2,5,6) are the four tangent points. It
can be also gotten the same result using the general theory of the conics.

5. Generation of the axonometric projection of intersections for
cylinder and cone and determination of cone height

There are the size parameters r, |, o, h and position parameters f, dx’, dz’
of cylinder and cone, and cone is selected as parameterization surface with its
parameter equations, here
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X'=s-tana-cosy
y'=s-tana-siny (38)
Z'=s

In O’X’Y’Z’ coordinate system, rotate the cylinder around X’ by g, then

translate it along X’ and Z’ by dx’ and dz’ to the final position, respectively, its
equation becomes

(x'—dx")?+(z'cos B—y'sin f—dz'cos B)* =r? (39)

Substitute Eq. (38) to Eq. (39), the parametric equation of the intersection
line is obtained [16, 17]
a(y)s* +b(y)s+c=0 (40)
Where v is the parametric angle of cone, y €[0~2x], s is the parameter of
height along Z’ axis, and
a(y)=(tan o:)2 (cos ;/)2 +(cos B)? +(tan 0:)2 (sin ,b’)2 (sin ;/)2 —tanasin(2B)sin y
b(y) = dz'tan asin(28)sin y —2dx"tan &z cos y — 2dz'(cos ,6’)2 41)

c=dx?+dz?(cos B)° —r?

Multiply the coordinates of the points coming from Eqg. (40) and Eq. (41)
by axonometric transformation of cone Tcn, it can be gotten the points of
axonometric projection of cylinder-cone intersections.

The variable h mentioned in Eq.(3) is of interest with the limit value of s,
denoted Smax, that is smax , multiplied by a height factor less than 1, yields h

N=Sp, (42)

Generally, i=1.2 to 1.5.

Determination |, the half of the height of cylinder is based on the
maximum of distance from a point of intersection to the base point of cylinder,
written as dmax,, multiply dmax with j, which denote a length factor, | determined

l=d_j (43)

Generally we define: j=1.5t0 1.8

6. Examples

On the basis of the algorithm produced before, an application program for
drawing a combination of a cylinder intersecting a cone is developed, which can
be loaded in AutoCAD. By entering the command “cone_cylinter” in AutoCAD,
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Cylinder and cone parameters entry

Cylinder, cone parameters and sizes Cylinder and cone pesition parameters Axonometric angle parameters

Cylinder diamster ingle between cylinder and cone mres (0-180) P ] Anele avound Z axis(0-150)
Distance from come vertex to cylinder axis
Cone angle (0-150) Displacement distance of two axes P ] bnele avound ¥ axis(0-150)

[JAdd data to file
it

Fig 5. Dialog box for entering parameters

a dialog boxed appears, as showed in Fig.5, the parameters double r (cylinder
diameter), double « (cone angle), B, dx’, dz’, 6 and ¢ can be specified in it,
here are two instances generating isometric and di-metric views by entering
different 6 and ¢ and other parameters. In the instances, r=50, a =30°, B =0°,
dx’ =0.
1) Drawing isometric view of a cone intersecting cylinder combination

For drawing isometric view, 6=45°, ¢=35.27°, and dz’ is specified -100, the
isometric drawing is defined , as shown in Fig. 6.

Fig.6 Isometric view
2) Drawing di-metric view
For drawing di-metric view, 6=20.70°, ¢=19.61°, and dz’ is specified 0, the
di-metric drawing is defined , too, as shown in Fig. 7.
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Fig.7 Di-metric view
If 6 and ¢ are specified other values, then tri-metric view comes out.

7. Conclusion

In the paper, it was delivered the algorithm of axonometric projection of
combination of cylinder intersecting a cone and related equations, which include
operators of axonometric projection transformation and equation of ellipse, the
result of axonometric projection of base of cone and cylinder. It also was
developed the equations of tangent points and principal directions of tangent lines
by which the axonometric limiting elements of cylinder and cone can accurately
be drawn. In teams of the parametric equation of the Quadrics and axonometric
transformation, the axonometric points of intersection are determined, too. For
drawing the axonometric drawing of the combination of cylinder intersecting a
cone with AutoCAD, it had been obtained all the dimensions and geometric
parameters needed in terms of the algorithm and equations provided before. It can
be drawn isometric, dimetric or trimetric drawings depending on different values’
entry of angular parameters, such as g, 0 and ¢. Apart from the instances 6, all the
figures of the paper are also drawn by running the application program developed
in visual LISP of AutoCAD which is based on the algorithm of the paper. It can be
used similar algorithm to derive corresponding equations to perform other types
of pictorial like oblique or perspective projection drawings. It’s important for us to
develop AutoCAD self-defined commands and applications to construct different
engineering drawings.
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