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ON THE INTERPOLATIVE (ϕ,ψ)-TYPE Z-CONTRACTION

Mohammad S. Khan1, Y. Mahendra Singh2, Erdal Karapınar3

In this paper, we introduce the notions of interpolative (ϕ,ψ)-type Z-contrac-

tion with respect to simulation function and quasi triangular θ-orbital admissible map-
ping. Using these notions, some fixed point theorems are also established in the frame-

work of metric space. An illustrative example is furnished to show that there exists a

quasi triangular θ-orbital admissible mapping which is not a triangular θ-admissible.
As an application of our result, we establish an existence of solution for a non-linear

Fredholm integral equation.
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1. Introduction and Preliminaries

The metric fixed point theory was initiated by Banach [5] with his pivotal result
”contraction mapping principle” that was established for the existence and uniqueness of
a solution of certain integral equations. A mapping T : X → X over a metric space
(X, d) is called contraction mapping, also known as Banach contraction, if there exists
k ∈ [0, 1) such that for all x, y ∈ X, d(Tx, Ty) ≤ kd(x, y). A mapping that satisfies the
”contraction mapping principle” is necessarily continuous and this was the main weakness
of this theorem. It was considered whether the continuity condition is superfluous. An
initial response to this question was given by Kannan [10] in 1968 affirmatively. Kannan
[10] successfully introduced a new type of contraction mapping which is not necessarily
continuous. A mapping T : X → X is called Kannan type contraction if there exists
0 ≤ k < 1

2 such that for all x, y ∈ X, d(Tx, Ty) ≤ k(d(x, Tx) + d(y, Ty)). In 1972,
Chatterjea [8] also introduced a similar type of Kannan contraction. Mapping T : X → X
is called Chatterjea type contraction if there exists 0 ≤ k < 1

2 such that for all x, y ∈ X,
d(Tx, Ty) ≤ k(d(x, Ty) + d(y, Tx)). On the other hand, in 1976 Khan ([18], [19]) first
used the idea of geometric mean of Kannan type contraction. A mapping T : X → X
is called Khan type contraction if there exists 0 ≤ k < 1 such that for all x, y ∈ X,
d(Tx, Ty) ≤ k(d(x, Tx).d(y, Ty))

1
2 . Recently, in 2018 Karapınar [11] revisited Kannan type

contraction and introduced the concept of an interpolative Kannan type contraction, a more
general form of Khan type contraction. A mapping T : X → X is said to be an interpolative
Kannan contraction mapping if

d(Tx, Ty) ≤ h[d(x, Tx)]α.[d(y, Ty)]1−α,
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for all x, y ∈ X with Tx 6= x, where h ∈ [0, 1) and α ∈ (0, 1). Note that if α = 1
2 , then

interpolative Kannan type contraction reduces to Khan type contraction.

Theorem 1.1 ([11]). Let (X, d) be a complete metric space and T be an interpolative Kan-
nan type contraction. Then T has a unique fixed point in X.

Very recently Karapınar et al. [13] pointed out that the fixed point obtained in
Theorem 1.1 [11] may not be unique. The refinement of Theorem 1.1 is stated as follows:

Theorem 1.2 ([13]). Let (X, d) be a complete metric space. A self mapping T : X → X
possesses a fixed point in X if there exist constants h ∈ [0, 1) and α ∈ (0, 1) such that

d(Tx, Ty) ≤ h[d(x, Tx)]α.[d(y, Ty)]1−α

for all x, y ∈ X \ Fix(T ), where Fix(X) = {w : Tw = w}.

Example 1.1 ([13]). Let X = {0, 1, 2, 3} endow with Euclidean metric d(x, y) = |x − y|.
Define T : X → X by T0 = 0, T1 = 1, T2 = T3 = 1. For all x, y ∈ X \ Fix(T ) T satisfies
Theorem 1.2, where α ∈ (0, 1) and h ∈ [0, 1). Note that 0 and 1 are fixed points of T .

Moreover, Karapınar et al. [13] also introduced the notion of interpolative Reich-Rus-

Ćirić type contraction in the setting of partial metric space.

Definition 1.1 ([13]). Let (X, p) be a partial metric space. A mappingT : X → X is called

an interpolative Reich-Rus-Ćirić type contraction, if there exist h ∈ [0, 1), α1, α2 ∈ (0, 1)
with α1 + α2 < 1 such that

p(Tx, Ty) ≤ h
[
p(x, y)

]α1

.
[
p(x, Tx)

]α2

.
[
p(y, Ty)

]1−α1−α2

for all x, y ∈ X \ Fix(T ).

Theorem 1.3 ([13]). Let (X, p) be a complete partial metric space and T : X → X is an

interpolative Reich-Rus-Ćirić type contraction, then T has a fixed point in X.

On the other hand, Karapınar et al.[14] introduced the notion of interpolative Hardy-
Rogers type contraction by using the well known contraction of Hardy and Rogers [9].

Definition 1.2 ([14]). Let (X, d) be a metric space. A self mapping T : X → X is said to
be an interpolative Hardy-Rogers type contraction if there exist h ∈ [0, 1), αi ∈ (0, 1) with
α1 + α2 + α3 < 1 such that

d(Tx, Ty) ≤ hH(x, y), for all x, y ∈ X \ Fix(T )

where

H(x, y) = [d(x, y)]α1 .[d(x, Tx)]α2 .[d(y, Ty)]α3 .
[

1
2

(
d(x, Ty) + d(y, Tx)

)]1−∑3
i=1 αi

.

In 1984, Khan et al. [20] introduced the notion of altering distance function.

Definition 1.3. [20] A continuous function ϕ : [0,∞)→ [0,∞) is called an altering distance
if it is non-decreasing and ϕ(r) = 0 if and only if r = 0.

It is obvious that ϕ(r) ≥ 0, for all r ≥ 0. We denote Φ, the set of all altering distance
functions. We have the following examples on altering distance function.

Example 1.2. Let ϕi : [0,∞)→ [0,∞), where i = 1, 2 be defined by:
(i) ϕ1(t) = eat + bt− 1;
(ii) ϕ2(t) = at2 + ln(bt+ 1), where a, b > 0.

Definition 1.4. ([6], [7]) A function ψ : [0,∞)→ [0,∞) is said to be a comparison function
if it is monotonically increasing and ψn(t)→ 0 as n→∞ for all t > 0.
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Example 1.3. Let ψi : [0,∞)→ [0,∞), where i = 1, 2 be defined by:
(i) ψ1(t) = kt, where k ∈ [0, 1), (ii) ψ2(t) = t

2+t . Obviously ψi is a comparison function,
where i = 1, 2.

If ψ is comparison function, then ψ(t) < t for all t > 0 and ψ(0) = 0. The symbol Ψ
denotes the set of all comparison functions. In 2015, Khojasteh et al. [21] introduced the
notion of simulation function.

Definition 1.5 ([21]). A mapping ζ : [0,∞) × [0,∞) → R is called a simulation function,
if it satisfies the following conditions:
(ζ1) ζ(0, 0) = 0;
(ζ2) ζ(t, s) < s− t, for all t, s > 0;
(ζ3) if {tn}, {sn} are sequences in (0,∞) such that lim

n→+∞
tn = lim

n→+∞
sn > 0, then

lim
n→+∞

sup ζ(tn, sn) < 0.

The set of all simulation functions is denoted by Z.

Definition 1.6 ([21]). Let (X, d) be a metric space and T : X → X be a mapping. If there
exists ζ ∈ Z such that

ζ(d(Tx, Ty), d(x, y)) ≥ 0, for all x, y ∈ X,
then T is called Z-contraction with respect to ζ.

In the same year, Argoubi et al. [4] refined the above notion by removing the first
condition (ζ1). Note that the condition (ζ1) is indeed obtained from (ζ2), if T is a Z-
contraction with respect to ζ. A basic example of Z-contraction is Banach contraction,
which is obtained by setting ζ(t, s) = λs− t, where λ ∈ [0, 1).
In the sense of Argoubi et al. [4], we have the following:

Definition 1.7 ([4]). A mapping ζ : [0,∞) × [0,∞) → R is said to be simulation function
if it satisfies the conditions (ζ2) and (ζ3).

Clearly, any simulation function in the original Khojasteh et al. [21] sense is also a
simulation function in sense of Argoubi et al. [4], but the converse is not true.

Example 1.4 ([4]). Let ζ : [0,∞)× [0,∞)→ N be a function defined by

ζ(t, s) =

{
1, for (t, s) = (0, 0);

λs− t, otherwise,

where λ ∈ (0, 1), then ζ satisfies (ζ2) and (ζ3) with (ζ(0, 0) > 0.

Example 1.5. Let ϕ ∈ Φ and ψ ∈ Ψ such that ψ(t) < t ≤ ϕ(t), for all t > 0 and
ζ : [0,∞) × [0,∞) → R be a mapping defined by ζ(t, s) = ψ(s) − ϕ(t), for all t, s ∈ [0,∞).
Then ζ is a simulation function.

For further details and examples on simulation function, it can be found in [21, 3, 24,
16, 17, 2, 1]. Recently Karapınar[12] extended interpolative Hardy-Rogers type contraction
using the simulation function ζ in the sense of Argoubi et al. [4] as follows:

Definition 1.8 ([12]). A mapping T : X → X is called an interpolative Hardy-Rogers type
Z-contraction with respect to ζ if there exist ζ ∈ Z, αi ∈ (0, 1), where i = 1, 2, 3 such that
α1 + α2 + α3 < 1 satisfying the inequality

ζ
(
d(Tx, Ty), H(x, y)

)
≥ 0, for all x, y ∈ X\Fix(T )

where

H(x, y) = [d(x, y)]α1 .[d(x, Tx)]α2 .[d(y, Ty)]α3 .
[

1
2

(
d(x, Ty) + d(y, Tx)

)]1−∑3
i=1 αi

.
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Remark 1.1. If T is an interpolative Kannan type contraction(resp. Reich-Rus-Ćirić
type contraction, Hardy-Rogers type contraction, Z-contraction and Hardy-Rogers type Z-
contraction), then T is continuous.
For this, consider a sequence {xn} in X defined by xn = Tnx0 = Txn−1 for any x0 ∈ X,
where n ≥ 1 such that xn → w ∈ X as n → +∞. Suppose T is an interpolative Kannan
type contraction, then we have

d(Txn, Tw) ≤h[d(xn, Txn)]α.[d(w, Tw)]1−α = h[d(xn, xn+1)]α.[d(w, Tw)]1−α.

Letting limit as n→ +∞, we have

lim
n→+∞

d(Txn, Tw) = 0 yielding lim
n→+∞

Txn = Tu.

Similarly, one can prove that if T is an interpolative Reich-Rus-Ćirić type(resp. Hardy-
Rogers type) contraction, then T is continuous. Further, suppose that T is an interpolative
Hardy-Rogers type Z-contraction. By definition, we have

0 ≤ ζ
(
d(Txn, Tw), H(xn, w)

)
< H(xn, w)− d(Txn, Tw),

where, xn, w ∈ X \ Fix(T ) and

H(xn, w) =[d(xn, w)]α1 .[d(xn, Txn)]α2 .[d(w, Tw)]α3 .[1

2

(
d(xn, Tw) + d(w, Txn)

)]1−∑3
i=1 αi

.

Letting limit as n→ +∞, we obtain

lim
n→+∞

d(Txn, Tw) < 0 yields lim
n→+∞

Txn = Tw.

Thus, we conclude that T is continuous mapping if it is Z-contraction or an interpolative
Hardy-Rogers type Z-contraction.

Let X be a non-empty set and θ : X ×X → R. We collect the following concepts.

Definition 1.9 ([25]). A mapping T : X → X is said to be θ- admissible if

(θ1) θ(x, y) ≥ 1 implies θ(Tx, Ty) ≥ 1, x, y ∈ X.

Definition 1.10 ([15]). A mapping T : X → X is said to be triangular θ-admissible if it
satisfies (θ1) and

(θ2) θ(x, z) ≥ 1 and θ(z, y) ≥ 1 imply θ(x, y) ≥ 1, x, y, z ∈ X.

Note that if T fails to satisfy any one of the conditions (θ1) and (θ2), then T is not a
triangular θ-orbital admissible.

Definition 1.11 ([23]). A mapping T : X → X is said to be θ-orbital admissible if

(θ3) θ(x, Tx) ≥ 1 implies θ(Tx, T 2x) ≥ 1, x ∈ X.

Definition 1.12 ([23]). A mapping T : X → X is said to be triangular θ-orbital admissible
if T satisfies (θ3) and

(θ4) θ(x, y) ≥ 1 and θ(y, Ty) ≥ 1 imply θ(x, Ty) ≥ 1, x, y ∈ X.

It is obvious that every triangular θ-orbital admissible mapping T is θ-orbital admis-
sible, but the converse is not true. For more details and examples on θ-admissibility(resp.
θ-orbital admissibility), it may be refered to ([25], [23],[15], [22] and references therein).

Definition 1.13 ([25],[23]). Let (X, d) be a metric space and θ : X ×X → R be a mapping.
A sequence {xn} in X is said to be θ-regular if θ(xn, xn+1) ≥ 1, for each n and xn → w ∈ X
as n → +∞, then there exists a subsequence {xnk

} of {xn} such that θ(xnk
, w) ≥ 1, for

each k ∈ N.
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Remark 1.2. (i) Popescu[23] observed that every θ-admissible mapping is θ-orbital admis-
sible. Further, it has observed in Popescu[23] that every triangular θ-admissible mapping is
a triangular θ-orbital admissible mapping, but the converse may not be true in general(see
Example 7[23]).
(ii) In our view, it may be observed that every θ-admissible mapping T is θ-orbital admissible
if there exist w ∈ X and k ∈ N∪{0} such that θ(x, y) = θ(T kw, T k+1w) ≥ 1, otherwise T is
not θ-orbital admissible(see Example 1.6 and Example 1.7). In fact by (θ3), every θ-orbital
admissible mapping may not be θ-admissible mapping(see Example 1.8).

Example 1.6. Let X = {0, 1, 2} with usual metric d(x, y) = |x − y|. Let T : X → X
and θ : X × X → R be mappings defined by T0 = 0, T1 = 2, T2 = 1 and θ(x, y) = 1 if
(x, y) ∈ {(0, 0), (1, 2), (2, 1)} and θ(x, y) = 0, otherwise. Since θ(0, 0) = θ(1, 2) = θ(2, 1) = 1,
θ(T0, T0) = θ(T1, T2) = θ(T2, T1) = 1. Therefore, T is θ-admissible mapping. On other
hand, we have θ(0, T0) = θ(1, T1) = θ(2, T2) = 1, θ(T0, T 20) = θ(T1, T 21) = θ(T2, T 22) =
1, so T is a θ-orbital admissible. Note that T satisfies neither (θ2) nor (θ4). Therefore, T
is neither triangular θ-admissible nor triangular θ-orbital admissible.

Example 1.7. Let X and T : X → X are as in Example 1.6. Define θ : X ×X → R as:
θ(x, y) = 1, if (x, y) ∈ {(0, 1), (0, 2)} and θ(x, y) = 0, otherwise. Clearly, T is a θ-admissible
as θ(0, 1) = θ(T0, T1) = 1, θ(0, 2) = θ(T0, T2) = 1. But, there does not exist w ∈ X and
k ∈ N ∪ {0} such that θ(x, y) = θ(T kw, T k+1w) = 1, so T is not a θ-orbital admissible
mapping.

The concept of quasi triangular θ-orbital admissible mapping is defined as follows:

Definition 1.14. A mapping T : X → X is said to be quasi triangular θ-orbital admissible
if T satisfies (θ3) and

(θ5) θ(x, y) ≥ 1 implies θ(x, Ty) ≥ 1, x, y ∈ X.

Obviously, every triangular θ-orbital admissible is quasi θ-orbital admissible. In the
following example we show that there exists a quasi triangular θ-orbital admissible mapping,
but not a triangular θ-admissible mapping.

Example 1.8. Let X = {0, 1, 2, 3} with usual metric d(x, y) = |x− y|. Let T : X → X and
θ : X ×X → R be mappings defined by

T0 = 0, T1 = 2, T2 = 1, T3 = 3 and θ(x, y) =

{
1, if (x, y) ∈ A,
0, otherwise,

where, A = {(0, 1), (0, 2), (1, 1), (1, 2), (2, 0), (2, 1), (2, 2), (2, 3)}. Since (1, 2), (2, 1) ∈ A, then
we have θ(1, T1) = θ(T1, T 21) = θ(2, 1) = 1 and θ(2, T2) = θ(T2, T 22) = θ(1, 2) = 1, so T
is θ-orbital admissible mapping. Further, we have

θ(0, 1) =θ(0, T1) = θ(0, 2) = 1, θ(0, 2) = θ(0, T2) = θ(0, 1) = 1,

θ(1, 2) =θ(1, T2) = θ(1, 1) = 1, θ(2, 0) = θ(2, T0) = θ(2, 0) = 1,

θ(2, 1) =θ(2, T1) = θ(2, 2) = 1, θ(2, 3) = θ(2, T3) = θ(2, 3) = 1.

Therefore, T satisfies (θ5) and hence T is quasi triangular θ-orbital admissible mapping.
Note that θ(x, y) = θ(2, 0) = θ(2, 3) = 1, θ(y, Ty) = θ(0, T0) = θ(3, T3) = 0, but θ(x, Ty) =
θ(2, T0) = θ(2, T3) = 1. It shows that the necessity of θ(y, Ty) ≥ 1 for (θ4) is not required
to satisfy (θ5). On the other hand, we have θ(2, 0) = θ(2, 3) = 1, θ(T2, T0) = θ(T2, T3) = 0
as (1, 0), (1, 3) /∈ A, so T does not satisfy (θ1). Moreover, we have θ(1, 2) = θ(2, 3) = 1,
but θ(1, 3) = 0, T does not satisfy (θ2) and hence T is neither triangular θ-admissible nor
θ-admissible mapping.
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Lemma 1.1. Let T : X → X be a quasi triangular θ-orbital admissible mapping. Assume
that x0 ∈ X such that θ(x0, Tx0) ≥ 1. If there exists a sequence {xn} in X such that
xn = Tnx0, then θ(xm, xn) ≥ 1, m > n, for all m,n ∈ N ∪ {0}.

Proof. By assumption there exists x0 ∈ X such that θ(x0, Tx0) ≥ 1, then by θ-orbital
admissible of mapping T , we have θ(x1, x2) = θ(Tx0, T

2x0) ≥ 1. By continuing in this
process, we obtain θ(xn, xn+1) ≥ 1, for all n ∈ N∪{0}. Since T is quasi triangular θ-orbital
admissible mapping and θ(xn, xn+1) ≥ 1 for n ∈ N ∪ {0}, then from (θ5), we obtain that
θ(xn, xn+2) = θ(xn, Txn+1) ≥ 1. By continuing this process repeatedly with (θ5), we obtain
that θ(xn, xm) ≥ 1, m > n for all m,n ∈ N ∪ {0}. �

In this paper, using the notions of quasi triangular θ-orbital admissible and inter-
polative (ϕ,ψ)-type Z-contraction with respect to simulation function, we prove some fixed
point theorems.

2. Interpolative (ϕ,ψ)-type Z-contraction and fixed point theorems

In this section, we discuss (ϕ,ψ)-type Z-contraction with respect to simulation func-
tion ζ in the sense of Argoubi et al.[4], using an interpolative approach in the setting of
metric spaces. Let T be a self mapping on a metric space (X, d).

Definition 2.1. A mapping T : X → X is called an interpolative (ϕ,ψ)-Banach-Kannan-
Chatterjea type Z- contraction with respect to ζ (in short, interpolative (ϕ,ψ)-BKC type
Z-contraction) if there exist θ : X ×X → R, ζ ∈ Z, ϕ ∈ Φ, ψ ∈ Ψ, α1, α2 ∈ (0, 1) such that
ϕ(t) > ψ(t), for t > 0 and α1 + α2 < 1 satisfying the inequality

ζ
(
θ(x, y)ϕ(d(Tx, Ty)), ψ(B(x, y))

)
≥ 0, for all x, y ∈ X, (1)

where

B(x, y) = [d(x, y)]α1 .
[1

2
(d(x, Tx) + d(y, Ty))

]α2

.
[1

2
(d(x, Ty) + d(y, Tx))

]1−α1−α2

.

Definition 2.2. A mapping T : X → X is called an interpolative (ϕ,ψ)- Hardy-Rogers
type Z-contraction with respect to ζ(in short, interpolative (ϕ,ψ)-HR type Z-contraction) if
there exist θ : X × X → R, ζ ∈ Z, ϕ ∈ Φ, ψ ∈ Ψ, αi ∈ (0, 1), where i = 1, 2, 3, such that

ϕ(t) > ψ(t), t > 0 and
∑3
i=1 αi < 1 satisfying the inequality

ζ
(
θ(x, y)ϕ(d(Tx, Ty)), ψ(H(x, y))

)
≥ 0, for all x, y ∈ X\Fix(T ), (2)

where

H(x, y) = [d(x, y)]α1 .[d(x, Tx)]α2 .[d(y, Ty)]α3 .
[

1
2

(
d(x, Ty) + d(y, Tx)

)]1−∑3
i=1 αi

.

Theorem 2.1. Let T be a self-mapping on a complete metric space (X, d). Suppose that
T is quasi triangular θ-orbital admissible and forms an interpolative (ϕ,ψ)-BKC type Z-
contraction with respect to ζ. If there exists x0 ∈ X such that θ(x0, Tx0) ≥ 1 and T is
continuous, then T has a fixed point in X.

Proof. Let x0 ∈ X such that θ(x0, Tx0) ≥ 1. Consider the iterative sequence {xn} by
xn = Tnx0 = Txn−1, for all n ∈ N. If there exits n0 ∈ N such that xn0−1 = xn0

, then the
proof is over. Indeed, xn0−1 forms a fixed point since xn0−1 = xn0

= Txn0−1. Consequently,
throughout the proof we shall assume that xn−1 6= xn and hence we have d(xn−1, xn) > 0,
for all n ∈ N. On the other hand, θ(x0, x1) = θ(x0, Tx0) ≥ 1 and T is θ-orbital admissible
mapping, we find θ(x1, x2) = θ(Tx0, T

2x0) ≥ 1. Recursively, we derive that θ(xn−1, xn) ≥ 1,
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for all n ∈ N. From (1), we obtain

0 ≤ ζ
(
θ(xn−1, xn)ϕ(d(Txn−1, Txn)), ψ(B(xn−1, xn))

)
= ζ

(
θ(xn−1, xn)ϕ(d(xn, xn+1)), ψ(B(xn−1, xn))

)
< ψ(B(xn−1, xn))− θ(xn−1, xn)ϕ(d(xn, xn+1)),

(3)

where

B(xn−1, xn) =
[
d(xn−1, xn)

]α1

.
[

1
2

(
d(xn−1, Txn−1) + d(xn, Txn)

)]α2

.[
1
2

(
d(xn−1, Txn) + d(xn, Txn−1)

)]1−α1−α2

=
[
d(xn−1, xn)

]α1

.
[

1
2

(
d(xn−1, xn) + d(xn, xn+1)

)]α2

.
[

1
2d(xn−1, xn+1)

]1−α1−α2

.

(4)
Consequently, we arrive

ϕ(d(xn, xn+1)) ≤ θ(xn−1, xn)ϕ(d(xn, xn+1))
< ψ(B(xn−1, xn))

= ψ
([
d(xn−1, xn)

]α1

.
[

1
2

(
d(xn−1, xn) + d(xn, xn+1)

)]α2

.[
1
2d(xn−1, xn+1)

]1−α1−α2
)

≤ ψ
([
d(xn−1, xn)

]α1

.
[

1
2

(
d(xn−1, xn) + d(xn, xn+1)

)]1−α1
)
.

(5)

Suppose d(xn−1, xn) < d(xn, xn+1), for n ≥ 1, then from (5), we obtain

ϕ(d(xn, xn+1)) ≤ ψ(d(xn, xn+1)) < ϕ(d(xn, xn+1))

This is a contradiction. Accordingly, we obtain

d(xn, xn+1) ≤ d(xn−1, xn), for all n ≥ 1. (6)

Hence {d(xn, xn+1)} is a monotone decreasing sequence of positive real numbers and bounded
below by zero. So there exists r ≥ 0 such that limn→+∞ d(xn, xn+1) = r. We claim that
r > 0, otherwise from (3), (4) together with (6), we obtain

0 ≤ ζ
(
θ(xn−1, xn)ϕ(d(xn, xn+1)), ψ(B(xn−1, xn))

)
< ψ(B(xn−1, xn))− θ(xn−1, xn)ϕ(d(xn, xn+1)).

Consequently, we obtain

ϕ(d(xn, xn+1)) ≤ θ(xn−1, xn)ϕ(d(xn, xn+1)) ≤ ψ(B(xn−1, xn))
≤ ϕ(B(xn−1, xn)) ≤ ϕ(d(xn−1, xn)).

(7)

Letting limit as n→ +∞ in (7), we obtain

limn→+∞ θ(xn−1, xn)ϕ(d(xn, xn+1)) = limn→+∞ ψ(B(xn−1, xn)) = ϕ(r). (8)

Setting sn = θ(xn−1, xn)ϕ(d(xn, xn+1)), tn = ψ(B(xn−1, xn)) in (3) and (4), then by (ζ3)
with (8), we obtain

0 ≤ limn→+∞ sup ζ
(
θ(xn−1, xn)ϕ(d(xn, xn+1)), ψ(B(xn−1, xn))

)
< 0.

This is a contradiction and thus we have limn→+∞ d(xn, xn+1) = 0. Now, we show that {xn}
is a Cauchy sequence. Suppose not, there exists ε > 0 for which we can find two sequences
{mk} and {nk}, for all k ≥ 1 with xmk

> xnk
≥ k such that d(xnk

, xmk
) ≥ ε. Further,

we assume that mk is the smallest number greater than nk, then d(xnk
, xmk−1) < ε. By

triangular inequality, we obtain

ε ≤ d(xnk
, xmk

) ≤ d(xnk
, xmk−1) + d(xmk−1, xmk

) < ε+ d(xmk−1, xmk
).
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Taking limit as k → +∞, we obtain

lim
k→+∞

d(xnk
, xmk

) = ε. (9)

Again by triangular inequality, we obtain

d(xnk
, xmk

) ≤ d(xnk
, xnk+1) + d(xnk+1, xmk+1) + d(xmk+1, xmk

).

Also we obtain

d(xnk+1, xmk+1) ≤ d(xnk+1, xnk
) + d(xnk

, xmk
) + d(xmk

, xmk+1).

Combining the above two inequalities and taking limit as k → +∞ together with (9), we
obtain

lim
k→+∞

d(xnk+1, xmk+1) = ε. (10)

Furthermore, we obtain

d(xnk
, xmk

) ≤ d(xnk
, xnk+1) + d(xnk+1, xmk

) ≤ d(xnk
, xmk

) + 2d(xnk
, xnk+1).

Taking limit as k → +∞, we obtain

lim
k→+∞

d(xnk+1, xmk
) = ε. (11)

Similarly, we obtain

d(xnk
, xmk

) ≤d(xnk
, xmk+1) + d(xmk+1, xmk

) ≤ d(xnk
, xmk

) + 2d(xmk
, xmk+1).

Taking limit as k → +∞, we obtain

lim
k→+∞

d(xnk
, xmk+1) = ε. (12)

Since T is quasi triangular θ-orbital admissible, by Lemma 1.1, we obtain
α(xnk

, xmk
) ≥ 1, for all numbers mk, nk such that mk > nk, where k ≥ 1.

From (1), we obtain

0 ≤ζ
(
θ(xnk

, xmk
)ϕ(d(Txnk

), Txmk
), ψ(B(xnk

, xmk
))
)

=ζ
(
θ(xnk

, xmk
)ϕ(d(xnk+1, xmk+1)), ψ(B(xnk

, xmk
))
)

<ψ(B(xnk
, xmk

))− θ(xnk
, xmk

)ϕ(d(xnk+1, xmk+1)).

It follows that

ϕ(d(xnk+1, xmk+1)) ≤θ(xnk
, xmk

)ϕ
(
d(xnk+1, xmk+1)

)
≤ψ
(
B(xnk

, xmk
)
)
< ϕ

(
B(xnk

, xmk
)
)

where

B(xnk
, xmk

) =[d(xnk
, xmk

)]α1 .
[1

2

(
d(xnk

, Txnk
) + d(xmk

, Txmk
)
)]α2

.[1

2

(
d(xnk

, Txmk
) + d(xmk

, Txnk
)
)]1−α1−α2

=[d(xnk
, xmk

)]α1 .
[1

2

(
d(xnk

, xnk+1) + d(xmk
, xmk+1)

)]α2

.[1

2

(
d(xnk

, xmk+1) + d(xmk
, xnk+1)

)]1−α1−α2

Taking limit as k → +∞ together with (9), (10), (11) and (12), we obtain

0 ≤ ϕ(ε) < ϕ(0) = 0⇒ ϕ(ε) = 0 if and only if ε = 0.
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This is a contradiction and hence {xn} is a Cauchy sequence in X. Since X is complete,
there exists w ∈ X such that limn→+∞ xn = w. On account of T is continuous, we find that
Tw = limn→+∞ Txn = limn→+∞ xn+1 = w. Hence, w is the desired fixed point of T . �

Example 2.1. Let X = [0, 1] with usual metric d(x, y) = |x− y|. Suppose θ : X ×X → R
and T : X → X are mappings defined by

θ(x, y) =

{
1, 0 ≤ x, y ≤ 1

2 , x ≤ y,
0, otherwise

; Tx =

{
1+x

3 , 0 ≤ x ≤ 1
2 ,

x, 1
2 < x ≤ 1.

Since nth-iterate of T is either Tnx = 1
3

∑n−2
i=0 ( 1

3 )i+ 1+x
3n , x ∈ [0, 1

2 ] or, Tnx = x, x ∈ ( 1
2 , 1],

for all n ∈ N. Also, we have 1
3 ≤ Tnx ≤ 1

2 , for all x ∈ [0, 1
2 ]. It is obvious that T is

quasi triangular θ-orbital admissible in X. Let x0 ∈ X such that θ(x0, Tx0) ≥ 1. Define a
sequence {xn} in X such that xn = Tnx0, for all n ∈ N. By θ-orbital admissibility of T ,
we have θ(Tx0, T

2x0) ≥ 1. Recursively, one may obtain that θ(Tn−1x0, T
nx0) ≥ 1, where

Tnx0 = 1
3

∑n−2
i=0 ( 1

3 )i + 1+x0

3n .
Taking ζ(t, s) = ψ(s)− t, for all s, t > 0 in Theorem 2.1, we obtain

θ(x, y)ϕ(d(Tx, Ty)) ≤ ψ(B(x, y)), for all x, y ∈ X.

Setting ϕ(t) = t, ψ(t) = ht, t > 0, where h = 1√
3

, α1 = 1
2 and α2 = 1

3 , then ϕ(t) > ψ(t).

Since 0 ≤ x, y ≤ 1
2 , we obtain

0 ≤ |x− y| ≤ 1

2
⇒ 0 ≤ |x− y| 12 ≤ 1√

2
,

0 ≤
[1

2
(|x− Tx|+ |y − Ty|)

]α2

=
[1

6
(|1− 2x|+ |1− 2y|)

] 1
3 ≤

(1

3

) 1
3

and

(1

6

) 1
6 ≤
[1

2
(|x− Ty|+ |y − Tx|)

] 1
6

=
[1

6
(|1 + y − 3x|+ |1 + x− 3y|)

] 1
6 ≤

(1

2

) 1
6

.

By simple calculation for all x, y ∈ X, we obtain

θ(x, y)ϕ(d(Tx, Ty)) =θ(x, y)|Tx− Ty| = 1

3
|x− y|

≤ 1√
3
|x− y| 12 .

[1

6
(|1− 2x|+ |1− 2y|)

] 1
3

.
[1

6
(|1 + y − 3x|+ |1 + x− 3y|)

] 1
6

=
1√
3
|x− y| 12 .

[1

2
(|x− Tx|+ |y − Ty|)

] 1
3

.
[1

2
(|x− Ty|+ |y − Tx|)

] 1
6

= ψ(B(x, y)).

Thus, all the conditions of Theorem 2.1 are satisfied and on account of continuity of T , we
obtain

T
1

2
= lim
n→+∞

T (Tnx0) = lim
n→+∞

Tn+1x0 = lim
n→+∞

(1

3

n−1∑
i=0

(1

3

)i
+

1 + x0

3n

)
= lim
n→+∞

(1

3
× 1

1− 1
3

+
1 + x0

3n

)
=

1

2
.

Thus T possess a fixed point in X. Note that Fix(T ) = { 1
2} ∪ {x : x ∈ ( 1

2 , 1]}.

In the following theorem, we replace one of the heavy conditions of Theorem 2.1 i.e.,
continuity of T with the notion of θ-regularity as follows:
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Theorem 2.2. Let T be a self-mapping on a complete metric space (X, d). Suppose that
T is quasi triangular θ-orbital admissible and forms an interpolative (ϕ,ψ)-BKC type Z-
contraction with respect to ζ. If there exists x0 ∈ X such that θ(x0, Tx0) ≥ 1 and {xn} in
X is θ-regular, where xn = Tnx0, n ∈ N, then T has a fixed point in X.

Proof. By given assumption, there exists x0 ∈ X such that θ(x0, Tx0) ≥ 1. Consider the
iterative sequence {xn} by xn = Txn−1, for all n ∈ N. Since T is θ-orbital admissible, we
obtain recursively that θ(xn−1, xn) ≥ 1, for all n ∈ N. Without lost of generality, we shall
assume that xn−1 6= xn and hence we have d(xn−1, xn) > 0, for all n ∈ N. By repeating the
same steps as in the proof of Theorem 2.1, we derive that {xn} converges to w. Since {xn}
is θ-regular in X, then there exists a subsequence {xnk

} of {xn} such that θ(xnk
, w) ≥ 1,

for each k ∈ N ∪ {0}. From (1), we obtain

0 ≤ζ
(
θ(xnk

, w)ϕ(d(Txnk
, Tw)), ψ(B(xnk

, Tw))
)

=ζ
(
θ(xnk

, w)ϕ(d(xnk+1, Tw)), ψ(B(xnk
, Tw))

)
< ψ(B(xnk

, Tw))− θ(xnk
, w)ϕ(d(xnk+1, Tw))

which is equivalent to

ϕ(d(xnk+1, Tw)) ≤θ(xnk
, w)ϕ(d(xnk+1, Tw)) < ψ(B(xnk

, Tw)) < ϕ(B(xnk
, Tw))

where

B(xnk
, Tw) =[d(xnk

, w)]α1 .
[1

2

(
d(xnk

, Txnk
) + d(w, Tw)

)]α2

.[1

2

(
d(xnk

, Tw) + d(w, Txnk
)
)]1−α1−α2

=[d(xnk
, w)]α1 .

[1

2

(
d(xnk

, xnk+1) + d(w, Tw)
)]α2

.[1

2

(
d(xnk

, Tw) + d(w, xnk+1)

)]1−α1−α2

.

Taking k → +∞, we obtain ϕ(d(w, Tw)) = 0 implies d(w, Tw) = 0. This shows that w is a
fixed point of T . �

Let (U) be the uniqueness condition which is given as: For any distinct fixed points
w,w∗ ∈ Fix(T ) 6= φ, θ(w,w∗) ≥ 1, where Fix(T ) = {x : Tx = x}.

Theorem 2.3. In addition to the assumption of Theorem 2.1 (or Theorem 2.2), we suppose
the condition (U) holds. Then the observed fixed point is unique.

Proof. Taking w,w∗ ∈ X, w 6= w∗ such that Tw = w and Tw∗ = w∗ in (1), we obtain

0 ≤ζ
(
θ(Tw, Tw∗)ϕ(d(Tw, Tw∗)), ψ(B(w,w∗))

)
=ζ
(
θ(w,w∗)ϕ(d(w,w∗)), ψ(B(w,w∗))

)
<ψ(B(w,w∗))− θ(w,w∗)ϕ(d(w,w∗)) = −θ(w,w∗)ϕ(d(w,w∗)

This is contradiction and hence T has a unique fixed point in X. �

Remark 2.1. In Example 2.1, Fix(T ) = { 1
2} ∪ {x : x ∈ ( 1

2 , 1]}, so the condition (U) does
not hold and hence Theorem 2.3 is not applicable in Example 2.1.

Theorem 2.4. Let T : X → X be a self mapping on a complete metric space (X, d). If
there exist θ : X ×X → R, ϕ ∈ Φ, ψ ∈ Ψ, α1, α2 ∈ (0, 1) such that ϕ(t) > ψ(t), for t > 0
and α1 + α2 < 1 satisfying the inequality

θ(x, y)ϕ(d(Tx, Ty)) ≤ψ(B(x, y))
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for all x, y ∈ X. If there exists x0 ∈ X such that θ(x0, Tx0) ≥ 1 and T is continuous, or
{xn} in X is θ-regular, where xn = Tnx0, n ∈ N, then T has a fixed point in X. Further
suppose the condition (U) holds, then Fix(T ) is singleton.

Proof. Setting ζ(t, s) = ψ(s)− t, for all s, t > 0 in Theorem 2.3. �

Corollary 2.1. Let T be a self mapping on a complete metric space (X, d). If there exist
ψ ∈ Ψ, α1, α2 ∈ (0, 1) such that α1 + α2 < 1 satisfying the inequality

d(Tx, Ty) ≤ψ(B(x, y))

for all x, y ∈ X, then T has a unique fixed point in X.

Example 2.2. Let X = {0, 1, 2, 3} endow with Euclidean metric d(x, y) = |x − y|. Define
T : X → X by

Tx =

{
0, x 6= 3

1, x = 3.

Setting ψ(t) = 9
10 t, t > 0 and α1 = 1

2 , α2 = 1
3 . Then T satisfies all the conditions of

Corollary 2.1 and 0 is the unique fixed point of T .

Theorem 2.5. Let T : X → X be a self mapping on a complete metric space (X, d).
Suppose that T is quasi triangular θ-orbital admissible and forms an interpolative (ϕ,ψ)-HR
type Z-contraction with respect to ζ. If there exists x0 ∈ X such that θ(x0, Tx0) ≥ 1 and T
is continuous, then T has a fixed point in X.

Proof. Let x0 ∈ X such that θ(x0, Tx0) ≥ 1 and consider the iterative sequence {xn} by
xn = Txn−1, for all n ∈ N. Following the proof of Theorem 2.1, we shall consider xn 6= xn−1

and hence we have d(xn−1, xn) > 0, for all n ∈ N. On the other hand, T is θ-orbital
admissible, we obtain recursively that θ(xn−1, xn) ≥ 1, for all n ∈ N. From (2.2), we obtain

0 ≤ ζ(θ(xn−1, xn)ϕ(d(Txn−1, Txn)), ψ(H(xn−1, xn)))
= ζ(θ(xn−1, xn)ϕ(d(xn, xn+1)), ψ(H(xn−1, xn)))
< ψ(H(xn−1, xn))− θ(xn−1, xn)ϕ(d(xn, xn+1))

(13)

where

H(xn−1, xn) = [d(xn−1, xn)]α1 .[d(xn−1, Txn−1)]α2 .[d(xn, Txn)]α3 .[
1
2 (d(xn−1, Txn) + d(xn, Txn−1))

]1−∑3
i=1 αi

= [d(xn−1, xn)]α1+α2 .[d(xn, xn+1)]α3 .
[

1
2d(xn−1, xn+1)

]1−∑3
i=1 αi

.

(14)

From (13) and (14), we obtain

ϕ(d(xn, xn+1)) ≤ θ(xn−1, xn)ϕ(d(xn, xn+1)) < ψ(H(xn−1, xn))

= ψ([d(xn−1, xn)]α1+α2 .[d(xn, xn+1)]α3 .
[

1
2d(xn−1, xn+1)

]1−∑3
i=1 αi

)

≤ ψ([d(xn−1, xn)]α1+α2 .[d(xn, xn+1)]α3 .[
1
2 (d(xn−1, xn) + d(xn, xn+1))

]1−∑3
i=1 αi

), for all n ∈ N.
(15)

Assume that d(xn−1, xn) < d(xn, xn+1), for all n ∈ N, then from (15), we obtain

ϕ(d(xn, xn+1)) ≤ ψ(d(xn, xn+1)) < ϕd(xn, xn+1)), for all n ∈ N.

This is a contradiction. Therefore,

d(xn, xn+1) ≤ d(xn−1, xn), for all n ∈ N. (16)
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Thus, as in Theorem 2.1, there exists l ≥ 0 such that limn→+∞ d(xn, xn+1) = l. Now, we
claim that l > 0, otherwise from (15) together with (16), we obtain

ϕ(d(xn, xn+1)) ≤ θ(xn−1, xn)ϕ(d(xn, xn+1)) < ψ(H(xn−1, xn))
≤ ψ(d(xn−1, xn)) < ϕ(d(xn−1, xn)).

Letting limit as n→ +∞, we obtain

limn→+∞ θ(xn−1, xn)ϕ(d(xn, xn+1)) = limn→+∞ ψ(H(xn−1, xn)) = ϕ(l). (17)

Note that ϕ(l) > 0, for all l > 0. Letting sn = θ(xn−1, xn)ϕ(d(xn, xn+1)) and tn =
ψ(H(xn−1, xn)) and by condition (ζ3) with (17), we obtain

0 ≤ limn→+∞ sup ζ
(
θ(xn−1, xn)ϕ(d(xn, xn+1)), ψ(H(xn−1, xn))

)
< 0.

This is a contradiction and hence limn→+∞ d(xn, xn+1) = 0, for all n ∈ N∪{0}. Moreover, T
is quasi triangular θ-orbital admissible mapping, by Lemma 1.1, we obtain α(xnk

, xmk
) ≥ 1

for all numbers mk, nk ∈ N ∪ {0} such that mk > nk ≥ k. Following the same steps as in
Theorem 2.1, we can prove that {xn} is a Cauchy sequence in X. Since X is complete, there
exists w ∈ X such that limn→∞ xn = w. On account of T is continuous, immediately we
find that Tw = w. Hence w is the desired fixed point of T . �

Next, we replace the continuity condition of T in Theorem 2.5 by θ-regularity.

Theorem 2.6. Let T : X → X be a self mapping on a complete metric space (X, d).
Suppose that T is quasi triangular θ-orbital admissible and forms an interpolative (ϕ,ψ)-HR
type Z-contraction with respect to ζ. If there exists x0 ∈ X such that θ(x0, Tx0) ≥ 1 and
{xn} in X is θ-regular, where xn = Tnx0, n ∈ N, then T has a fixed point in X.

From Theorem 2.5, by letting θ(x, y) = 1 for all x, y ∈ X and ϕ = ψ = IX(identity mapping)
we get the following:

Corollary 2.2 ([12]). Let T : X → X be a self mapping on a complete metric space (X, d).
Suppose that T is an interpolative Hardy-Rogers type Z-contraction with respect to ζ, then
T has a fixed point in X.

For ζ(t, s) = hs− t, where h ∈ [0, 1) and s, t > 0 in Corollary 2.2, we find the following:

Corollary 2.3 ([14]). Let (X, d) be a complete metric space and T be an interpolative
Hardy-Rogers type contraction. Then T has a fixed point in X.

3. Application

We apply our result to establish an existence theorem for non-linear Fredholm integral
equation. Let X = C[a, b] be a set of all real continuous functions on [a, b] equipped with
metric d(f, g) = |f − g| = maxt∈[a,b] |f(t) − g(t)|, for all f, g ∈ C[a, b]. Then, (X, d) is a
complete metric space.

Now, we consider non-linear Fredholm integral equation

x(t) = v(t) +
1

b− a

∫ b

a

K(t, s, x(s))ds, (18)

where t, s ∈ [a, b]. Assume that K : [a, b] × [a, b] × X → R and v : [a, b] → R continuous,
where v(t) is a given function in X.

Theorem 3.1. Suppose (X, d) be a metric space equipped with metric d(f, g) = |f − g| =
maxt∈[a,b] |f(t)− g(t)|, for all f, g ∈ X and T : X → X be an operator on X defined by

Tx(t) = v(t) +
1

b− a

∫ b

a

K(t, s, x(s))ds. (19)
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If there exist k ∈ [0, 1), α1, α2 ∈ (0, 1) with α1 +α2 < 1 such that for all x, y ∈ X, s, t ∈ [a, b]
satisfying the following inequality

|K(t, s, x(s))−K(t, s, y(s))| ≤ kM(x(s), y(s)) (20)

where, M(x(s), y(s)) =|x(s)− y(s)|α1 .[
1

2
(|x(s)− Tx(s)|+ |y(s)− Ty(s)|)]α2 .

[
1

2
(|x(s)− Ty(s)|+ |y(s)− Tx(s)|)]1−α1−α2 .

Then, the integral equation (19) has a unique solution in X.

Proof. From (19) and (20), we obtain

|Tx(t)− Ty(t)| = 1

|b− a|
|
∫ b

a

K(t, s, x(s))ds−
∫ b

a

K(t, s, y(s))ds|

≤ 1

|b− a|

∫ b

a

|K(t, s, x(s))−K(t, s, y(s))|ds ≤ k

|b− a|

∫ b

a

M(x(s), y(s))ds

≤ k

|b− a|

∫ b

a

(|x(s)− y(s)|α1 .
[1

2
(|x(s)− Tx(s)|+ |y(s)− Ty(s)|)]α2

.[
1

2
(|x(s)− Ty(s)|+ |y(s)− Tx(s)|

)
]1−α1−α2)ds.

Taking maximum on both sides for all t ∈ [a, b], we obtain

d(Tx, Ty) = max
t∈[0,1]

|Tx(t)− Ty(t)| ≤ k

|b− a|
max
t∈[a,b]

∫ b

a

(|x(s)− y(s)|α1 .[
1

2
(|x(s)− Tx(s)|

+ |y(s)− Ty(s)|)]α2 .[
1

2
(|x(s)− Ty(s)|+ |y(s)− Tx(s)|)]1−α1−α2)ds

≤ k

|b− a|
( max
t∈[a,b]

(|x(s)− y(s)|α1 .[
1

2
(|x(s)− Tx(s)|

+ |y(s)− Ty(s)|)]α2 .[
1

2
(|x(s)− Ty(s)|+ |y(s)− Tx(s)|)]1−α1−α2))

∫ b

a

ds

=k[d(x, y)]α1 .[
1

2
(d(x, Tx) + d(yTy))]α2 .[

1

2
(d(x, Ty) + d(y, Tx))]1−α1−α2 = kB(x, y).

Since X = C[a, b] is complete metric space. Therefore, all the conditions of Corollary 2.1 are
satisfied by setting ψ(t) = kt for all t > 0, where k ∈ [0, 1) and hence the integral equation
(19) has a unique solution in X. �
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