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BAER’S THEOREM AND ITS CONVERSE IN THE VARIETY OF
n-ABELIAN GROUPS

Azam Pourmirzaei!, Azam Hokmabadi?, Yaser Shakouri®

In this article, we first prove an extension of Baer’s theorem in the vari-
ety of n-Abelian groups. Then we establish the converse of the mentioned result when
G/Z!(G) is finitely generated. Next we seek conditions which imply the finiteness of
the n-center factor subgroup of an n-Abelian group G and finally we give some upper
bounds, for the order of this factor subgroup.
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1. Introduction and Motivation

Because of the importance of Abelian groups in group theory, many generalizations
have been considered. One of these generalizations is the concept of n-Abelian group which
has been presented in 1944 by Levi [10], for the first time. These groups play an important
role in our discussion and extensively have been analyzed in [5], [2], [3] and [1]. If n is an
integer and n > 1, then a group G is said to be n-Abelian if (zy)" = z™y", for all elements
x and y in G. It follows that [z",y] = [z,y]" = [2",y"], for n-Abelian groups in which
[7,y] = 2~ 'y~ lwy. Tt is clear that a group is 2-Abelian if and only if it is Abelian, while
non Abelian n-Abelian groups do exist, for every n > 2. Here we use two other concepts,
the n-potent and the n-center subgroups of a group G, that have been introduced by Fay
and Waals [4]. For a positive integer n, the n-potent and the n-center subgroups of a group
G are defined respectively, as follows:

Gn = <[x,y"]|ac,y € G>7
Z"(G) =A{z € Glzy™ = y"z,Vy € G}.
It is easy to see that G, is a fully invariant subgroup and Z"(QG) is a characteristic subgroup
of G.

A famous theorem of Schur asserts that for a group G the finiteness of G/Z(G) implies
the finiteness of G’. The proof of this theorem in fact has been stated by B.H. Neumann
[11, Theorem 5.3]. He [12, End of page 237] mentioned that this result can be obtained from
an implicit idea of I. Schur [16], and his proof used Schur’s basic idea. Neumann [11] also
provided a partial converse of the Schur’s theorem as follows:

If G is finitely generated by k elements and G’ is finite, then G/Z(G) is finite and bounded
by |G/Z(G)| < |G'|*.
Recently P. Niroomand [13] generalized this result by proving that if G’ is finite and G/Z(G)
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is finitely generated, then G/Z(G) is finite and |G/Z(G)| < |G'|UE/%(@) B. Sury [17] gave
a completely elementary short proof of a further generalization of the Niroomand’s result.
Also Yadav [19] provided some modifications of the converse of Schur’s theorem. In 1952,
Baer gave an important generalization of Schur’s theorem which asserts that for a group G
if G/Z,(G) is finite, then v,41(G) is finite.
Hall [6] constructed a nilpotent p-group which shows that the converse of Baer’s theorem is
not true. In 1986 Hekster [8] proved that the converse of Baer’s theorem holds, for finitely
generated groups. Recently Hatamian et al. [7] improved the mentioned result of Hekster
and proved that, if G is a group, v,+1(G) is finite and G/Z,(G) is finitely generated, then
G/Z,(Q) is finite and
G

7@
Definition 1.1. A normal series 1 = Gy < G; < --- < Gy = G of group G is called
n-central series of length t if and only if

Git1 §Z"<G>.

’ < |%+1<G)|d(G/Zn(G))".

G, G,
Now we introduce the upper and lower n-central series of G which are two examples

of n-central series.

Definition 1.2. The upper n-central series of G is defined to be the series

1=Z3(G) < Z}(G)<--- < ZMG) < -+
where inductively

Z1(G)/2;(G) = 2*(G/Z]'(@G)),

fori>0. So Z(G) = Z™(G).
Definition 1.3. Put v{(G) = G, and let v}, (G) be defined inductively, for i > 1, as the
subgroup [Y*(G),G™]. It is clear that the series

G=1(G) 273Gz 27(G) =
is an n-central series of G. Note that v3(G) is the n-potent subgroup of G.

Here the subgroups
a“" ={g "ag"|g € G}

and

Ca") ={g € Gl[a",g] =1}
are denoted by C'L™(a) and C™(a), respectively.
In this article, we first prove that the finiteness of G/Z[*(G) implies the finiteness of 7, | (G).
This is actually a version of Baer’s theorem in the variety of n-Abelian groups. Then we
prove some theorems to establish the converse of the mentioned result when G/Z(G) is
finitely generated. Next we seek conditions which imply that finiteness of n-center factor
subgroup G/Z™(G) of an n-Abelian group G. Finally we give some upper bounds for the
order of n-center factor subgroup of an n-Abelian group G.

2. Main Results

We begin this section by proving a generalization of Baer’s theorem. This generaliza-
tion is in fact a version of Baer’s theorem in the variety of n-Abelian group. For this end
we need the following lemma.

Lemma 2.1. If G is an n-Abelian group, then v;(G™) = y*(G), for any positive integer i.
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Proof. 1t is clear that v;(G™) < ~(G). Since G is n-Abelian, so [z1,25] = [z}, 23],
for any 1,29 € G. Therefore by induction we can plainly show that [z1,25,...,2}] =
[T, 2%, ..., 2", for any x1,22,...,2; € G. a

Theorem 2.1. Let G be an n-Abelian group and let G/Z](G) be finite. Then 77, (G) is
finite.

Proof. Since G/Z*(G) is finite thus (G"Z'(G))/Z(G) and so G"/(Z]'(G) N G™) is finite.
We can easily show that Z"(G)NG™ = Z;(G™). Hence G™/Z;(G™) is finite. Therefore Baer’s
theorem implies the finiteness of v;41(G") and so by Lemma 2.1, 77, ; (G) is finite. O

As we said before, there are many attempts to prove the converse of Baer’s theorem.
Therefore we are interested in finding conditions under which the converse of the above
theorem holds. We collect here a few results to achieve the mentioned goal.

Lemma 2.2. Let G be an n-Abelian group. Then ~j'(G)/(C&((7i1(G)) N (G)) can be
embedded in Aut(v] ,(Q)).

Proof. For any g € G, let f, : v{'{(G) = 7}'1(G), defined by f,(z) = z9", and let f :
YHG) — Aut(vj1(G)), defined by f(g) = fg. It is easy to see that f is a homomorphism
and ker f = CZ (774 1(G)) N (G). Hence the assertion follows. O

Theorem 2.2. Let G be a finitely generated n-Abelian group andi > 1. Ifv7 (G) is finite,
then v (G/Z™(G)) is finite.

Proof. Suppose G = (g1, 92, ...,gt), for a natural number ¢. Therefore
t
ZMG) = () C™(gy):
j=1

Let f; : C&(7i41(G)) N9(G) = 471 (G), defined by fj(z) = [z,g7]. Clearly f; is a well-
defined homomorphism and we can show that
ker f; = C"(g;) N C" (741 (G)) N7 (G).
Put K; = ker f;. Since 7} ,(G) is finite, [C"(7](G)) N7 (G) : K;] < oo. On the other
hand ﬂ§'=1 K; =Z"(G)NC" (74 1(Q)) N~ (G) = Z™(G) N~ (G). Therefore by Poincare’s
Lemma the following index is finite.
¢
[C"(3741(G) NP (@) = () Kj] = [C™ (7 (@) NA1(G) = 27(G) Ny (@)

j=1
The finiteness of Aut(G) implies the finiteness of v*(G)/(C™(vj1(G)) N (G)) by Lemma
2.2. Hence [7'(G) : Z™(G) N yP(G)] < oo and therefore by the following isomorphism,
V(G /Z™(Q)) is finite.

WG L ZNGE) L, (G )
7(@ny@ 2@ \Z(@)

O
Let V be the variety of groups defined by the word v = {[z1,2%,...,20,]}. The

following proposition gives the structures of verbal and marginal subgroups of n-Abelian
groups, for the variety V.

Proposition 2.1. By the above assumption V(G) = v2,1(G) and V*(G) = Z]'(G), for any
n-Abelian group G.
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Proof. This is easy to show that V(G) = 72, (G). We show that V*(G) = Z(G). Let
z € V*(G) and e be the identity element of G, thus [ze,g7,...,q7] = [e,g7,...,97] = e,
for any ¢1,...,9. € G. Therefore z € Z'(G) and so V*(G) < Z(G). We use induction on
¢ to show that Z(G) < V*(G). For ¢ = 1 if x € Z™(G), then for any y,g9 € G, we have

[zy, g"] = [z, 9"]*ly,9"] = ly, 9"], and
[y, (zg)"] = ", zg] = [y", glly", 2)* = [y, 9"]-
Therefore x € V*(G).
Now suppose that for all i < ¢, Z"(G) < V*(G). We prove that Z7(G) < V*(G). Let
x € Z"(G). Then zZ"™(G) € Z 1(G/Z"™(G)) and so by induction hypothesis, xZ™(G) €
V*(G/Z™(@)). It follows that for all g; € G, 1 < j < cand all 1 <i < ¢, we have
[917933 ey (glx)na 792} = [glagga _._’g;ﬂ’ 792} (mOd Zn(G))

Now let X = [g1,97, ..., (gix)",...,¢97] and Y = [g1,9%,...,97,...,g7]. Then X =Yz, for an
element z € Z™(G). Thus

(X, 98] = V2,920 = V92 Pz 9200 = (Y en]™)” = [V 944

So
[glvgga A (gix)nv "'79?’92—&-1] = [91,9;; "'79?7 "'79?’93—&-1]' (1)
The missing case is i = ¢+ 1. Put y = g, ! and 2 = [g1, %, ..., g ;]. Then
[glaggw'vgcv n] [ n’xn]’
and therefore by equality [z, 5™, 2][y, , 2% [x, 27, y]* = 1 we have
R R (A o I (T ) L

The equality Z2(G)/Z7 ,(G) = Z"(G/ ' 1(G)) 1mphes that [Z2(G),G"] < Z7 (G). Tt
follows that

91,95 98527 = [z,y7", 2" = 1. (2)
Now by (2) we are in a position to show that

(91,99 90 o1 "] = (91,925 s 90> Gern)-

Of course
(9195 s 92 92412 = (91, 95 s 92, 2" [91, 95 s os 92, 9]
So
(91,95 9 e @™ )™ " = (91,95 s 92 9l4]
and
([91,95 s 925 912D " =g 5 (95)" 5 (98)7 s (g4)™ (™) ).
Therefore by (1), [91,95, .-, 90, 2" 921 1) = [91, 9%+ - 92+ 9iy 1), Which proves the proposition.

]

Hekster [8] defined the concept of V-isologism between groups for an arbitrary variety
V. We apply Proposition 2.1 to this definition, for the variety V defined by the word

v = {[1’1, xga '."$Z+1]}'

Definition 2.1. Let G and H be n-Abelian groups. Then (n,i)-isoclinism between G and
H is a pair of isomorphisms («, ) with o : G/Z(G) — H/Z}(H) and 3 : 7] (G) —
Vi1 (H), such that for all gy, ...,gi+1 € G, B([91,9%, -, 9i41)) = [h1, hE, ..., R} 1], whenever
h;j € a(g; Z](G)), for 1 < j <i+ 1. Then we write G ~, ;) H and we say that G and H

are (n,i)-isoclinic.



Baer’s theorem and its converse in the variety of n-Abelian groups 79

Lemma 2.3. Let G be an n-Abelian group and H < G. Then H is (n,i)-isoclinic to
HZMG).

Proof. See [8, Lemma 4.4]. O
Lemma 2.4. If G is an n-Abelian group, then |G : C"(a)] = |CL™(a)|, for any a € G.

Proof. For any a € G, f : G/C(a™) — CL"(a), defined by f(gC(a™)) = g "ag", for all
g € G, is a correspondence between G/C™(a) and CL™(a). O

We have now accumulated all the information necessary to prove the following result
which is a modification of the converse of Baer’s theorem in the variety of n-Abelian groups.

Theorem 2.3. Let G be an n-Abelian group such that G/Z*(G) is finitely generated. Then
if 71 (G) is finite, then G/Z{L(G) is finite and

5| < b

where d(X) is the least number of generator of the group X.

Proof. For convenience, put ¢ = d(G/Z(G)). We use induction on i¢. If ¢ = 1 and

G/Z™(Q) = (112" (G), 22 Z™(Q), ..., 2. Z™(Q)), then G = HZ"(G) such that H = (x1, z2, ..., T¢).

So by Lemma 2.3, G and H are (n,1)-isoclinic. Therefore G/Z7(G) = H/Z}(H) and
Y41(G) = A7 (H). These isomorphisms allow us to apply H instead of G such that
d(H) =t. Thus by Lemma 2.4 we have

t t
[H: 2"(H)] = [H : i, Oy («0)] < [[1H : Oy ()] = [T 127" -
i=1 i=1
Since " = w;[x;, h"], for any h € H, thus |27"| < |¢;H,| = |H,| where H, = ~%(H).
Therefore [H : Z"(H)] < [['_, |Ha| = |H,|" = |72(H)|". Now suppose that the assertion
holds for ¢ — 1. Let

G/Z}(G) = (212} (G), 22 Z}(G), ..., :: 2} (G))

and 77, ;(G) be finite. Then G and H are (n,i)-isoclinic where H = (z1,---2¢). Therefore
Y1 (H) is finite. Thus by Theorem 2.2, ~j*(H/Z"(H)) is finite. Hence the induction
assumption holds, for H/Z™(H). So we have

H | | H/Z°H) | | H/Z"(H) H O\ i
7| = || = |z <P (7m) &
Since ('_, C%(x;) = Z"(H), thus Z"(H) N~"(H) = N._ ,L(H)(ac,) So
77l( H ):v{‘(lﬁf)Z"(H)g VP (H ) _ )
' \Z"(H) Z™(H) ZM(H) O H) sy Cl gy

Now we have
t

[0 ) Cln (i)

i=1

t
= H |$i'71‘n+1 (H)
i=1

= i

IN

1) s () 2]
i=1
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On the other hand, G and H are (n,i)-isoclinic. Therefore by (3),
G | | H
ZMG)| |21 H)

< (i E) ) = I () = b (G

O

Now an attempt will be made to study the finiteness of the n-center factor of n-Abelian
groups under conditions different from Theorem 2.3.

Theorem 2.4. Let G be an n-Abelian group having a normal subgroup A such that the index
of C&(A) in G is finite and G/A is finitely generated by g1 A, ..., gr A where |g&" | < oo, for
1<i<r. Then G/Z™(QG) is finite.

Proof. Let G/A be generated by g1 4, ..., g-A, for some g; € G, where 1 <1i < r. Let X =
{91, .-, 9r} and A be generated by aset Y. Then G = (XUY) and Z"(G) = CL(X)NCE(Y).
Note that CZ(A) = C&(Y). Therefore CZ(Y) is of finite index in G. On the other hand,
since [g¢"| < oo, for 1 < i < r, C&(X) is also of finite index in G, by Lemma 2.4. Hence

G/Z™(Q) = G/(CAL(X)NCL(Y)) is finite. O
Theorem 2.5. Let G be an n-Abelian and let |v5(G)/(v5(G) N Z™(G))| =t. Then
G ¢
< t2 10g2.
70|
Proof. For the proof we refer the reader to [15]. O

Yadav provided a modification of the converse of Schur’s theorem in [19]. The next
result is a generalization of Yadav’s result.

Theorem 2.6. For an n-Abelian group G, G/Z"(G) is finite if any one of the following
holds.

(i) Z3(G)/Z™(ZF(Q)) is finitely generated and v5(G) is finite.

(i) G/Z™(Z5(Q)) is finitely generated and G/(Z5(G)v5(Q)) is finite.

(i11) v5(G) is finite and Z™(Z5(G)) = Z3(G).

(iv) ¥5(Q) is finite and Z3(G) < v5(G).

Proof. Since v§(G) is finite, it follows from Theorem 2.5, that G/Z%(G) is finite. Now using
the fact that Z5(G)/Z™(Z5(@Q)) is finitely generated, it follows that G/Z™(Z5(G)) is finitely
generated. Take A = Z™(Z%(G)). Then note that A is a normal subgroup of G and since
Z3(G) < C&(A), so the index of C%(A) in G is finite. Hence G/Z™(G) is finite, by Theorem
2.4 and (i) follows.

Again take A = Z™(Z3(G)) and note that Z3(G)v5(G) < CZ&(A). So proof of (ii) directly
follows from Theorem 2.4. Proof of (iii) follows from Theorem 2.4 by taking A = ZZ(G)
and using Theorem 2.5. If Z7(G) < 4%(G), then Z"(Z5(G)) = Z7(G). Thus (iv) follows
from (iii). O

To close this article we give some bounds for the order of G/Z™(G), for an n-Abelian
group G, which generalize some results of [19].

Theorem 2.7. Let G be an n-Abelian group in which [¥3(G)Z™(G) : Z"(G)] = t. Let
Z5(G)/Z™(G) be finitely generated by x1 Z"™(G), 22 Z"™(G), ..., xsZ™(G) such that exp([x;, G™])
is finite, for any 1 < i < s and let Z3(G)/Z™(G) has no element as xZ™(G) such that
2" € Z"(G). Then

G 2log, t T
—— | <7082 exp([z;, G™]).
] = Tt
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Proof. From Theorem 2.5, |G/Z5(G)| < t?1°82t. By hypothesis exp([z;, G"]) is finite, for
any 1 <i < s. Suppose that exp([z;, G"]) = t;. Since z; € Z3(G), so [zF,G"] C Z"(Q), for
any integer k. Then we can use induction on k to prove [zF,¢"] = [z;,9"]*. So [z}, ¢"] =
[x:,9"]" =1, for any 1 <4 < s. Thus z'* € Z™(G) and no lesser power of z; than t; can lie
in Z™(G). Since Z5(G)/Z™(G) has no element as Z™(G) such that ™ € Z™(G), therefore

23(G)\"| _|25(0)
Z"(Q) Zn(G) |
Hence (Z5(G)/Z™(G))™ is Abelian and generated by
21 Z2"(G), 222" (G), ..., xsZ"(G).

So
‘(%gi)n S_]i[eXp([x,-,G”}).
Therefore =1
‘Z”C(:G)‘ B ‘ZQG(G)’ ?:Eng;‘ n
- [z |(36)
< t2log2tili[16XP([xz,G )

O

Lemma 2.5. Let G be an n-Abelian group and let H be a subgroup of G generated by
hi,ho, ..., hy and Z™(QG), such that [h;, G™] is finite, for 1 < i < t. Then |G/CL(H)| <
[Tis [, G™)-
Proof. Indeed, by Poincare’s Lemma

¢ t

G Ca(H)| < TTIG: &)l = [T InE" .

i=1 i=1

Since |G : C4(2)| = 1, for any z € Z™(G) and |[h;, G"]| = |h¥"|, the desired conclusion

follows as well. O

Proposition 2.2. Let G be an n-Abelian group and assume that G/Z™(G) is finitely gen-
erated by ©12"(G), 22 Z™(G), . .., Z™(G) such that [z;, G"] is finite, for 1 <i <t. Then

a t
< || Mz, G"]J-
7w/ <1l
Proof. Put H = G in previous Lemma. O
REFERENCES

[1] L. Alperin, A classification of n-Abelian groups, Canad. J. Math. 21 (1969), 1238-1244.

[2] R. Baer, Endlichkeitskriterien fiir kommutator gruppen, Math. Ann. 124 (1952), 161-177.

[3] R. Baer, Factorization of n-soluble and n-nilpotent groups, Proc. Amer. Math. Soc. 4 (1953), 15-26.
[4] T.H. Fay and G.L. Waals, Some remarks on n-potent and n-Abelian groups, J. Indian. Math. Soc. 47
(1983), 217-222.



82

Azam Pourmirzaei, Azam Hokmabadi, Yaser Shakouri

(5]

(9]
(10]
(11]

(12]
(13]
(14]
(15]
[16]
(17]

[18
(19]

O. Griin, Uber eine charakteristische Untergruppe, Beitriage zur Gruppentheorie IV, Math. Nachr. 3
(1949), 77-94.

P. Hall, Finite-by-nilpotent groups, Proc. Camb. Phil. Soc. 52 (1956), 611-616.

R. Hatamian, M. Hassanzadeh and S. Kayvanfar, A converse of Baer’s theorem, Ricerche di Matem-
atica, 47 (2013), 217-222.

N.S. Hekster, On the structure of n-isoclinism classes of groups, J. Pure. Appl. Algebra, 40(1) (1986),
63-85.

F.W. Levi, Notes on group theory I, J. Indian. Math. Soc. 8 (1944), 1-7.

F.W. Levi, Notes on group theory VII, J. Indian. Math. Soc. 9 (1945), 37-42.

B.H. Neumann, Groups with finite classes of conjugate elements, Proc. London. Math. Soc. 1(3) (1951),
178-187.

B.H. Neumann, Groups covered by permutable subsets, J. London. Math. Soc. 29(1954), 236-248.

P. Niroomand, The converse of Schur’s theorem, Arch. Math. 94 (2010), 401-403.

K. Podoski and B. Szegedy, Bounds for the index of the centre in capable groups, Proc. Amer. Math.
Soc. 133 (2005), 3441-3445.

A. Pourmirzaei and A. Hokmabadie, Some bounds for the index of the n-center subgroup of an n-abelian
group, submitted.

1.Schur, Uber die darstellung der endlichen gruppen durch gebrochene lineare substitutionen, Fiir.
Math. J. 127 (1904), 20-50.

B. Sury, A generalization of a converse of Schur’s theorem, Arch. Math. 95 (2010), 317-318.

J. Wiegold, Multiplicators and groups with finite central factor-groups, Math. Z. 89 (1965), 345-347.
M.K. Yadav, Central quotient versus commutator subgroup of groups, J. Algebra Appl. 174 (2016),
183-194.



