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FUZZY SOFT I'M-HYPERMODULES

Jianming Zhan', V. Leoreanu-Fotea?, Thomas Vougiouklis®

Soft set theory, introduced by Molodtsov, has been considered as an
effective mathematical tool for modeling uncertainties. In this paper, we ap-
ply fuzzy soft sets to I'-hypermodules. The concept of (€~, €4V qs)-fuzzy soft
I'-subhypermodules of T'-hypermodules is first introduced. Some new char-
acterizations are investigated. In particular, o kind of new I'-hypermodules
by congruence relations is obtained.
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1. Introduction

Uncertainties are pervasive in many complicated problems in engineering, eco-
nomics, environment, medical science and social science, due to information
incompleteness, randomness, limitations of measuring instruments, etc. Tra-
ditional mathematical tools for modeling uncertainties, such as probability
theory, fuzzy set theory [38], vague set theory, rough set theory [34] and inter-
val mathematics have been proven to be useful mathematical tools for dealing
with uncertainties. However, all these theories have their inherent difficulties,
as pointed out by Molodtsov in [33]. At present, works on the soft set theory
are progressing rapidly. Maji et al. [28, 29] described the application of soft
set theory to a decision making problem. Ali et al. [2] proposed some new
operations on soft sets. Chen et al. [8] presented a new definition of soft set
parametrization reduction, and compared this definition to the related con-
cept of attribute reduction in rough set theory. In particular, fuzzy soft set
theory has been investigated by some researchers, for examples, see [27, 30].
Recently, the algebraic structures of soft sets have been studied increasingly,
see [1, 20]. In particular, Zhan and Jun [44] characterized the (implicative,
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positive implicative and fantastic) filteristic soft BL-algebras based on €-soft
sets and g-soft sets.

On the other hand, the theory of algebraic hyperstructures (or hypersys-
tems) is a well established branch of classical algebraic theory. In the literature,
the theory of hyperstructures was first initiated by Marty in 1934 [31] when he
defined the hypergroups and began to investigate their properties with appli-
cations to groups, rational fractions and algebraic functions. Later on, many
people have observed that the theory of hyperstructures also have many appli-
cations in both pure and applied sciences, for example, semi-hypergroups are
the simplest algebraic hyperstructures which possess the properties of closure
and associativity. Some review of the theory of hyperstructures can be found
in [9, 10, 13, 35]. A well known type of a hyperring is the Krasner hyperring
[22]. Krasner hyperrings are essentially rings, with approximately modified
axioms in which addition is a hyperoperation (i.e., a+b is a set). The concept
of hypermodules has been studied by Massouros [32]. He concentrated on the
kind of hypermodules over Krasner hyperrings. In particular, the relationships
between the fuzzy sets and algebraic hyperstructures have been considered by
Ameri, Cristea, Corsini, Davvaz, Leoreanu, Vougiouklis, Zhan and many other
researchers. The reader is referred to [5, 11, 12, 15, 23, 37], [40]-[43].

The concept of I'-rings was introduced by Barnes [6]. After that, this
concept was discussed further by some researchers. The notion of fuzzy ideals
in a I'-ring was introduced by Jun and Lee in [21]. They studied some prelim-
inary properties of fuzzy ideals of I'-rings. Jun [19] defined fuzzy prime ideals
of a I'-ring and obtained a number of characterizations for a fuzzy ideal to be a
fuzzy prime ideal. In particular, Dutta and Chanda [17] studied the structures
of the set of fuzzy ideals of a I'-ring. Ma et al. [24, 25] considered the charac-
terizations of I'-hemirings and I'-rings, respectively. The notion of a I'-module
was introduced by Ameri et al. in [4]. They studied some preliminary proper-
ties of [-modules. Recently, some I'-hyperstuctures have been studied by some
researchers. Ameri et al. [3] considered the concept of fuzzy hyperideals of
[-hyperrings. By a different way of [3], Yin et al. [36] investigated some new
results on I-hyperrings. Ma et al. [26] considered the (fuzzy) isomorphism
theorems of I'-hyperrings. In the same time, Davvaz et al. [14, 16] considered
the properties of I'-hypernear-rings and I'-H,-rings, respectively.

After the introduction of fuzzy sets by Zadeh [38], there have been a
number of generalizations of this fundamental concept. A new type of fuzzy
subgroup, that is, the (€, € V q)-fuzzy subgroup, was introduced in an earlier
paper of Bhakat and Das [7] by using the combined notions of “belongingness”
and “quasicoincidence” of fuzzy points and fuzzy sets. In fact, the (€, €V q)-
fuzzy subgroup is an important generalization of Rosenfeld’s fuzzy subgroup.
It is now natural to investigate similar type of generalizations of the existing
fuzzy subsystems with other algebraic structures, see [12, 15, 42].
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In [39], the first author of this paper introduced the concept of I'-hyperrmodules

and investigated some related properties. As a continuation of this paper,
we introduce the concept of (€., €,V qs)-fuzzy soft I-subhypermodules of I'-
hypermodules in the present paper. Some characterizations are investigated.
In particular, we obtain a kind of new I'-hypermodules by congruence relations.

2. Preliminaries

A quasicanonical hypergroup (not necessarily commutative) is an algebraic
structure (H, +) satisfying the following conditions:

(i) for every z,y,z € H,x + (y+ 2) = (x + y) + 2;

(ii) there exists a 0 € H such that 0+ = = z, for all x € H;

(iii) for every x € H, there exists a unique element 2’ € H such that
0€ (x+2a)N (2 +x). (we call the element —x the opposite of x);

(iv) z€ x4y impliessy € —z+zand z € z — y.

Quasicanonical hypergroups are also called polygroups.

We note that if z € H and A, B are non-empty subsets in H, then by

A+ B, A4z and 2+ B we mean that A+ B= |J a+bA+z=A+{z}
a€AbEB

and z + B = {z} + B, respectively. Also, for all x,y € H, we have —(—x) =
x,—0 =0, where 0 is unique and —(z + y) = —y — x.

A sub-hypergroup A C H is said to be normal if t + A — x C A for all
x € H. A normal sub-hypergroup A of H is called left (right) hyperideal of H
if tA C A (Ax C A respectively) for all z € H. Moreover A is said to be a
hyperideal of I if it is both a left and a right hyperideal of . A canonical
hypergroup is a commutative quasicanonical hypergroup.

Definition 2.1. [22] A hyperring is an algebraic structure (R, +,-), which
satisfies the following axioms:

(1) (R, +) is a canonical hypergroup;

(2) Related to the multiplication, (R,-) is a semigroup having zero as a
bilaterally absorbing element, that is, 0-xz =2 -0 =0 for all x € R;

(3) The multiplication is distributive with respect to the hyperoperation
“+” that'is, z- (z+y) =z-x+z2z-yand (x+y)- 2 =a-2+y-z for all
x,y,z € R.

Definition 2.2. [3, 36] Let (R,®) and (I',®) be two canonical hypergroups.
Then R is called a I'-hyperring, if the following conditions are satisfied for all
x,y,z2 € Rand for all o, 8 € T,

(1) zay € R;

(2) (z®y)az =zaz D yaz,za(y ® z) = zay O raz;

(3) za(yBz) = (zay)pz.

Definition 2.3. [26] A fuzzy set p of a I-hyperring R is called a fuzzy I'-
hyperideal of R if the following conditions hold:

(1) min{p(e), p(y)} < _inf p(z), for all 2,y € R
z€x+y
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(2) p(z) < p(—x), for all x € R;
(3) max{u(z), u(y)} < p(zay), for all z,y € R and for all o € T'.
(4) w(x) < inf  p(z), for all x,y € R.

ze—y+x+y

In [39], we introduced the concept of I'-hypermodules as follows.

Definition 2.4. [39] Let (R, ®,I") be a I'-hyperring and (M, @) be a canonical
hypergroup. M is called a ['-hypermodule over R if there exists f : R x I' x
M — M (the image of (r,a,m) being denoted by ram) such that for all
a,b€ R,my,mo € M,a, 3 €T, we have

(1) aa(my & my) = aamy & aams;

(2) (a & b)am; = aamy & bamy;

(3) a(a® B)my = aamy & afmy;

(4) (aadb)BSmy = aa(bfmy).

Throughout this paper, R and M is a I'-hyperring and ['-hypermodule, re-
spectively, unless otherwise specified.

A subset A in M is said to be a I'-subhypermodule of M if it satisfies the
following conditions: (1) (A, @®) is a subhypergroup of (M, ®); (2) raz € A,
forallz € R,a el and z € A.

A T'-subhypermodule A of M is called normal if xt + A —x C A, for all
x e M.

Definition 2.5. [39] If M and M’ are ['-hypermodules, then a mapping f :
M — M’ such that

flxoy) = f(z) @ f(y) and [(raz)=raf(z),

forallr € R, a € I" and x € M, is called a I'-hypermodule homomorphism.
Clearly, a I'-hypermodule homomorphism f is an isomorphism if f is
injective and surjective. We write M = M’ if M is isomorphic to M’.
If A is a normal I'-subhypermodule of M, then we define the relation A* by
r = y(modA) < (x — y)ﬂA # 0.
This relation is denoted by xA*y.
If A is a normal I'-subhypermodule of M, then [M : A*] = {A*[z]|x €
Define a hyperoperation B and an operation ®, on [M : A*] by
A[z] B A*[y] = {A[2]|z € A*[z] ® A"[y]},
At[z] ©a A*[y] = A*[zay],
forallr e R,ael' and x € M.
Then ([M : A*],H, ®,) is a I'-hypermodule, see [39].

3. Fuzzy soft sets
A fuzzy set p of M of the form

wy) = { 6(7& 0) ﬁ ‘Z ;i
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is said to be a fuzzy point with support x and value t and is denoted by z;.
A fuzzy point z; is said to“belong to” (to be“ quasi — coincident with” ) a
fuzzy set p, written as z; € p (zqu respectively) if p(z) > ¢ (u(x) +t > 1
respectively).
If z; € porx qp, then we write , €V qu. If p(z) <t (u(zx) +t < 1), then
we say that x; €u (@, § p respectively).

We note here that the symbol €V q means that €V q does not hold.

Let 7,6 € [0,1] be such that v < §. For a fuzzy point x; and p of X, we
say

(1) zp €y pif plz) >t > 1.

(2) zyqsp if p(x) +t > 24.

(3) @ €4 Vasp if z¢ €4 p1 or x4gsp.

(4) x €, V Gsp if 2, €4 OF 2G5

Molodtsov [33] defined a soft set in the following way: let U be an initial
universe set, F be a set of parameters and A C E.

A pair (F, A) is called a soft set over U, where F is a mapping given by
F:A—PWU).

In other words, a soft set over U is a parameterized family of subsets of
the universe U. For € € A, F(¢) may be considered as the set of e-approximate
elements of the soft set (F, A).

Definition 3.1. [27] Let U be an initial universe set, E a set of parameters
and A C E. Then (ﬁ,A) is called a fuzzy soft set over U, where F is a
mapping given by F : A — F(U).

In general, for every z € A, F () is a fuzzy set in U and it is called
fuzzy value set of parameter z. If for every z € A, F (x) is a crisp subset of
U, then (F , A) is degenerated to the standard soft set. Thus, from the above
definition, it is clear that fuzzy soft sets are a generalization of standard soft
sets.

Let A C E and F € F(U). We define a fuzzy soft set (F, A) by Fla] = F
for all @ € A. For any fuzzy point x; in U, we define a fuzzy soft set (z;, A) by
Ti[a) = x4 for all a € A.

The notions of AND, OR and bi-intersection operations of fuzzy soft sets
can be found in [2, 28].

Now, we introduce an ordered relation “ C Vg, 4
soft sets over U.

For two fuzzy soft sets (E', A) and (G, B) over U, by (F, A) CVq(.4) (G, B)
we mean that A C B and z; €, Fla] = 2, €,V q; G[a] for all a € A,z € U
and t € (v, 1].

b

on the set of all fuzzy

Definition 3.2. For two fuzzy soft sets (F', A) and (G, B) over U, we say that
(F,A) is an (€, €,V qs)-fuzzy soft subset of (G, B), if (F, A) CVq(y.5) (G, B).

(F, A) and (G, B) are said to be (€, €, V qs)-equal if (F, A) CVq(, 4 (G, B)
and (G, B) CVq(,5 (F, A). This is denoted by (F, A) =(, 4 (G,B).
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The following two lemmas are straightforward.

Lemma 3.3. Let (F,A) and (G, B) be two fuzzy soft sets over U. Then
(F,A) CVquys (G, B) if and only if max{G[a](x),v} > min{F[a](z),d} for
all o € Aand x € U.
Lemma 3.4. Let (F, A), (G, B) and (H,C) be fuzzy soft sets over U such
that (F,A) C Vg (G, B) and (G,B) C Ve (H,C). Then (F,A) C
It follows from Lemmas 3.3 and 3.4 that “ =, s
relation on the set of all fuzzy soft sets over U.
Now, let us define some operations of fuzzy subsets of M.

Definition 3.5. Let pu,v € F(M) and o € I'. We define the fuzzy subsets
—u, p B v and pQu by
(=p)(2) = p(=x),

(B v)(x) = sup min{uy), v(=)}

reydz

7

is an equivalence

and
sup min{u(y),v(z)} if3y,z € M such thatx = yaz,

() (x) = {

0 otherwise,
respectively, for all xt € M and o € T'.

Definition 3.6. Let ~(F A) and (G, B) be two fuz~zy soft sets over M. The
sum of (F', A) and (G, B), denoted by (F,A) B (G, B), is defined to be the
fuzzy soft set (F, A)B (G,B) = (FBG,C) over U, where C = AU B and

al(x) ifae A— B,
al( ifae B—A,

(F8G)[a](x) = )
(Fla] BG[a])(z) ifae ANB,

o il
|

foralla e C and z € M.

Definition 3.7. Let (F, A) and (G, B) be two fuzzy soft sets over M. The
a-product of (F A) and (G, B), denoted by (F,A)Q(G, B), is defined to be

, de
fuzzy soft set (F, A)Q(G, B) = (FQG, C) over U, where C' = AU B and

a](x) ifae A— B,
|(2) ifao € B— A,

o [
(FQG)[al(x) = ¢ G

forallae Cand z € M.

4. (€,, €4V qs)-fuzzy soft I'-subhypermodules

In this section, we concentrate our study on the (&,, €, V qs)-fuzzy soft I'-
subhypermodules of I'-hypermodules.
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Definition 4.1. A fuzzy soft set (F, A) over M is called an (€., €,V qs)-fuzzy
soft T'-subhypermodule of M if for all « € A,t,s € (y,1], 7 € R, A € ' and
x e M: . 3 .

(Fla) z; €, Fla] and y, €, Fla] imply that zyings €,V qsF[a] for all
2 €T DY, ~ ~

(F2a) x, €, F[a] implies that (—z); €,V qsF[a];

(F3a) x; €, F[a] implies that (rAz); €,V qsFa

~ Clearly, if for each o € 4, Fi [a] is a constant map, that is Ir € [0,1] :
Fla](u) =, for all uw € M, then (F, A) is a fuzzy soft set over M.

Examples 4.2. Let us consider the ring R = Z5, I' = {-} and let A be a
nonempty set. Moreover, let L be a modular lattice with 0. If we define the
next hyperoperation on L :

r@y={z|zVy=zVar=xVy},

then (L, @) is a canonical hypergroup, in which the scalar identity is 0 and the
opposite of any element x of L is just x. (see [10], page 129).

For all a € A, we impose that the fuzzy set F[a] satisfies the following
conditions:

Yo,y € L, Fla](z Vy) = Fla](z) A Fla](y) and F[a](0) = 1.

Define 1-2 =z and 0 -2 = 0 € L. The conditions (Fla), (F2a) and (F3a) of
the above definition hold.

Indeed, if z € @ y, then
Fla)(2) > Fla](x)AF[a](y) = Fla)(x)AF[a](2) = Fla](y)AF[a](2) > min{t, s},

whence we obtain (Fla).

(F2a) is clearly satisfied since Vo € L, —z = x. For the third condition,
we use that F[a](0) = 1.

Therefore (F, A) is a (€, €,V qs)-fuzzy soft T-subhypermodule of L.

Lemma 4.3. Let (F, A) be a fuzzy soft set over M. Then (F1la) holds if and
only if one of the following conditions holds: for all « € A and z,y € M,

(P1) max {_inf Flal(2).7 } = win{Flal(a). Flal(y). o)

zExDy

(Flc) (F,A) B (F,A) CVqu.s(F,A).
Proof. (Fla)=(F1b) Let « € A and x,y € M. Suppose that the following
situation is possible: z € M is such that z € = @ y and max {F[a](z),fy} <
t= min{ﬁ’[a](zl, Fla](y), 6} Then Flo](z) > t, Fla](y) > t, Fla](z) <t <6,
hence z;, y; €, Fla] and 2,:€,V qs Fla], a contradiction. Hence (F1b) is valid.

al
~ (F1b)=(Flc) Let a € At € (v,1] and x € M be such that z; €,
(F'8 F)[a]. Suppose that z,€,V qs Fla]. Then z,€,F|a] and z,G5Fal, ie.,

e
[
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Fla)(x) < t and F[a](z) +t < 20 which implies that Fla](z) < 6. Ifz € y @ 2
for some y,z € M, by (F1b), then we have

max {F[a}(m),v} > min{ F[a](y), Fla](2), 8}
From F[a](z) < § it follows that

max { Fla](2),7} = min{Fla](y), Fla)(=)}.

Hence we have

r < (FBF)[o)(x) = sup min{F[a](a), Fla](b)}

o r€adb

< sup max {F[a](:c),fy} = max {F[a](aj),y} )
r€adb
a contradiction. Hence (Flc) is satisfied.
(Flc)=(Fla) Let « € A,t,s € (v,1] and =,y € M be such that z;,ys €,
Fla]. Then for any z € 2 @ y, we have

(FE F)lol(:) = sup min{Fla](a). Flo]()}

> min{ F|o](z), Flo](y)} > min{t, s} > 7.

Hence Zuingrs) €, (F B F)a] and s0 2mingr,sy €V qF[a] by (Flc). Thus (Fla)
holds.

For any fuzzy soft set (F ,A) over M, denote by (F~!, A) the fuzzy soft set
defined by F~1[a](z) = Fla](—z) for all « € A and z € M.

Lemma 4.4. Let (F, A) be a fuzzy soft set over M. Then (F2a) holds if and
only if one of the following conditions hold: for all « € A and x € R,

(F2b) max {F[a](—x),’y} > min{ Fla](z), 8 };

(F2c) (F, A) CVq5(F~ A).
Proof. Tt is similar to the proof of Lemma 4.3.
Lemma 4.5. Let (F, A) be a fuzzy soft set over M. Then (F3a) holds if and
only if one of the following conditions hold: for all « € A, r € R, A € I' and
re M,

(F3b) max {F[a] (rAx), ’y} > min{ F|o](z),8};

(F3c) (X, A)Q(F, A) C \/q(%(;)(F, A).
Proof. Tt is similar to the proof of Lemma 4.3.
From the above discussion, we can immediately obtain the following two the-
orems: 3
Theorem 4.6. A fuzzy soft set (F, A) over M is an (€., €,V qs)-fuzzy soft
I-subhypermodule of M if and only if it satisfies (F1b), (F2b) and (F3b).

Theorem 4.7. A fuzzy soft set (F, A) over M is an (€., €, V qs)-fuzzy soft
[-subhypermodule of M if and only if it satisfies (Flc), (F2c¢) and (F34c).
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For any fuzzy soft set (15 A) over M, o € A and t € [0,1], we define F[a], =
{x € M|z, €, F[a]}, Fla]} = {2 € M|xtq5F[ 1} and [Fla]]? = {z € M|z, €
VqFl[a]}. Tt is clear that [F[o]]) = Fla], U Fla]?.

The next theorem provides a relationships between (€., €, V qs)-fuzzy
soft I'-subhypermodules of M and crisp I'-subhypermodules of M .

Theorem 4.8. Let (F, A) be a fuzzy soft set over M. Then

(1) (F, A) is an (€, €,V qs)-fuzzy T-subhypermodule of M if and only
if the non-empty set Flal, is a T-subhypermodule of M for all o € A and
te (v,

(2) If 26 = 14+, then (F, A) is an (€4, €4V as)-fuzzy soft I'-subhypermodule
of M if and only if the non-empty set Fla]¢ is a T-subhypermodule of M for
all « € A and t € (0, 1].

(3) If 20 = 1+, then (F, A) is an (€, €, V q5)-fuzzy soft T-subhypermodule

of M if and only if the non-empty set [F[a]]¢ is a T-subhypermodule of M for
allo € Aand t € (v,1].
Proof. We show only (3). The proofs of (1) and (2) are similar. Let (F, A) be
an (€., €,V qs)-fuzzy soft D-subhypermodule of M and z,y € [F[a]]? for some
a€ Aand t € (v,1]. Then 2, €,V qsF[a] and 3, €,V qsF[al, i.c., Fla](z) >t
or Fla](z) >20—1>20—-1=1, and Fla](y) >t or Fla](y) > 26 —t >
20 —1 = ~. Since (F A) is an (€., €4V qs)-fuzzy soft I'- subhypermodule of M
and min{ Fla](x), Fla](y), 8} > 7, we have Fla](z) > min{Fa](z), Fla](y), 6}
for all z € x & y. We consider the following cases:

Case 1: t € (7,9]. Since t € (v,0], we have 20 —t > ¢ > t.

Case la: Flo](z )>t0rF[ |(y) > t. Then

Flo](z) > min{F[a](x), Fla](y),0} > t. Hence z €, Fla].

Case 1b: Fla](z ) > 20—t and Fla](y) > 20 —t. Then

Fla](2) > min{ Fla](z), Fla](y), 8} = 6 > t. Hence 2 €, Fla].

Case 2: t € (6,1]. Since t € (d, 1], we have 26 — ¢ < § < t.

Case 2a: F[o](x ) >t and F[ |(y) > t. Then

Fla(z ) > min{ F[o](z), Fla](y), 0} = 0, and so f(z) +t >t + 8 > 20.
Hence 2 g5 F[o].

Case 2b: Fla](z )>25—torF[ 1(y) > 20 —t. Then

Fla](z) > min{ Fla](x), F[o](y /),0} > 26 —t. Hence 2 qs Flol.

Thus in any case, z, €, VqsF[a], ie., z € [Fla]]) for all z € z @ y.

Similarly we can show that the other conditions hold. Therefore, [F[a]]¢ is a

[-subhypermodule of M .
Conversely, assume that the given condition holds. Let « € A and x,y €

M. If there exists z € M such that z € x & y and max{ﬁ[a](z),*y} <t=
min{Fla](z), Fla](y), 8}, then Fla](z) > t,Flal(y) > t.Fla](z) < t < 4,
ie., z,y € Fla] but €,V qsF|a). Hence x,y € [F[a]]? but 2€[F[a])¢, a
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contradiction. Therefore, max {F[a](z), 7} > min{ F[o](z), Fla](y), 8} for all

z € x®y. This proves that (F1b) holds. Similarly we can show that (F2b) and
(F3b) hold. Therefore, (F, A) is an (€, €,V qs)-fuzzy soft I'-subhypermodule
of M by Theorem 4.6.

Remark 4.9. For any (€., €,V qs)-fuzzy soft [-subhypermodule (F, A) of M,
we can conclude that

(1) Flo] is a fuzzy I'-subhypermodule of M, for all &« € A when 7 =0
and § = 1;
(2) (F,A)is an (€, €V q)-fuzzy soft [-subhypermodule of M when v =

Theorem 4.10. Let (F, A) and ( B)
subhypermodules of M. Then (F ,A) H
I'-subhypermodule of M if and only if (F,
Proof. 1f (F, A) B (G, B) =(,) (G, B) B (

be two (€,,€, Vqgs)-fuzzy soft I-
(G,B) is an (€, € Vq)-fuzzy soft
34) H (G, B) —(,9) (G7 B) H (F7 A)
£, A),

then

(F,A)B(G,B))B((F,A)B(G,B)) = (F,A)B((G,B) B (F,A) B (G, B)
=) (F,A)B((F,A)B(G,B))B(G,B)
= ((F,A)B(F,A)B((G,B) B (G, B))
B).

CVq0(F,A)B (G,

Hence ((F,A) B (G,B)) B (F,A) B (G, B)) C Vqus5(F,A) B (G,B). This
proves that (F1lc) holds.

Let « € AU B and x € R. We have the following situations:

Case 1: a € A— B. Then

max{(F B G)[a](~2), 7} = max{F[a](~z),7}
> min{ F[a](z),d} = min{(F B &)[a](z), 5}

Case 2: o € B — A. Analogous to case 1, we have

max{(F B G)[a](—z),7} > min{(F B G)[a](z), §}.
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Case 3: a € ANB.
max{(F B8 &)[a](—x),~} = max {_535% min{F[a](a), G[a](b)}, fy}
— xe(fg{gg(ib) min {max {ﬁ’[a] (a), 7} , max {é’[a](b), 7}}
> s 7o) (a), 5} _min {é[a](b), 5}}

— min { sup  min {F[a](a), é[aw))} ,5}

z€(—a)®(—b)

min {min

— min {(ﬁ i G)[a](m),d} .

Thus, in any case, max{(FBG)[a)(—z),7} > min{(FBG)[a](z), §}. This
proves that (F2b) holds. Similarly, we can prove that (F3b) and (F4b) hold.
Therefore, (F, A) B (G, B) is an (€., €,V qs)-fuzzy soft T-subhypermodule of
M.

Conversely, assume that (F, A) B (G, B) is an (€., €, V qs)-fuzzy soft
[-subhypermodule of M. Let a € AU B. We have the following situations:

Case 1: « € A— B. Then(FEHG)[] Fla] = (GEEF)[]

Case 2: a € B— A. Then (FBG)[a] = Gla] = (G B F)[a].

Case 3: « € AN B. Then for any x € M,

max{(F B G)[a](z),v} > max{min{(F B G)[a](—x),d},~}
= min{max{(F B G)[a](-z),7},6}

— min {max {ng@b min{ F[a](a), G[a](b)}, 7} ,5}
_swpmin max{ } , max {é[a](b),y}} ,5}

=uin{_sup uin

>min{_p_min i { a} i {61005} }.5)
{ (i

win{

min sup min

ze€—bP—a

(G B ) :1:),5}.

It follows that max{min{(FBG)[a](z),d}, v} > max{min{(GBF)[a](x x),0%, v}
In a similar way, we have max{min{(G B F)[a](z),d},~v} > max{min{(F B

G)la](x), 0}, 7} i . . ~
Thus, in any case, we have (F',A) B (G,B) =4 (G,B)H (F,A), as
required.

The following proposition is obvious.
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Proposition 4.11. If (F', A) is an (€., €, V qs)-fuzzy soft T-subhypermodule
of M, then
(F, A) B (31, A) =) (&1, A) B (F, A)

for all x € M.
If p is an equivalence relation on a I'-hypermodule M, then we say that ApB
if it satisfies the following conditions:

(1) Vx € A, Jy € B, such that xpy;

(2) Vb € B, Ja € A, such that apb.

Definition 4.12. An equivalence relation p on M is said to be a congruence
relation on M if for any r € R, x,y,2 € M and a € I', we have

rpy = T D 2py O 2,2 D rpz @y, raxproy.

Theorem 4.13. Let (F, A) be an (€, €, V q5)-fuzzy soft T-subhypermodule
of M, o € Aand t € [y,min{F[a](0),0}). Define a relation F[a]; on M by

zFalfy < min{(Z; B F)[a](y), 6} > t,

for all #,y € M. Then F[a]* is a congruence relation on M.
Proof. Let (F, A) be an (€, €V q)-fuzzy soft I-subhypermodule of M, o € A
and t € [y, min{F[a](0),6}). Then we have

(1) Fla]t is reflexive on M. In fact, for any = € M, we have

min{(Z; B F[a])(z),0} =min {wsetjgaﬁ[a](a), 5} > min{F[a](0),0} > t.

[a]fz, and so Fla]? is reflexive.

(2) 15[ |§ is symmetric on M by Proposition 4.11.

(3) Fla]} is transitive on M. In fact, let ,%, 2 € M be such that zF[a]’y
and yF[a]*z. Then min{(Z, B F)[a](y),0} > t and min{(7, B F)[a](2),6} > t.

From

Hence z

<ﬁ7 A) H F; A) - \/Q(%(S)(Fa A)
, we have
(T1, A) B (F, A) B (F, A) CVq(y,6)(T1, A) B (F, A)
, and so

min{(z; B F)[a](z),6} >min{(Z, B F B F)[a](2),6}

= min {sup min{(7Z; B F)[a](a), (@ B F)[a](2)}, 5}

aeM

> min { (7 8 F)[a](y), (7 B Fla)(2),}

>t.
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It follows that
min{(Z; B F)[a](z),0} >t

since t > v, i.e., tF[a]fz. Hence Flalf is transitive.

From the above arguments, it follows that F[a]* is an equivalence relation
on M. R

Next let z,y, z,a € M be such that zF[a]fy and a € @ z. Then

min{(y; B F)[a}(m),é} >t
. From Proposition 4.11, we have
min{(y & z); B F)[a](a), 6} =min{(§; B % B F)[o](a), 6} = min{ (7, B F B 3)[a](a), 6}

=min {Sup min{ (7, 8 F)[e](b), (b, B ))[e](a)}, 5}

> min { (5 8 F)[o](x). (3 8 2)[al(a), 5|
=min{ (7, B F)[a](x),d} > t.
Hence there exists ¢ € M such that ¢ € y @ z and min{(¢; B F)[a](a),d} > t,

i.e., aF[a]fc. Similarly, if d € y® z for some d € M, then there exists e € M
such that d € x @ z and dF[a]fe. Hence

r@®2F o]y @ 2

. In a similar way, we have

@ aFo)izd®y

Finally, let r € R, z,y € M, a € A, X\ € I be such that

vFlalty
. Then
min{(7; B F)[a](x),6} >t
. From Proposition 4.11, we have

min{(Z, B F)[a](a),d} =min { sup min{ F[a](a)}, 5}

yexrda

= min {Sup min{ Fa](b)}, 5}

beER
>t,
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and so,

min{((rAz), B F)[a](r\y),d} =min { sup  min{F[a](a)}, (5}

rayerarda

— min {F’[a] (rAb), 5}
= min {min{ﬁ[a] (b)}, 5}

>t,
that is,

rAz Fla]f Ay

Therefore, Fla]f is a congruence relation on M. This completes the
proof.
Let F[a]#[z] be the equivalence class containing the element z. We denote by
M /F[a]: the set of all equivalence classes, i.e.,

M/Fla]; = {Flo];[a]|a € M}

Since F[af is a congruence relation on M, we can easily deduce the
following theorem.

bf Theorem 4.14. Let (F, A) be an (61’ €,V qs)-fuzzy soft I'-subhypermodule
of M, « € A, A € T and ¢ € [y,min{F[a](0),6}). Then (M/Fa];,¥,T') is a
[-hypermodule, where:

Flofi[z] @ Flal;[y] = {Fla];[#]|z € « ® y}and rAF[a][z] = Fla];[rAa],
forallr e Rz, ye M, a € Aand A € T.

5. Conclusions

In this paper, we consider the (€, €,V qs)-fuzzy soft I'-subhypermodules of
[-hypermodules. In particular, we obtain a kind of new I'-hypermodules by
congruence relations.

In a future study of fuzzy structure of I'-hypermodules, the following
topics could be considered:

(1) To consider the fuzzy rough I'-hypermodules;

(2) To establish three fuzzy isomorphism theorems of I'-hypermodules.

(3) To describe the rough soft I-hypermodules and their applications.
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