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We first give some useful characterizations of regular semigroups and
right weakly reqular semigroups by the properties of their bi-ideals, interior ideals,
left ideals and right ideals. Based on these characterizations, we also charac-
terize regular semigroups and right weakly regular semigroups by the properties
of their (€, € Vai)-fuzzy (generalized) bi-ideals, (€, € Vqi)-fuzzy interior ideals,
(€, € Vqr)-fuzzy left ideals and (€, € Vqi)-fuzzy right ideals.
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1. Introduction

The real world is full of uncertainty, imprecision and vagueness. As one can
see, many concepts used in common sense reasoning of human are vague rather than
precise. In recent years, scientists and engineers have shown increasing interests in
vague concepts. This might be due to the fact that many practical problems emerg-
ing in almost all disciplines including economics, engineering, environmental science,
management science, social sciences, and medical science are full of complexities and
various types of uncertainties while dealing with them in most occasions. To solve
these problems, many theories had been developed such as probability theory, fuzzy
set theory, rough set theory and the theory of soft sets [18, 8, 9].

By allowing partial membership, the theory of fuzzy sets provides an appro-
priate framework for representing and manipulating vague concepts. Since the in-
troduction of fuzzy sets, researchers have accumulated a vast literature on its theory
and applications. Particularly, many authors have applied fuzzy sets to generalized
the basic theories of various algebraic structures. In 1971, Rosenfeld [23] first applied
fuzzy sets to group structures, and he initiated a novel notion called fuzzy subgroups.
The theory of fuzzy semigroups and fuzzy ideals in semigroups was introduced by
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Kuroki in [16, 17]. The theoretical exposition of fuzzy semigroups and their applica-
tion in fuzzy coding, fuzzy finite state machines and fuzzy languages was considered
by Mordeson [19, 20] in a systematic way. Murali [21] proposed the concept of be-
longingness of a fuzzy point to a fuzzy subset under a natural equivalence on fuzzy
subsets. By using these ideas, Bhakat and Das [1, 2], gave the concept of («a, f)-
fuzzy subgroups by using the “belongs to” relation € and “quasi-coincident with”
relation ¢ between a fuzzy point and a fuzzy subgroup, and introduced the concept
of an (€, € Vq)-fuzzy subgroups, where o, 5 € {€,¢q,€ Vg, € Aq} and o #€ Aq.
In particular, (€, € Vg)-fuzzy subgroup is an important and useful generalization of
Rosenfeld’s fuzzy subgroup. These fuzzy subgroups are further studied in [3, 4]. The
concept of (€, € Vgi)-fuzzy subgroups is a viable generalization of Rosenfeld’s fuzzy
subgroups. Davvaz defined (€, € Vg )-fuzzy subnearrings and ideals of a near ring
in [7]. Jun and Song initiated the study of (o, )-fuzzy interior ideals of a semigroup
in [11] which is the generalization of fuzzy interior ideals [12]. In [15], Kazanci and
Yamak studied (€, € Vg )-fuzzy bi-ideals of a semigroup.

In this paper, we consider characterizations of regular semigroups and right
weakly regular semigroups by the properties of their right ideal, left ideal, bi-
ideal, generalized bi-ideal and interior ideal. Moreover, we also characterize regular
and right weakly regular semigroups in terms of their (€, € Vgi)-fuzzy right ideal,
(€, € Vq)-fuzzy bi-ideal, (€, € Vgi)-fuzzy generalized bi-ideal, (€, € Vqi)-fuzzy bi-
ideal and (€, € Vq)-fuzzy interior ideals.

2. (€,€ Vqy)-fuzzy Ideals in Semigroups

Throughout this paper S will denote a semigroup and k be an arbitrary el-
ement of [0,1) unless otherwise specified. A non-empty subset A of S is called a
subsemigroup of S if A2 C A. A non-empty subset .J of S is called a left (right) ideal
of Sif SJ C 1 (JSCI). Jis called a two-sided ideal or simply an ideal of S if it
is both left and right ideal of S. A non-empty subset B of S is called a generalized
bi-ideal of S if BSB C B. A non-empty subset B of S is called a bi-ideal of S if it
is both a subsemigroup and a generalized bi-ideal of S. A subsemigroup I of S is
called an interior ideal of S if SIS C I.

Recall that a fuzzy set p in a universe U is defined by its membership function
p:U —[0,1]. For x € U, the membership value p(z) essentially specifies the degree
to which x € U belongs to the fuzzy set u. By p C v, we mean that u(x) < v(z) for
all z € U. Clearly p = v if p C v and v C p. That is, u(x) = v(z) for all z € U. In
what follows, we denote by F(U) the set of all fuzzy sets in U.

There are a number of different definitions for fuzzy set operations. With the
min-max system proposed by Zadeh, fuzzy set intersection, union, and complement
are defined as follows:

o (nnv)(z) = p(x) Av(z),
o (pUv)(z) = p() V()
o pf(x) =1—p(x),
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where p,v € F(U) and z € U.

Definition 2.1. For a fuzzy set f of a semigroup S and t € [0,1], the crisp set
U(f;t) ={x €S| f(z) >t} is called a level subset of the fuzzy set f.

Definition 2.2. Let f and g be any two fuzzy subsets of S. Then the product fog
is a fuzzy subset of S defined by

\/ (f(b) Ng(c)), if there exists b,c € S such that a = bc,
(f © g) (a) = a=bc

0, otherwise.

Definition 2.3. For any t € (0, 1], a fuzzy subset f of S defined as

t, ify=ux,
fly) = { 0, otherwise,

is called a fuzzy point with support x and value ¢, which is denoted by x;.

A fuzzy point z; is said to belong to (resp. quasi-coincident with) a fuzzy set
f, written as x; € f (resp. xqf) if f(x) >t (resp. f(z)+t>1). If x4 € f or x4qf,
then we write z; € Vqf. The symbol € Vg means € Vg does not hold. For any two
fuzzy subsets f and g of S, f < g means that f (z) < g(z) for all x € S.

Generalizing the concept of xyqf, Jun [12, 13], defined z.qx f, where k € [0, 1),
as f(x)+t+k>1. By xz; € Vgif we shall mean that x; € f or zqxf.

Definition 2.4. [24] A fuzzy subset of S is called an (€, € Vg )-fuzzy subsemigroup
of S if for all z,y € S and ¢,r € (0, 1] the following condition holds:

z1 € fyr € [ = (@Y mingery € VO T-

Lemma 2.1. [24] Let f be a fuzzy subset of S. Then f is an (€,€ Vqi)-fuzzy
subsemigroup of S if and only if f (zy) > min{f (z), f (y), %}

Definition 2.5. [24] A fuzzy subset f of S is called an (€, € Vgi)-fuzzy left (resp.
right) ideal of S if for all z,y € S and ¢ € (0, 1] the following condition holds:

yt € f = (vy), € Varf (rvesp. z¢ € f = (zy), € Var f).

Lemma 2.2. [24] Let f be a fuzzy subset of S. Then f is an (€, € Vqi)-fuzzy left
ideal of S if and only if f (zy) > min {f (y), %}

Lemma 2.3. [24] Let f be a fuzzy subset of S. Then f is an (€, € Vg )-fuzzy right
ideal of S if and only if f(zy) > min{f (z), lg—k}

A fuzzy subset f of S is called an (€, € Vqi)-fuzzy ideal of S if it is both an
(€, € Vqi)-fuzzy left ideal and an (€, € Vg )-fuzzy right ideal of S.

Definition 2.6. [24] A fuzzy subset f of S is called an (€, € Vg )-fuzzy generalized
bi-ideal of S, if for all z, y,z € S and t, r € (0, 1], we have

v € f,zr € f = (xyz)min{t,r} € Varf.
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An (€,€ Vqi)-fuzzy generalized bi-ideal of S is called an (€,€ Vg)-fuzzy
bi-ideal of S if it is also an (€, € Vg )-fuzzy subsemigroup of S.

Lemma 2.4. [24] A fuzzy subset f of S is an (€, € Vqy)-fuzzy bi-ideal of S if and
only if it satisfies the following conditions.

(i) f(zy) > min {f (z), f (y), 55} for all 2,y € S and k € [0,1).

(i1) f(zy2) > min{f (z), f (z), 155 Hor all z,y,2 € S and k € [0,1).

Lemma 2.5. [24] A fuzzy subset f of S is an (€, € Vqy)-fuzzy generalized bi-ideal
of S if and only if f (zyz) > min {f (2), f (2), 5% }for all z,y,z € S and k € [0, 1).

Definition 2.7. A fuzzy subsemigroup f of S is called an (€, € Vg )-fuzzy interior
ideal of S if

yt € f = (zyz), € Varf
for all x,y,z € S and ¢t € (0,1].

Lemma 2.6. [24] A fuzzy subset f of S is an (€, € Vgi)-fuzzy interior ideal of S if
and only if it satisfies the following conditions.

(i) f(zy) > min {f (z), f (y), 55} for all 2,y € S and k € [0,1).

(1) f (zyz) > min{f (y), 5% Hor all z,y,2 € S and k € [0,1).

Definition 2.8. Let A be any subset of S. Then the characteristic function (C4)g
is defined as

>k ifae A
C =3 = 27 '
( A)k (a) { 0, otherwise.
Example 2.1. Let S = {1,2,3} be a semigroup with binary operation ” - 7, as

defined by the following Cayley table:

3
1
2
3

)

—
—

Clearly, (S, -) is semigroup and {1}, {2} and {3} are left ideals of S. Let § be

a fuzzy subset of S such that
§(1)=0.9,8(2) = 0.6, 5 (3) = 0.5.
Then it is easy to verify that § is an (€, € V¢ )-fuzzy ideal of S.
Example 2.2. Let S = {1,2,3,4} be a semigroup with binary operation ” - 7, as
defined by the following Cayley table:

|12 3 4
11111
2|1 2 2 2
3|1 3 3 3
4|1 2 2 2
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Let ¢ be a fuzzy subset of S such that
5(1)=0.8,8(2) =0.7, §(3) = 0.5, §(4) = 0.6.
Then it is easy to verify that § is an (€, € Vg )-fuzzy bi-ideal of S.

Example 2.3. Let S = {a,b,c,d} be a semigroup with binary operation ” - ”, as
defined by the following Cayley table:

. ‘ a b ¢ d
ala a a a
bla b ¢ c
cla ¢ ¢ c
dla ¢ ¢ ¢

Let § be a fuzzy subset of S such that
0(a)=0.9,0(b) =0.7, 6 (c) = 0.5,0 (d) = 0.6.
Then it is easy to verify that § is an (€, € Vi )-fuzzy interior ideal of S.

Lemma 2.7. [24] A non-empty subset R of a semigroup S is right (left) ideal if and
only if (Cr),, is an (€, € Vqy)-fuzzy right (left) ideal of S.

Lemma 2.8. [24] A non-empty subset I of a semigroup S is an interior ideal if and
only if (Cr),, is an (€, € Vqy)-fuzzy interior ideal of S.

Lemma 2.9. [24] A non-empty subset B of a semigroup S is bi-ideal if and only if
(CB)y, is an (€, € Vai)-fuzzy bi-ideal of S.

Definition 2.9. [24] Let pu,v € F(S). Then we define the fuzzy subsets py, p Ak v
and p o v of S as follows:

o 1l@) = () A 15
o (nARv)(a) = p(z) Av(z) A
o (popv)(z) = (uov)(z)AFE, forallz € S.

Lemma 2.10. [24]Let f and g be any fuzzy subsets of semigroup S. Then following
properties hold.

(@) (f Aeg) = (fe A agr)-

(@) (f ok 9) = (fi © gr)-

Lemma 2.11. [24] Let A and B be any non-empty subsets of a semigroup S. Then
the following properties hold.

(i) (Ca A CB) = (CanB)y -

(i1) (Caor CB) = (CaB)y-
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3. Characterizations of Regular Semigroups in Terms of (€, € Vgy)-
fuzzy Ideals

An element a of a semigroup S is called regular if there exists x € S such that
a = azxa and S is called a regular semigroup, if every element of S is regular. In this
section, we first give some characterizations of regular semigroups by the properties
of their bi-ideals, interior ideals, left ideals and right ideals.

Theorem 3.1. For a semigroup S the following are equivalent.

(1) S is reqular.

(ii) BNINLC BIL for every bi-ideal B, interior ideal I and left ideal L of
a semigroup S.

(73t) Bla] N I[a] N L[a] C Blallla]L[a], for some a in S.

Proof. (i) = (ii) : Let S be regular semigroup, B a bi-ideal, I an interior ideal and
L aleft ideal of S. Let a € BNINLthena € B,a € I and a € L. Since S is regular
semigroup so for a there exists x € S such that

a = axa = axara € BSISL C BIL.
Therefore a € BIL. So BNINL C BIL.
(73) = (i77) is obvious.
(iii) = (i) : As aUa?UaSa, aUa?U SaS and aU Sa are bi-ideal, interior ideal
and left ideal of S generated by an element a of S respectively. Thus by assumption

we have
(aUa®UaSa) N (aUa? U SaS) N (aU Sa)
C (aUa*UaSa)(aUa®USaS)(aU Sa)
C (aUa?UaSa)S(aUSa) C (aUa?UaSa)(aU Sa)
= a*UaSaUda®Ua?SaUaSa®UaSaSa
C a’*Uda®UaSa.
Therefore a = a®? = aa = a®a = aaa or a = a® = aaa or a = axa for some z in
S. Hence S is regular. O

Theorem 3.2. For a semigroup S the following are equivalent.
(1) S is reqular.
(i) RiNRaN B C Ry Ry B for right ideals Ry, Ry and bi-ideal B of semigroup

(731) Ri[a] N Rala] N Bla] C Ri[a]Rz[a]Blal, for some a in S.

Proof. (i) = (ii) : Let S be regular semigroup and R;, Ry be two right ideals and
B a bi-ideal of S. Let a € Ri " Ro N B then a € Ry, a € Ry and a € B. Since S is
regular semigroup so for a € S there exists z € S such that

a = ara = axaraxa € R1SRySBSB C R1RyB.
Therefore a € Ri{R2B.So Ri N Ry N B C R1RyB.
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(73) = (i74) is obvious.
(ii1) = (i) : As aUaS, aUasS are right ideals and a U a? UaSa is a bi-ideal of
S generated by an element a of S respectively. Then by hypothesis,

(aUaS)N (aUaS) N (aUa®UaSa)
C (aUaS)(aUaS)(aUa®*UaSa)
C (aUaS)S(aUda®UaSa)
- (aUaS)(aUa2UaSa)
C a’Uad®Ua®SaUaSaUaSa®UaSaSa
C a*Ud’®Uala.

Therefore a = CL2 = aa = a2a = aaa = aua or a = a3 = aaa = ava or a = arxra,

for some x,u,v in S. Hence S is regular. O

Next, we characterize regular semigroups by the properties of their (€, € Vgy)-
fuzzy (generalized) bi-ideals, (€, € Vqi)-fuzzy interior ideals, (€, € Vqy)-fuzzy left
ideals and (€, € Vgi)-fuzzy right ideals.

Theorem 3.3. For a semigroup S, the following conditions are equivalent.

(7) S is regular.

(ii) forgorh > fARgARh for every (€, € Vqi)-fuzzy bi-ideal f, (€, € Vqi)-fuzzy
interior ideal g and (€, € Vqy)-fuzzy left ideal h of a semigroup S.

(7i1) forgoxh > f Ak g Ak h for every (€, € Vqi)-fuzzy generalized bi-ideal f,
(€, € Vqr)-fuzzy interior g and (€, € Vqy)-fuzzy left ideal h of a semigroup S.

Proof. (i) = (iii) : Let f, g and h be any (€, € Vqi)-fuzzy bi-ideal, (€, € Vqi)-fuzzy
interior ideal and (€, € Vqy)-fuzzy left ideal of S. Since S is regular therefore for
each a € S there exists z € S such that

a = aza = axazra = axazrazrara = (axa)(xax)(axa).
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Thus

(forgorh)(a) =

(i7i) = (4i) is obvious.
(73) = (i) : Let Bla|, I[a] and L[a] be bi-ideal, interior ideal and left ideal of

Y

v

Y

>

>

k

1_
(fogoh)(a)/\?

(\/ {f(p)A(goh)(q)}>/\1;k

a=pq

f (aza) A (g o h) ((zax)(aza)) A 1T

on ( V {g(b)Ah(o)}) -
(

zaz)(aza)=bc

f(a) A g(zazx) A h(aza) A %
F@) Agla) AR(a) A5
1—k

f(a)/\g(a)/\h(a)/\T.

S generated by a respectively.

Then (CB[a])ka (Cl[a})k and (CL[a])k be (€, € Vqy)-fuzzy bi-ideal, (€, € Vqx)-
fuzzy interior ideal and (€, € Vqy)-fuzzy left ideal of semigroup S respectively. Let

a € S and b€ Bla]NI[a]N Lla]. Then b € Bla|, b € I[a] and b € L]a]. Now

1-k
2

IN

IN

(Clanifanzia) k() = ((Cpa)k N (Crig)k Ak (Cria))r)) (D)
((CBla))k ok (Cria))k °k (Cr1a))k)(b) = (CBaj1[a)L]a) £ (D)-

Thus b € Blall[a]L[a]. Therefore Bla] N I]a] N L[a] C Bla]I[a]Lal.
So by theorem 3.1, S is regular.

Theorem 3.4. For a semigroup S, the following conditions are equivalent.
(1) S is regular.

(ii) forgorh > fApgArh for every (€, € Vqy)-fuzzy right ideals f, g and

(€, € Vai)-fuzzy bi-ideal h of a semigroup S.

(7i1) forgorh > f Ap g Ak h for every (€, € Vqy)-fuzzy right ideals f, g and

(€, € Vqr)-fuzzy generalized bi-ideal h of a semigroup S.

Proof. (i) = (iii) : Let f, g be (€, € Vqg)-fuzzy right ideals and h be (€, € Vqy)-
fuzzy bi-ideal of S. Since S is regular therefore for each a € S there exists x € S

such that

a = ara = ararara.
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Thus
(Forgorh)a) = (fogoh)(@)nty"
- (\/{f(p)/\(goh)(q)}>/\1;k
> f(ax) A (g0 h) (az)(aza)) A -
S OTY EAVARRPIORYAC)) P
(az)(aza)=bc
> f(a)/\g(a:r)/\h(axa)/\%
> @ Ag@Ah@A TS
1—-k

> f(a)/\g(a)/\h(a)/\T.

Thus forgorh> fALg/Ah

(7i1) = (i7) is obvious.

(15) = (i) : Let Ryla], Rz2[a] be two right ideals and Bla] a bi-ideal of S
generated by an element a of S.

Let b € Ry[a] N Rea] N Blal, so b € Ryla], b € Rsla] and b € Bla).

Then (Cg,(q))ks (CRroja))k be (€, € Vag)-fuzzy right ideals and (Cgy))r be (€
, € Vqi)-fuzzy bi-ideal of semigroup S. Now

1—-k
5 = (Crianrslansla)b(0) = (Cryfa))k Ak (Crafa))k Ak (Criap ) (0)

< ((Cryja)k ok (Crya))k % (CBa))k) () = (Cry[a]Ro[a] Bla) )k (D)

Thus b € Ri[a]Rz[a]Bla]. Therefore Ri[a] N Rafa] N Bla] C Ryla]R2[a]Blal.
So by theorem 3.2, S is regular. O

4. Characterizations of Right Weakly Regular Semigroups in Terms
of (€, € Vqi)-fuzzy Ideals

A semigroup S is called a right weakly regular if for every a € S there exist
x, y € S such that a = axay. To begin with this section, we first give the following
characterization of right weakly regular semigroups by the properties of their right
ideals.

Theorem 4.1. For a semigroup S the following are equivalent
(1) S is right weakly regular.
(19) Ry N Ry C Ry Ry, where Ryand Ry are right ideals of S.
(791) Rila] N Rala] € Rila|Ralal, for some a in S.

Proof. (i) = (i1) : Let S be a right weakly regular semigroup and Rj, Rs be two
right ideals of S. Let a € Ry N Ry which implies that a € Ry and a € Ry. Since S is
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right weakly regular semigroup so for a € S there exist x,y € S such that a = azay
so we have
a=azxay € R1SR2S C R1R,.
Therefore R1 N Ry C R1Rs.
(73) = (i74) is obvious.
(791) = (1) : Let a € S, then R[a] = aUaS is a right ideal generated by a and
so by hypothesis, we have

(aUaS)N(aUaS) C (aUaS)(aUas)

a’>Ua’SUaSaUaSasS.

Thus a = a® or a = a®x or a = aua or a = asat for some x, u, sand tin S. If a = a

2

2

then a = aaaa. If a = a®z then a = aax = ad’rx = aaarxr = aaav, where v = zz.

If a = aua = auaua = auay, where y = ua. Therefore S is right weakly regular. [

Now, we give some characterizations of right weakly regular semigroups by
the properties of their (€, € Vgi)-fuzzy right ideals.

Theorem 4.2. For a semigroup S the following conditions are equivalent.
(1) S is right weakly regular.
(1) f Nk g < fogg for all (€, € Vqr)-fuzzy right ideals f and g of S.

Proof. (i) = (ii) : Let f and g be (€, € Vqi)-fuzzy right ideals of S. Since S is right
weakly regular, then for each a € S there exist x,y € S such that a = azay, so we
have

(Forg) (@) = (Fog) (a) Aty = (\/ {f(p)Ag(q)}> Nt

> [ ax) A g (ay) A T3 > (@) hg(a) AL

2
= (f Nk g)(a).

Therefore f A g < f o g.

(17) = (i) : Let @ € S and b € Ryla] N Rela]. Since Rila] and Rsla] are
right ideals of S generated by a. Then by lemma 2.7, (C’R1 [a}) i and (C’RQ[G])kare
(€, € Vqi)-fuzzy right ideals of S. Then by hypothesis,

LoE o Cranmaa)®) = Craa)k M (Craa)i) ()
(Crya)k ok (Cryla))k) (1) = (CR,[a]Ro[a) )k (D)-

2
Therefore b € Rj[a]Rz[a]. Thus Ri[a] N Re[a] C Rila]Rz]a]. Hence it follows
from theorem 4.1, that S is right weakly regular. U

<
<

Theorem 4.3. For a semigroup S, the following conditions are equivalent.

(1) S is right weakly regular.

(1) (forg)A(gok f) > f Akg for every (€, € Vqi)-fuzzy right ideals f and g
of S.
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Proof. (i) = (ii) : Let f and g be any (€, € Vg )-fuzzy right ideals of S, respectively.
Since S is right weakly regular then for each a € S there exist z, y € S such that
a = azxay, so we have

Also

a=pq 2
> g (aa) A f (ay) A5
> g(@) A f@) A5 = (F ko) (@)

Therefore (f or g) A(gor f) > f Ak g.
(ii) = (i) : Let f and g be any (€, € Vq)-fuzzy right ideals of S. Then by
assumption (f ox g) > f Ak g, so by using theorem 4.2, S is right weakly regular. [

Theorem 4.4. For a semigroup S, the following conditions are equivalent.

(1) S is right weakly regular.

(1) f AL g A h < forgorh for every (€, € Vqi)-fuzzy right ideals f, g and
h of S.

Proof. (i) = (ii) : Let f,g and h be any (€, € Vq)-fuzzy right ideals of S. Since S
is right weakly regular, so for each a € S there exist x, y € S such that a = azxay.
Then

a = azay = (azxay)ray = (azx)(ayx)(ay).
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Thus

1—-k

(Forgorh)(a) = (fogoh)(a) A ——

(\/{f goh<>}>A1;’“

a=pq
1—-k

> f(az) A (g0 h) ((ayo)(ay)) A =5~

> f(a) A ( V {g(b)Ah<c>}> NS
(ayz)(ay)=bc

> f(a) Aglayz) Ah(ay) A %

1—k

Zf(a)/\g(a)/\h(a)/\T.

Therefore f A g A h < fop gog h.

(13) = (i) : Let f and h be any (€, € Vqi)-fuzzy right ideals of S. Since S
itself is right ideal so by theorem (Cg)y is an (€, € Vg )-fuzzy right ideal of S, so by
(7i), we have

(F k) (@) = (F AR) @) A = (7 A Cs By (a) w25

= (f/\k Cg Ny h) (a) < (fOkCS Ok h) (a)

:(fOCSOh)(a)/\¥
- (a\éq{f A (Csoh) (g >}) AE

= \/{f(p)A(\/ cs<b>Ah<c)})A12k
a=pq g=bc
—k
— a\éq{ q\/bclAh }) —

\/ h(bc))}) A %

IN
<
——
-

S
>

a=pq q=bc
- (\/ {f(p)Ah(q))}) AT
=V {f(p)/\h(Q)Ak})
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Therefore f Ax h < f oy h for every (€, € Vqi)-fuzzy right ideals f and h of S.
Hence by theorem 4.2, S is right weakly regular. 0

Theorem 4.5. For a semigroup S, the following are equivalent,
(1) S is right weakly regular.
(ii) fx = for [ for every (€, € Vaqi)-fuzzy right ideal f of S.

Proof. (i) = (ii) : Let S be a right weakly regular semigroup and f be any
(€, € Vq)-fuzzy right ideal of S. Then for each a € S there exist x,y € S such
that a = axay, we have

(fOkf)(a):al{)q{f(p)/\f(q)/\1;k} Zf(aac)/\f(ay)/\#
> Fla)Af ) AT = @) ALY = fila).

Therefore f oy f > fi but for f < fi. Hence fr, = fop f.
(13) = (7) : Let a € S and R [a] is a right ideal of S generated by a. Then by
lemma 2.7, (CR[a])k is an (€, € Vg )-fuzzy right ideal of S, now
1-k
(CRia)Ria)) , (@) = (Crpa) ok Cria) (@) = (Cria),, (@) 2 ——
This implies that,

a € Ra]R[a] = ({a} UaS) ({a} Ual)
= {a2} UaaS UaSaUaSasS.

2

Thus a = a® or a = aax where x = a or a = aya where y = a or a = auav

where u = v = a.
when a = a? then a = a?a® = aaaa = apaq where p = ¢ = a.When a = aazx =
(aazx)ax = alax where | = ax. When a = aya = (aya)ya = aya(ya) = ayam where

m = ya. Therefore S is a right weakly regular semigroup. O
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