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QUALITY EVALUATION OF NON-MARKETABLE
ACTIVITIES BASED ON A NEW OUTPUT
DIRECTIONAL MEASURE FUNCTION

Ovidiu Ilie SANDRU', Ioana Maria Diana SANDRU?

In aceastd lucrare sunt aduse completari unei teorii actuale de mare interes
pentru domeniul aplicativ, anume acela al cuantificarii activitdfilor sociale
caracterizabile preponderent sau in totalitate prin rezultate de naturd calitativa.
Foarte exact, in aceastd lucrare noi propunem o alternativa noud pentru funcfia
Shephard si pentru functia directionala Malmquist-Luenberger de mdasurare a
"cantitatii" de "calitate" rezultate in urma unei activitati non-marketabile cum ar fi
o activitate de instruire profesionald sau stiinfifica, iar pe baza ei redefinim atdt
indecsii  Caves-Christensen-Diewert, cat si indexul Malmquist-Luenberger de
mdsurare a productivitdtii unor astfel de activitati.

In this paper there are made additions to a current theory from the practical
field, namely that field which quantifies social activities mainly or totally
characterized by qualitative results. More precisely, within this paper we propose a
new alternative to the Shephard function and to the directional Malmquist —
Luenberger function to measure the “quantity” of “quality” which results out of a
non-marketable professional training or scientific activity, and based on it we
redefine the Caves-Christensen-Diewert indices, as well as the Malmquist-
Luenberger index which measures the productivity of such activities.

Keywords: Non-marketable activities, measure of quality, Shephard output
measure, directional output measure, training processes productivity,
Malmquist, respectively, Malmquist — Luenberger directional
productivity index.

1. Introduction

The mathematical modelling of the notion of “productivity of educational,
training, scientific or professional development”, in a nutshell the mathematical
modelling of "non-marketable"® processes, has for a long time been a subject of
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interest for the researchers concerned with the study of phenomena lying at the
cross-road between various fields.

The interest in the subject is justified by at least two reasons: the objective
perspective is given by the necessity to quantify non-marketable activities, while
the subjective perspective relies on the difficulty to elaborate means which
quantitatively evaluate, preponderantly, or even exclusively qualitative notions,
such as the ones describing the processes chosen as a research object.

To this subject we have brought our own contributions through several
papers (see, for example, [10] and [11]), wherein we have tried to extend
fundamental results presented in pioneering works for this field, such as [1, 2, 3,
4, 5].

In this paper we shall present our own results meant to accomplish the
results obtained so far within the literature in the field. The first result refers to a
new index which measures the quality of outcomes generated by non-marketable
activities. The new index proposed by us aims at generalizing the classic Shepard
measure, as well as improving the properties of the Malmquist-Luenberger
directional measure based on which Shepard’s successors tried to generalize his
ideas. The second result is a consequence of the first one. Namely, by applying a
new way to express the “quantity” of quality resulted from a non-marketable
activity we shall give a new meaning to the notions used in order to quantify the
process dynamics, by using an extension of some productivity indices such as the
Caves-Christensen-Diewert or Malmquist-Luenberger.

The content of this paper is structured as it follows:

Sections 2 and 3 describe the components of technologies with quality
outputs, as well as the way these are built up. Due to the relationship between the
topic developed in this paper and the one discussed in [10] and [11], these two
sections have been taken from the papers previously cited.

Section 4 reviews the main mathematical methods used to measure the
outputs quality. Within this section there are presented the theories developed by
R. Fére, S. Grosskopf, F. R. Forsund, K. Hayes, A. Heshmati in [4] and by Chung,
Fére and Grasskopf in [2], as well as the additions made by us to these theories
and presented in papers [10] and [11].

Section 5 focuses on ways to define the new function proposed in this
paper which measures quality based outputs, to present the main features of this
function and to discuss the modality it relates to well-known functions.

In section 6, as in section 4, we aim at briefly presenting the existent
modalities to evaluate the notion of productivity of non-marketable activities,
notion, which intuitively, is meant to measure the “quality” surplus (or deficit)
registered from one stage to the other. On this occasion, next to points of view
related to the classical theory presented in papers [1, 2, 3, 4, 5], we shall also
discuss our opinions presented in papers [10] and [11] with regard to these
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approaches.

As in section 5, section 7 highlights the new results. Within this section we
shall define the formulas proposed by us for the productivity computation of non-
marketable activities. The difference between the new and the old formulas is
given by the functions used (which differ) to express the performances achieved at
different time moments within the activity which needs to be monitored.

The formulas used to evaluate the output quality do not generally employ
direct computation modalities, and the formulas proposed by us make no
exception in this respect. From this reason, section 8 focuses on proposing a way
in order to effectively calculate this formula. The advantages deriving from using
formulas to compute the productivity of non-marketable activities proposed by us
in this work are discussed in section 9.

As in [10] and [11], the last section of this paper focuses on demonstrating
the mathematical properties of the elements that build up the apparatus used to
determine the productivity of training activities, as well as the relationships
between them. This section can be ignored by non-mathematicians. The reason
why we have not given up this section relies on the fact that the theory presented
herein plays the role to mathematically fundament the instruments proposed in
this paper.

2. Design technology with quality outputs

In accordance with our point of view [6 - 9], any training process can be
modelled by applying the abstract notion of dynamic system wherein the inputs
are given by the teaching staff and logistic infrastructure of the institution, which
is the service provider, while the outputs are given by students’ performances
within various educational activities, or graduates’ professional performances.

In this section we shall present the mathematical apparatus in order to
quantify the qualitative performances expected at the end of each training stage.
This apparatus, taken from [10], represents a specialization of the technology used
in [2, 4] to measure the outputs, so that it (the new technology) becomes capable
of hierarchically displaying “purely” qualitative outputs.

Mathematically, the inputs of the training systems will be expressed by

means of vector XxeR"™ , whose components represent the logistics of the

+ 9
services providing institution. Explicitly these can be: the number of teachers
involved in the program, the number of available seats in a program, the actual

number of lecture hours per student, available space per student (measured inm’),
the number of teaching materials used, or their costs, indicators related to medical
assistance, or to the administrative support of the institution, etc.

Similarly, the outputs of the training systems will be mathematically
expressed in a vectorial mode. In this case, the components of an output
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individualized by a vector yeR" , may be: the average promotability, the

+9

average competence acquisition, the average competitiveness degree, etc.
Interdependences between an input signal (logistics based resource)

xeR™, and the accompanying output signals (as outcomes of the training

process reflected through their quality) are modelled in [2 - 4] by means of a set

?(x) = {y e R", : X canproduce y} ,

named technology. This denomination derives from the fact that ?(X) expresses

an enterprise’s (in this case an education institution’s) capability of producing
“something” based on certain resources “X”, which with regard to the research
object may either refer to one of the following, namely, certain didactical
facilities, human resources or logistics, such as teaching staff, libraries,
laboratories etc., or to particular organizational patterns, or to all of them.

In numerous applications the “technology” we refer to, needs to be time
related. In this case, in order to mark the moment in time ¢ we refer to, the

generic notation 7 (X) , assigned to the notion of technology, will be replaced by
P (x).
In order to concretely express the notion of “technology”, set (X), or

P (X) which designates it, has to fulfil certain specific properties. For example,

the intuitive perception, such as the assertion that if results y are obtained by
using resources X, then results y' worse than y are obtained by using the same

resources X, can be modelled in two distinct ways:
1) by the condition

VyeP(x)and VO e[0,1]= 0y € P(x),
considered in [2] as the “weak” form to express the property under discussion;
and
2) by the condition®
VyeP(x)and Vy'eR",,y'<y=y'eP(x),

considered in [2] as the “strong” form to express the property under discussion.
3. A practical modality to construct technologies with quality outputs

An important issue consists in shifting from the descriptive form regarding
the notion of technology to the practical one. In this section we shall present the

* The order relationship we refer to herein is the usual order relationship of any space R" , namely
y':(y'l,..,y'n)Sy =(y|,..,yn)<:> i<y, k=12,,n.
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solution offered by Chung et al. in [2]. According to these authors, the technology
at a given moment in time # is determined based on K observations’ of the inputs
and outputs (x’k,y’k), k=12,.,K, regarding certain education systems
considered as reference systems. Thus, for a vector of the inputs
X= (xl,..,xm ) eR",, technology 7 (X) , corresponding to resource X at a

+9

moment in time ¢, is defined as a set of all the outputs y =(y,,..,»,) €R", for
K K

which 3z, >0, k=1,2,..,K, so that Zz,(x’,( <Xx,and szy’k >y.
k=1 k=1

Set 7' (X), thus defined, fulfils more important properties® for the theory

we are going to present, namely:
1) the property of constant returns to scale, i.e.

P (AX)= AP (X),VA>0;
2) the property of strong disposability of inputs, i.e.
X<x'= P (x)c P (x);
3) the property of weak disposability of undesirable outputs, i.e.
Vye?'(x)and VOe[0,1]= Oy e P'(X);
4) the property of free disposability of undesirable outputs, i.e.
VyeP'(x)and Vy'<y=y'eP'(X);
5) the set ' (x) is convex, i.e.

u,ve? (x)=(1-4)u+ive P (x),vie[0,1].
4. Measuring quality outputs. The classical theory

In order to evaluate the quality of the outputs y corresponding to some
resources specified in the components of various vectors X, and some given
technologies P (X) , several ways can be used:

1) like Fére et al. [4], we can use the Shephard measure defined
by

* The modality to determine the value of number K >1, and the one to choose K observations
depends on each researcher, but for the results of the study to become relevant, they need to be
significant for the set goal, thus, the use of statistical selection rules becomes necessary.

® The justification of the assertions is presented in section 10 of this paper.
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S(x.y)= inf{e >0 %e J’(x)} :
2) or, according to [2], we can use the so-called directional measure

7, (x,-) defined by a non-zero fixed vector a€R", by

D (x.y)=sup{r20|y+raeP(x)},

3) or, finally, we can consider the indicator
1
d, (X, )=—, 1

defined by us in [11].

Observations: 1) The terms of Shephard measure or distance, respectively
Malmquist-Luenberger measure or distance should not be used taking into
account the usual meaning of measure or distance, as notions applied in
mathematics. In order to avoid this confusion we have adopted the terms of
Shephard or Malmquist-Luenberger index or indicator with the meaning of
“expressing” the quality attributes of non-marketable activities.

2) All three indices S(x,-), 2D(x-) and d, (X,-), (parameters
xeR"” ,aeR",a#0, are to be considered fixed), are well defined on the set
P(x).

3) The index S(x,) can also be extended outwards the domain ?(X)
without any problems, more exactly it can be extended on the set R", \ P (X)
Moreover, in the definition given by us in this paragraph to $(x,-) one can waive

carefree the restriction@ >0 in favour of the general case@eR\{O}, without

causing any modification to the application.
4) The index 2,(x,) cannot always be extended outwards the domain

P (X) For example, in the case in which the domain P (X) is bounded, then
there exists a point PeR" \7P (X) and a line d which passes through this point

and which does not intersect the domain (X) Let y be the position vector of

the point P and a a non zero vector parallel with the line d. Under these
conditions, the expression 7, (X,y) has no sense. Moreover, under the conditions

set by our definition (7>0), the index 2),(x,-) cannot be extended outwards the
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domain ?(X) not even for the particular case (but important for applications)
a=y. Indeed, if the extremity of the vector Yy is situated in the region
R* \ 7 (X) then the expression T, (x,y) (corresponding to the case a=y) has

no sense. This situation can be eliminated if the condition 7 >0 is dropped out
and if in the definition of 7)(X,-) the case T € R is accepted. On this occasion we

must notice that this aspect does not bother in any way the rightful users of this
theory, see the original definition [2]. The case when the indicator 7)(X,-) is

negative can be interpreted as an indication that the “measured” vector is not
Sfully included in the domain ?(X).

5) The passage (in the definition of the indicator 7)(X,)) from the
restrictive condition T >0 to the very general one T € R, has repercussions on
the function d, (X,-), as well. Indeed, in certain cases this function can also have

negative values and moreover, one can get to cases of indetermination even for
those vectors Yy for which the function 2),(x,) is well defined. For example, if

D (xy)<-1, then d,(X,y)<0. Also, the function d,(X,) is not defined for
those vectors y e R", for which 7)(x,y)=-1.

Under the conditions set by the definitions that we have adopted in this
paragraph, the functions §(x,"), Z,(x,") and d,(X,-), considered to be defined

a

only on the set 7 (X) , satisfy the following properties’:

1) The Shephard measure extends the performances of output Yy € ?(X) ,

subject of evaluation, by proportionality up to the superior feasibility limit.
Indeed, the extremity of vector y/& (x,y) belongs to the frontier of set ?(X) .

2) The Shephard measure completely characterizes technology 7 (X)
which is associated to, in the sense that y € [P(X) = S(X,y) <lI.

HIFS (x,y) =1, then the extremity of vector y belongs to the frontier of
domain P(X).

4) S (X, ) is a first degree homogenous function.

5) 8(x,-) is a concave function.

’ The demonstration regarding properties 2), 3), 4), 5), 8), 10.1), 10.2) and 10.3) is
presented in section 10.
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6) Parameter 7 from the definition of measure 7)(X,-) is a scaling
parameter.

7) The directional measure 7) (X,~) , earlier defined, develops, in a certain
way, the performances of output y € ?(X) , which is submitted for evaluation up
to the superior limit of feasibility, not in direction of vector y, as in the case of
the Shephard measure & (X, ) , but in direction of vector a established from the
very beginning. Indeed, the extremity of vector y+ﬂa(x,y)a belongs to the
frontier of set ?(X) .

8) For a=y we obtain
-
1+ 2, (xy)

9) The relation obtained at 8) demonstrates the fact that the Shephard
measure & (X,-) is a particular case (case a=Yy) of the directional measure

D (x,-).

a

D (x

1
y( ,y): S(x,y)

1o $(xy)= 2

10) As presented in [11], our opinion is that indicator 7),(x,-), previously
defined, largely differs from the meaning which Shepard’s indicator §(x,-) bears.

In this respect, with regard to the notion of directional measure function we
believe that the proposed indicator d, (X,-) is more appropriate. Indeed, function

d,(x,-), fulfils properties that draw it closer to the Shepard measure, properties
which function 2 (X,-) does not fulfil. For instance:
10.1) d, (x,y) <1, forany xeR",,y e]’(x) and any aeR",a#0;
10.2) if d, (X,y) =1, then the extremity of vector y belongs to the
frontier of domain (X) ;
10.3) in the special case, when a=y € 7 (X) , expressions d, (x,y) and
S(X,y) coincide.

5. Measuring quality outputs. A new point of view

As compared to the indicators defined earlier, within this paper we
propose a new way to measure the output quality, namely
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M, (%.y) =

3)

where |||| represents the usual norm of space R”.

From among the remarkable properties of this measure, we mention:
1) For xeR", ,aeR",a =0, fixed, the function ]V[a(x,') is well defined

on the set 7 (x)=2(x)\{0} . We must mention that there are nonetheless cases
where the function A7 (X,~) is defined even in y =0. This happens if the vector
a is not fully included in the set R", \ 7" (X) , that is, if 2)(x,y)#0. However, in

all the other cases the function 27 (X,-) will have an indetermination in y =0.

2) Like the other indices of measure of the attributes of quality
(efficiency), the function ]V[a(x,-) can also be extended, for certain vectors

aeR", a=0, outwards the set 7 (X) Evidently, the possibilities of extension of
this function increase, if in the definition of the function 2, (x,-), with whose help
the function ]V[a(x,-) has been built, we consider the case 7 € R instead of the

case 7=0. After accomplishing this extension the function (X, ) must be used

further on with caution because the new function obtained will have a lot of cases
of indetermination, just like the function 2)(x,-).

3) In case a=yeX? (X), index ]V[a(x,y) coincides with the Shephard
index & (X,y) , as it can easily be observed by using the first of the formulas (2).

4) M, (x,y)<l1, for any xeR",,ye?P (x) and any aeR", a=0.
Indeed, 27 (x,y)<1 < |y|<|v]+ 2 (x.y)-|4].

5) For any yeX?(x) and aeR",a=0, if M (x,y)=1, then the
extremity of vector y belongs to the frontier of domain 7 (X) . Indeed,

M (xy)=1D(Xy)=0=yedP(X).

6. Productivity index. The classical theory

In this section we shall present known modalities of how to compute the
productivity evaluation indices of non-marketable activities from a genuinely
qualitative point of view. By following the steps presented in [10], if £ =1,2,..,7T",
represent T distinct time periods, then ratios
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S (Xm’ym) g (Xm’ym)
St(xt,yt) 5t+l(xt’yt) ’

express the efficiency degree regarding the change in the state of the education

CCD(1)= , CCD(t+1)=

system at a given moment f, state synthetically described by vector (x’,y’),
towards the state at a moment 7¢+1, state synthetically described by vector
(x’“,y’“); the first of these rations is computed by means of the technology
existent at moment 7, technology previously marked by 7' (X) , while the second

is computed by means of the technology existent within the education system at
moment #+1, technology designated by 2" (X) More exactly, the components

of the two ratios have the following meanings
t t t : yt t t
S'(X,y' )=inf{0>0]—eP (X )},
(x.y)=int{o>0% e/ (x)

St(xtn’ytﬂ):inf (9>O|y

5 c P (XHI )} ’

{
inf{@ S0 e (x’)},
{

1+1

S (X’,y[)

Sitl (XH],yH] ) =inf{0>0 |L+l c Pt (Xz+1 )} .

The two ratios earlier defined and denoted by CCD(t) and CCD(t+1)

were introduced by D. Caves, L. Christensen, W. E. Diewert in [1] and are two
different modalities of evaluating the productivity systems they apply to (such as
education institutions, in this case).

By taking these considerations into account, the Malmquist productivity

index M(t,t+1) is defined as a geometric mean of CCD(t) and CCD(t+1),

namely

M (t,t+1)=/CCD(1)CCD(1+1).

Observation: The tendency to use the productivity Malmquist index instead of the
indices introduced by Caves, Christensen, and Diewert, has to do with its capacity
to better emphasize the way inputs’ quality attributes are reflected by outputs’
quality attributes.

Analogously, by following the steps presented in [11], indicators



Quality evaluation of non-marketable activities based on a new output directional ... 137

_d ( t+l,yt+l)_ 1+$ta(xt’yt)
CCDa (t)_ da (X Ly ) - 1+Dta (XHl,yHl),

dt+1 t+1’yt+1 1+ﬂt+1 Xt,yt
CCDa(t+1)= dH(l(X y)):1+$[+l ((t+1 yt+)1)’

where, as earlier, t=1,2,...,T, represent T distinct time periods, express,

relatively to a non-zero, given vector a€ R", the efficiency degree of the change
regarding the existent situation within the educational system at a moment ¢,

situation synthesized by vector (X’,y’), in regard to the existent situation at
moment ¢+1, situation synthesized by vector ( ’“,y’“); the first from these
indicators is computed using technology 7" (X) existent at moment #, while the
second is computed using technology 7" (X) within the educational system at
moment ¢+1. More precisely, the components ﬂ’a(xt,y’), D! ( ’“,y’“)

D (X’,y’), D ( ’”,y”'),which are used to compute indicators CCD, (¢)
and CCD, (t + 1) , have the following meaning

D! (X’ y’)=sup{r20|y’+rae?’(x’)},
ok ( t+1 t+1 —sup r>0|y’”+rae?’( t+1)},

a {
D’” X' —sup{ >0|y’+rae?’“(xt)},
ok ( t+1 t+1 sup{ >0 |yt+1 +rae Pl (Xt+1 )} )

The two indicators carlier defined and denoted by CCD,(r) and

CCD, (t + 1) represent the development of the indices introduced by D. Caves, L.

Christensen and W. E. Diewert in [1]. These indices provide two new different
modalities of evaluating the productivity of non-marketable systems such as the
systems existent within educational or professional training institutions.

By taking these considerations into account, the directional Malmquist -

Luenberger productivity index ML, (t, t+1) is defined as a geometric mean of

CCD, () and CCD, (t+1), namely

ML, (1,t+1)=JCCD, (1)CCD, (1 +1) .
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Observation: As earlier, the preference to use the directional productivity
Malmaquist - Luenberger index instead of the directional indices CCD, (t) and

CCD, (t+l), has to do with its capacity to better emphasize the way inputs’
quality attributes are reflected by outputs’ quality attributes.

7. Productivity index. A new point of view

Instead of measures & (X,~) and d, (X,~) , this time we shall use measure
M, (X,-) , defined by us in section 5. As a result we shall obtain a new index to

measure the productivity of quality attributes. Thus, if #=1,2,..,T, represent T
distinct time periods, then ratios

Mt( t+1,yt+1)
M (xy')

M‘H—l( t+1’yt+1)
]y[atﬂ (X R )

aﬁ)a(t)Z ,C,'él/)a(t—kl):

b

express, relatively to a non-zero, given vector a € R", the efficiency degree of the
change regarding the existent situation within the educational system at a moment

t, situation synthesized by vector (X’,y’ ), in regard to the existent situation at
moment ¢+1, situation synthesized by vector ( ”‘,y’“); the first from these

ratios is computed using technology ?[(X) existent at moment #, while the

second is computed using technology ""'(x) within the educational system at

moment ¢+1. More precisely, the components of the two ratios have the
following meaning

M (X' )= I ( )
Ma(x lay l)z‘ytﬂ LD ( t+1) |
t+ (Gt gt y H
M a(X ,y ) a(Xt,y )"a”a
t+1 t+1 t+1\ _ yHl
M ( 3% ) - ‘ywl N lea (Xt+1 t+1) "a” :
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The two ratios earlier defined and denoted by CCDa (t) and CCDa (t + 1)
represent the correspondent of indices CCD, (¢) and CCD, (¢+1), mentioned in

the previous section. Indices CCDa (¢) and CCDa (t+1) provide two different

modalities of evaluating the productivity of activities which deliver qualitative
and not quantitative results, such as those achieved in education institutions.

By using the new productivity evaluation indices of non-marketable
activities, the alternative to the directional Malmquist - Luenberger productivity

index ML, (t, t+1) which we propose in this paper, is defined as a geometric

mean of CCDa (t) and CCDs. (t + 1) , namely

MLa (1, +1)=|CCDa (1) CCDa (1 +1).

Observation: From among indicators CCD: (t) CCD. (t+1) and MLa (t, t+l),

which mainly express the same thing, the last is preferred over the others due its
capacity to better emphasize the way inputs’ quality attributes are reflected by
outputs’ quality attributes.

8. An effective modality of computing index 7, (x,y)

It is known that index ]V[a(x,y), xeR" , ye?(x), aeR", a=0, is

defined by formula (3), but in order to actually compute this formula we need to
know the value of indicator Za(x,y). To do this, we observe that the problem

related to evaluating the directional measure D', (X,y), (defined in section 4)
regarding the outputs of a technology 7 (X) constructed on the basis of the
doublets (x‘ oY k), k=1,2,..,K, (see the section 3), can be reduced, by adapting the

method presented in [2] and [4], to a convex programming problem as it follows
D' (xY)=

K K
:sup{r >0|32,20,k=1,2,.,K,sothat ) z,X', <X, and ) zy', 2y+ra}.
k=1 k=1

9. Comments

The motivation to find some effective means to evaluate educational -
professional performances is nurtured by the intense development of scientific and
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technological issues. This aspect has been confirmed through numerous research
works elaborated in the field. In this paper, we aim at improving the progress
reached within the training - learning process measured from the perspective of
qualitative outputs proposed by us in [10] and [11].

A similar way to evaluate instructive - educational performances can be
found in [4], but contrary to this classical point of view, where the vector which
expresses the outputs of the system studied contains, apart from information
regarding the quality of the educational process, information regarding
quantitative aspects, as well, such as the number of student participants or the
time spent in the classroom, in our research the vector which expresses the outputs
of the system studied only contains information regarding the quality of the
educational process.

While developing the knowledge regarding the non-marketable processes,
authors like Y. H. Chung, R. Fire, S. Grosskopf [2] have felt the need to replace
the traditional Shephard measure of the output quality with a measure providing
practitioners with more degrees of freedom. Unfortunately, the so-called
"directional measure" proposed by them, does not possess the property of
preserving all Shepard measure’s properties, fact which is a real loss for the
theory. In this respect, the measure functions (1) and (3), proposed by us (the first
in [11] and the second in the present paper) as working alternatives aim at
improving the actual state of fact. Indeed, besides the fact that these measure
functions are directional, they also fulfil conditions specific to the Shephard
measure: see the set of conditions 10.1) - 10.3) within section 4, fulfilled by the
first of these functions and the set of conditions 3) -5) within section 5, fulfilled
by the second one.

It is natural to expect that the special properties of the measure functions
(1) and (3) of the output quality induce properties special to the productivity
indices of non-marketable activities which are defined based on them. Given this,
if we restrain the analysis only to the implications of the measure (3), introduced
in this paper, and since the technologies defined in section 3 satisfy constant

returns to scale (ie. P’ (AX)=AP"(x),¥A>0 - property 1) from the same

section, then indices
t t+1 t+1
2 (x )
t t t
2 (xy')
give a measure of a total factor productivity change in terms of average products.
Indeed, in this particular case (when a =Yy ) we have

S (Xt+1 , yt+1 )

St(xt,yt)

%Hl (Xm’ym)
]V[ytﬂ (Xt,yt) ’

CCDy ()= , CCDy (t+1)=

(S»H—l (Xt+1 , yt+1 )

CCDy (t)= Wa

5 C/%By(t'i‘l):
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which perfectly match the conditions of the theory presented in [4].

The study undertaken by us in this paper provides managers a method to
express the productivity of education or academic institutions by exclusively
approaching the quality of the knowledge and skills acquisition process,
facilitating in this way, the design of policies through a clear target definition.

10 Appendix

In this last section we shall demonstrate the mathematical properties of set
P'(x) defined in section 3, as well as properties of measures §(X,-), Z}(X,"),

and d, (X,-) defined in section 4.

Proposition: Technology P'(X) verifies relation
P'(Ax)= AP (X),VA>0,

which expresses the property of constant return to scale.

Proof: For any 1>0, we have
P (Ax) =

K K
:{y'| Jz'. 20, k=1, 2,..,K, such that Zz'k X', < Ax, and Zz'k Y, Zy'}—

={y'|E|z'k20,k=1,2 K suchthatz X', <X, and szyk

-

K ,such that szx ¢ SX, and Z/lzky P 2 '}

k=1

={y'|EIzk20,k=1,2.

yV

:{y'| dz, 20, k=1, 2,..,K,such that ZZ,(X <X, and szy p _%

{/”Ly|5|zk20 k=12,..K, Zz,xksx andekyk_ } AP (X).

k=1 k=1
Proposition: For any X, x'e R", x<X', relationP' (X) = P'(X') takes place,
relation which expresses the property of strong disposability of inputs.

Proof:y e ?’ @ szy . =Y, for some values z, 20, k=1, 2,..,K, for which

k=

K
szx’kSX. If x<x', then these values z, 20,k=1,2,.,K, for which
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K K
szxtk <x, will verify inequality szx’k <x', so, yeP(x'), and
k=1 py

consequently ' (x) < 7' (x').

Observation: The result above indicates a strong impact of the inputs upon the
outputs (results obtained).

Proposition: If'y € ' (X), then Y0<0<1= 0y e P'(X).
K

Proof: yeP' (X)) szy’k >y for a set of values z, >0,k=1,2,.,K for
k=1

K
which szx’k < X. In such case, for the same set of values z, >0, k=1, 2,..,K,
k=1

K K
the following inequalities » z,X', <X,and ) z,y', >y>6y are satisfied, as
k=1 k=1

well, if #€[0,1]. Thus, 8y e 7' (x).
Proposition: If'y € 7' (X), then Vy'eR",,y'<y=y'e P'(X).

K
Proof: yeP'(x)< szytk >y for a set of values z, >0,k=1,2,.,K for
k=1
K
which Zka’k <X. Since for the same set of values z, 20,k=12,. K,
k=1

K K
inequalities ) z,X', <X, and ) zy', 2y>y' are satisfied, we deduce that
k=1 k=1

y'e 7' (x).
Proposition: Set 7' () is convex.

Proof: Let u, ve? (X) . Let us remember that this thing is equivalent to the

existence of a set of values o, >0, and S, >0, k=12,.,K, for which
inequalities

K K K K
Da X, <X D BX <X, D ay zu Y BY, 2V,
k=1 k=1 k=1 k=1
are satisfied. In these conditions, for any A € [0,1] we have
K
2[(1—/1)% +/”Lﬂk]x’,‘ <X,
k=1

and
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i[l Aa, + 2B, ]y =(1-2)u+Av.
k=1

Then
(I-2)u+Ave P (x),VAe[0,1].

Proposition: y € 7' (x) = §(x,y)<1.

Proof: We suppose that y e 7' (x). Because for §=1, vector %e?’(x), we

deduce

S(%.y) =inf{6’>0%e?(x)}£l.
Proposition: S(x,y)<1=ye? ().

Proof: S(X,y)élc>36’e(0,l] so that %e ?’(X)<:> 3z, 20,k=1,2,.,K, so

that

K
t t
X, <X, Dy, >

i

k=1 k=1
K

k=

QI

K

ZZkX < X. Moreover, Y z,y', >

k=1

Since @€ (O, 1], we have Dt

=<

K
Rt Z@zky’k >y. Thus, by denoting 7, =60z,, k=1,2,..,K, we obtain a set of

k=1

K K
values 7,20,k=1,2,.,K, so that Zrkx’k <X and Zrky’k >y. Thus,
k=1 k=1

y e (x).
Proposition: If & (X,y) =1, then the extremity of vector y belongs to the frontier
of domain 7(X).

Proof: This result is a direct consequence of the way in which the Shephard
measure function & (X,~) 1s defined.

Proposition: §(X,-) is a first order homogenous function, i.e.
S(x,ay)=as(xy),Ya>0.

Proof: For any ¢ > 0, we have
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S(x,ay)= inf{9 >0|ay/0 e ?(X)} = ing{ar ly/t e ?(X)} =
= aigg{r ly/re ?(X)} =a8(xy).
Proposition: S(X, ) is a concave function.

Proof: Let u and v from R", . If §(X,u)=o0 or §(X,V)=c0, then
S(x, (l—ﬂ)u+/1v) <(1-2)8(x,u)+ A8 (%, V),V A e(0,1).
We now suppose that §(X,u) <o and §(X,v)<oo. For any fixed 4€[0,1], we

consider sequences (an )n21 and ( B, )n21 with properties

a, >0, Vnzl, (1-2)~=e? (x), lima, =8(x, (1-A)u),
a

n

respectively,

B, >0, Vn=1, lﬂie?’(x), lim 8, = 8 (x, Av).

n

Let 6, =sup{«,,,},n>1. Since (1 —/1)91 <(1 —ﬂ,)i, we deduce that
a

n n

(1_/1)eieyﬁ(x).

n

Analogously, since iﬁl < /Ii , we deduce that

n n

/Ile?t(x).

n

Since 7' (x) is a convex set, it results that

(1—/1)91+/11e5>’(x).

n n

Under these conditions
S(x (1-A)u+Av) = 1nf{6?>0|(1 DAt (x )}SHHSan+ﬂn,Vn21.

By passing the limit according to #n — co within the inequalities above, we
obtain

S(x (1-A)u+Aav)<S(x, (1-4)u)+
+8(x, Av) = (1-2)8(x, )+/15( v),
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(the last equality is obtained by using the previous proposition). Consequently,
S (X, ) is a concave function.

Proposition: For a=y e ?(X) , the following relations take place

1

n _
" 1+ (%)

1
) ( ,y)—m—laé’(x,y)—
Proof: ﬂy(x,y)zsup{rzm 5(X,y+ry)£1} =sup{120| (1+1)5(X,y)sl} =
1

1
5(X,y)_l}:f5’(x,y)

, fulfils the following properties:

-1.

:sup{1'20|r£

Proposition: The function d, (X,-) :T(x)
+ D (X,

1) d, (x,y) <1, forany XxeR" ,ye ?(X) and any aeR" ,a#0;
2)if d, (x,y) =1, then the extremity of vector Y € [P(X) belongs to the
frontier of domain ?(X) ;
3) in the special case, when a=Ye ?(X) , expressions d, (x,y) and
é’(x,y) coincide.

Proof: 1) d,(xy)<1o1<1+D(xy) =D (xy)20, VxeR",, yeP(x),
aeR" ,a#0;

2) d,(xy)=1=2D(xy)=0=>yedP(x);

3) For a=yeX(x) we have d (xy)= =8(xy), in

1+Z)y(x,y)

conformity with the formula (2).

REFERENCES

[1] D. Caves, L. Christensen, W. E. Diewert, “The economic theory of index numbers and the
measurement of input, output and productivity”, Econometrica, Vol. 50, No. 6, 1982, pp.
1393 —-1414.

[2] Y. H Chung, R. Fdre, S. Grosskopf, “Productivity and Undesirable Outputs: A Directional
Distance Function Approach”, Journal of Environmental Management, (1997) 51, pp. 229-
240.

[3] R. Fire, S. Grosskopf, C. A. K. Lowell, “Production Frontiers”, Cambridge University Press,
1994.



146 Ovidiu Ilie Sandru, Ioana Maria Diana Sandru

[4] R. Fdre, S. Grosskopf, F. R. Forsund, K. Hayes, A. Heshmati, “Measurement of productivity
and quality in non-marketable services - with application to schools”, Quality Assurance in
Education, Vol. 14, No. 1, (2006), pp. 21-36.

[5]R. W., Shephard, “Theory of Cost and Production”, Princenton University Press, 1970.

[6] I. M. D. Sandru, “The optimal design of the quality management concepts using mathematical
modeling techniques”, Proceedings of the 10 th WSEAS International Conference on
Mathematical and Computational Methods in Science and Engineering (MACMESE ‘08),
WSEAS Press, 2008, pp. 334-339.

[71 O. I Sandru, I. M. D. Sandru, “Regarding marketing problems as dynamic system theory
problems”, Proceedings of the International Conference on Management, Marketing and
Finances (MMF '09), WSEAS International Conferences, University of Houston, USA,
April 30-May 2, 2009, pp. 183 — 187.

[8] O. I Sandru, I. M. D. Sandru, “Managing competition between universities by increasing the
quality of the educational process”, Annals of DAAAM for 2009 & Proceedings of 20th
International DAAAM Symposium, DAAAM International, 2009, pp. 1555 - 1556.

[9] O. I. Sandru, I. M. D. Sandru, “Regarding education quality management problems as dynamic
system theory problems”, Annals of DAAAM for 2009 & Proceedings of 20th International
DAAAM Symposium, DAAAM International, 2009, pp. 1557 - 1558.

[10] O. I. Sandru, I. M. D. Sandru, “A Quality Measure of Professionl Training Process Based on
Productivity Malmquist Index”, Proceedings of the American Conference on Applied
Mathematics (American-Math '10), WSEAS International Conferences Harvard University,
Cambridge, USA January 27-29, 2010, pp. 449 — 454.

[11]1 O. I Sandru, 1. M. D. Sandru, “A Quality Measure of Professional Training Processes Based
on the Directional Malmquist - Luenberger Productivity Index”, Proceedings of the 9th
WSEAS International Conference on APPLICATIONS of ELECTRICAL ENGINEERING,
(AEE ’10), Kebangsaan University, Penang, Malaysia, March 23 — 25, 2010, pp. 204 — 209.



