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ON PSEUDO-CHEBYSHEV SUBSPACES IN QUOTIENT
GENERALIZED 2-NORMED SPACES
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In this paper, we study the concept of best simultaneous approxima-
tion in quotient generalized 2-normed linear spaces. We will determined under
what conditions pseudo-Chebyshev subspaces are transmitted to and from quotient
spaces. Also we shall give a characterization of simultaneous pseudo-Chebyshev
subspaces on these spaces.

Keywords: Generalized 2-normed space, 2-bounded, 2-best simultaneous ap-
proximation, simultaneous 2-pseudo-Chebyshev.

MSC2010: 41A65, 52A 21, 54B 15.

1. Introduction and preliminaries

Approximation theory has many important applications in various areas of
functional analysis, computer science, numerical solutions of differential and inte-
gral equations. A generalization of normed spaces is 2-normed spaces plays a very
important role in functional analysis. The concept of linear 2-normed spaces was
initiated by Géhler in 1965 ([8]) and has been developed extensively in different sub-
jects by others. Later, in 1999-2004, Z. Lewandwoska published a series of papers
on 2-normed sets and generalized 2-normed spaces, investigating some properties of
these spaces. ([10]-[14]). The concept of generalized 2-normed space is a generaliza-
tion of the concepts of a normed space and of a 2-normed space. In fact, generalized
2-normed spaces are part of locally convex spaces. Recently, some results on best
approximation theory in generalized 2-normed spaces have been obtained by Sh.
Rezapour, M. Acikgoz and others (for example [1]-[5] and [16]-[22]). The theory of
best simultaneous approximation has been studied by many authors (for example
[6],[7],[9]). In [9], M. Iranmanesh and H. Mohebi get some results on best simulta-
neous approximation in quotient normed spaces. In this paper, we shall introduce
the notions of 2-best simultaneous approximation in quotient generalized 2-normed
spaces and we shall give some results in this field.

Definition 1.1. [8] Let X be a real linear space of dimension greater than 1 and
let ||.,.|| be a real-valued function on X x X satisfying the following conditions:
(G1)||x,y|| =0 if and only if x and y are linearly dependent vectors.

(G2)||lz, yll = lly, = for all x,y € X.
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(G3)||ax,y|| = |al||z,y|| for every real number c.

(Gh)llz + y, 2| < ||z, 2[| + [ly, 2|| for all z,y,z € X.

Then ||, .|| is called a 2-norm on X and the pair (X, ||.,.||) is called a linear 2-normed
space.

There are no remarkable relations between normed spaces and 2-normed spaces.
We could not construct any 2-norm on X by a normed space (X, ||.||), and this could
be a motive for definition of generalized 2-normed spaces.
Definition 1.2. [10],[11] Let X and Y be linear spaces, D be a non-empty subset
of X XY such that for everyx € X andy €Y , the sets

D,={yeY :(x,y)eD}; Dy={r e X :(x,y) € D}

are linear subspaces of the spaces Y and X, respectively. A function |.,.| : D —
[0,00) is called a generalized 2-norm on D if it satisfies the following conditions:
(N)||az,y|| = |||z, y|| = ||z, ay|| for all (x,y) € D and every scalar c.

(N2) 2y + 2] < llosyll + Il 2] for all (z,1), (z, 2) € D.

(N3)[2'+y, 2]l < llo. 2]l + llys 2|l for all (z.2).(y.2) € D.

Then (D, ||.,.]|) is called a 2-normed set. In particular, if D = X XY (X XY, ||, .||) is
called a generalized 2-normed space. Moreover, if X =Y, then generalized 2-normed
space is denoted by (X, |.,.||).

Definition 1.3. [14] Let X be a real linear space. Denote by X a non empty
subset of X x X with the property X = X! (Symmetric) and such that the set
XY = {x € X;(z;y) € X} is a linear subspace of X, for all y € X. A function
II., .|| : X — [0,00) satisfying the following conditions:

(SDlz,yll = lly, z| for all (z;y) € X,

(S2)||lax, y|| = |a|l|lz, y]| = ||z, ay|| for any real number o and all (z,y) € X,
(S5 + 2| < lles gl + [z, 21| for all 2,4, 2 € X such that (z, ), (z.7) € X,

will be called a generalized symmetric 2-norm on X. The set X is called a symmetric
2-normed set. In particular, if X = X x X, the function ||.,.| will be called a
generalized symmetric 2-norm on X and the pair (X;|.,.||) a generalized symmetric
2-normed space.

The following examples are some generalized 2-normed spaces and symmetric
generalized 2-normed spaces.
Example 1.1. [15] 1) Let X be a real linear space having two norms ||.||1 and ||.||2-
Then (X, ||, -|l) is a generalized 2-normed space with the 2-norm defined by

[z, yll = llzlli-llyllz ;2,5 € X.

Specially if ||.|l1 = ||-||2, our generalized 2-normed space will be a generalized sym-
metric 2-normed space.
2) Let X be a real inner product space. Then X is a symmetric generalized 2-normed
space under the 2-norm

lz,yll = [{(z,y)| ; V 2,y € X.

3) Let X be the linear space of all sequence of real numbers. Put

o
lz,yll = lnllynl,
1
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where x = {xn},y = {yn} € X. Then D = {(z,y) € X x X : |z,y|| < oo}
is a symmetric 2-normed set and the function ||.,.|| : D — [0,00) is a generalized
symmetric 2-normed on D.

4) Let A be a Banach algebra and ||a,b|| = ||ab|| for all a,b € A. Then, (A,|.,.||) is

a generalized 2-normed space.

S1 x Sy is called a 2-bounded subset of X x Y if there exists » > 0 such that
Is1, s2|| < r for all (s, s2) € S1 X Sa.

Lemma 1.1. Let (X, ||.||) be a normed space, and let X be equipped with the following
generalized 2-norm

=, yll = llzll.llyll; Vo,y e X.
If S is a bounded set in X, then S x S is a 2-bounded subset of X x X.

Proof. Let S be a bounded set in X. Then there exists r > 0 such that ||z| < r, for
each z € S. Then we have

lz, yll = llz[l-Iyll < r.r =2,

for each z,y € S. Therefore S x S is a 2-bounded subset of X x X. O

Definition 1.4. Let X XY be a generalized 2-normed linear space, W1 X Wo a subset
of X XY and S1 X Sy a 2-bounded subset of X xY. We define

d(S1 x So, W1 x W3) = inf sup l|s1 — w1, s2 — wal|,
(w1,w2) EW1xW2 (51, 55)€S1 x Sa
if there exists some (w1, w2) € W1 x Wy such that supq, ,\es, x5, |51 —w1, s2—wal| <
00. S1 x So is called 2-simultaneous proximinal if for every (si,s2) € S1 X Sy there
exists an element (wo1,wo2) € W1 x Wy such that
d(Sl X SQ,Wl X WQ) = sup HSI — Wo1, 82 — wOQH.
(81,82)651 X So

In this case (wo1,wp2) € W1 X Wy is called a 2-best simultaneous approzimation to
S1 %X Sy from Wy x Wy. The set of all 2-best simultaneous approximation to S1 X S
from W1 x Wy will be denoted by Sw,xw,(S1 x S2). If S1 x So = {(x,y)} where
(x,y) € X XY then Sw,xw,(S1 X S2) is the set of all 2-best approzimation of (x,y)
in W1 x Wy that denoted by Py, xw,(x,y) and also W1 x Wy is called a 2-proximinal
subspace of X X Y.

We recall that for an arbitrary nonempty convex set A in X the linear manifold
spanned by A which is denoted by ¢(A) is defined as follows

(A ={ar+(1—a)y : z,y € A:ais ascalar}.
For every fixed y € A the set {(A — y) is a linear subspace of X satisfying
(A—y)=l(A)—y:={z—y : z€l(A)}.
It is clear that for an arbitrary nonempty convex set A in X
U(m(A)) = 7(€(A)),
Y

where 7: X XY — % X 37, Which is defined by m(z,y) = (z + M,y + Ma), is
the canonical map. The dimension of A is defined by

dim A := dim/(A).
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Then for every y € A we have
dim A :=dim/(A) = dim[¢(A) — y] = dim (A — y) = dim(A — y).

Definition 1.5. Let X X Y be a generalized 2-normed linear space, W1 x Wa a
subspace of X XY and S1 X So a 2-bounded set in X xY. Then, W1 x Wy is called
2-simultaneous pseudo-Chebyshev subspace if Sy, xw,(S1 X S2) is finite dimensional
subset of W1 x Wa for all 2-bounded subset S1 x Sy in X xXY.

Theorem 1.1 ([1]). Let (X x Y, ||.,.||) be a generalized 2-normed linear space, and
My and My be subspaces of X and Y respectively. Define

ool 5 % 2 — [0,4+00)
el — X — 00
) ]\41 M2 )
|z + M,y + M| = inf 2 +m1,y + mal|
(ml,mg)EMl X Mo
for everyx € X andy €Y. Then |.,.| is a generalized 2-norm on % X MLQ
In [1], the authors have been shown that ||.,.|| is a generalized 2-norm that it

is not necessary a 2-norm.

2. Main Results

Lemma 2.1. Let X XY be a generalized 2-normed linear space and My x My a
2-proximinal subset of X X Y .Then for each nonempty 2-bounded subset S1 x So in
X XY we have
d(Sl X SQ,Ml X MQ) = sup inf HSl —my, S — mg”
(31,82)651 X So (m17m2)€M1 X Mz
Proof. Since M; x My is 2-proximinal, it follows that for each (s1,s2) € S1 X Sa,
there exists (mo1, mo2) € My x My such that

||81—m01,82—m02” = inf ||31—m1,82—m2H.
(m1,m2)EMi1 X Ms

Hence we have

d(S1 x So, My x M) = inf sup |51 —my, 52 — mal|
(m1,m2)EM1X M3 (5 s9)€S) x 53

< sup Hsl — mo1, S2 —m02||
(s1,52)€S51 %52

= sup inf ”81 —mi,S9 — m2||
(51,52)E€S1 xSg (M1,m2)EM1 X My

< inf sup  [|s1 —ma, s2 — ma
(m1,m2)eMi XMz (5 55)€51 X Sa

= d(Sl X SQ,Ml X MQ).
Which completes the proof. O

Lemma 2.2. Let W1 x Wy be a 2-simultaneous proziminal subspace of a generalized
2-normed space X XY, My x My a 2-proximinal subspace of X XY and My x My C
W1 x Wy. Then for each nonempty 2-bounded set Sy x Sy with M1 x My C 51 xSy C
X XY we have

d(Sl X SQ,Wl X WQ) = d(i X 52 Wl %)

My E’EX My
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Proof. It is easy to see that d(S; x S2, W1 x Wa) > d(%1 X ]\57227 % X %) Fix
(w1, ws2) € Wi x Wa. Then, SUD (s, )€ 51 xS |s1 — w1 + My, s —wa + Msl| > ||s1 —
w1 + My, s9 — wg + Ma|| for all (s1,s2) € S1 X Sa. Since M; x My is 2-proximinal,
there exists (mo1,mo2) € My x My such that

|s1 — w1 + My, 89 —wa + M| = ||s1 — w1 + mo1, S2 — w2 + Mmpz||
> inf |51 — wy, S2 — wyl|.
(wy,wsy) EW1 xWo
. !
Thus, SUD (s, 55)€S1 % S2 Hsl—wl +M1732—w2+M2” > lnf(wll,w;)GW1><W2 Hsl_wD S9 —
wy| for all (s1,s2) € Sy x So. Hence by lemma 2.1,
sup l|s1 — w1 + My,s2 — wa + M|
(s1,82)€851xS2
> sup inf IIs1 _w,1532 —w;H
(s1,82)€851%xS2 (wll,w;)GW1 x Wo
= inf sup |51 — w), 53 — wy|
(wlvwg)GWIXWQ (51752)651 X So
= d(Sl X SQ,Wl X Wg),
for all (wy,wse) € W1 x Wy. Therefore,
S So W W-
d<—1x—2,—1x—2> = /inf sup lls1 — w1 + My, so — we + Ms||
Ml M2 Ml M2 (’ll)l,w2)€W1><W2 (Sl,SQ)éSlXSQ
2 d(Sl X SQ,W]_ X WQ)
O

Lemma 2.3. Let W1 x Wy be a 2-simultaneous proziminal subspace of a generalized
2-normed space X XY, M; x My a 2-proximinal subspace of X XY, S1 X Sy a 2-
bounded set in X xY, My x My C W7 x Wy. Then,

m(Swixws (51 % $2)) € Sm%(]\b}l X ]\“Z)

Proof. If (wo1,wo2) € Swyxw, (51 X S2), we have

|s1 — wor + My, s2 — wog + Ma|| = inf ls1 — wo1 + m1, s2 — wo2 + ma||
(ml,mg)EMlxMQ
<||s1 — wo1, s2 — woz|.
So by lemma 2.2 we obtain
sup  ||s1 —wo1 + M, s2 — w2 + Ma|| < sup l|s1 — wo1, s2 — woz||
(5182)651 X So (81,82)651 X So
S1 Sy Wi Wh
=d(S51 x Sy, W1 x W- :d(—x—,—x—).
(51550, Wax Wa) = d\ g 30 30 ™

Therefore, (wo1 + My, wo2 + Mz2) € Swy_ w, (1\% x J\%) =

My < Moy

Lemma 2.4. Let W1 x Wy be a 2-simultaneous proziminal subspace of a generalized

2-normed space X XY, My x My a 2-proximinal subspace of X XY, S1 x Sy a 2-

bounded set in X XY, My x My C Wi xWy. If (wo1+ M1, woa+Ms) € Swy wy (1\% X
My

Mg
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%) and (m()l,mog) S S]\/[lxjw2 (Sl — Wo1, SQ — ’w()g), then (’LU()l + Mmo1, Wo2 + m02) €

SW1><W2(51 X SQ)
Proof. By lemma 2.1 and 2.2, we have
sup  ||s1 — wo1 — mo1, S2 — wo2 — Mo2||
(51,82)€51 %52

= inf sup l|s1 — wor — m1, 52 — wo2 — Ma||
(m1,m2)EM1x M2 (s51,82)€S1%xS2

= sup inf HSl — wg1p — M1, S2 — W2 — mQH
(s1,82)€S1%xS2 (m1,m2)€ My x Ms

= sup |s1 — wo1 + M1, s2 — woz + Ma||
(Sl,SQ)GSlXSQ

S Sy Wh W
< d(— X —, — X —=
My Ms My M,

So, (wo1 + Mo, wo2 + Mo2) € Sy, xw, (S1 X So). O

) = d(Sl X SQ,Wl X Wg)

Corollary 2.1. Let Wi x Wy be a 2-simultaneous proximinal subspace of a gener-
alized 2-normed space X XY, My x My a 2-proziminal subspace of X XY, S1 x S
a 2-bounded set in X XY and My x My C W1 x Ws. Then,

w(sWMWQ(S1 x SQ)) - Smxxg(]\b}l x ]\“Z)

Proof. By lemma 2.3, we have

7T<SW1><W2(51 X Sg)) C valxw2<]\s411 X ;{Z)

M, X M,

Now, suppose that (wo; + Mi,we2 + M) € Smx@<l\% X ]\5/1—22) Since M; X
Y EIRALY

My is 2-simultaneous proximinal, there exists (mg1,mg2) € My X My such that

(m01,m02) S SMlXMQ(Sl — w()l,SQ — wOQ). Now by lemma 2.4, ('LUOl + mo1, Wo2 +

Mo2) € Sty 1w, (S1 X S2). So (wor + My, wos + Ms) € w(szX%(S1 X 52)). 0

Theorem 2.1. Let My x My and W1 x Wa be subspaces of a generalized 2-normed
linear space X XY such that W1 x Wy is 2-simultaneous proximinal and My x Mo
1s finite dimensional and 2-proximinal subspace of W1 x Wy. Then the following are
equivalent.

(i) % X % s 2-simultaneous pseudo-Chebyshev subspace of % X MLQ

(ii) (Wh+ M) x (Wa+ Ma) is 2-simultaneous pseudo-Chebyshev subspace of X X Y.

Proof. (i) = (i) let S1 x.S2 be an arbitrary 2-bounded subset in X xY and (ko1, ko2)
be an element of Sy, s, wy4a1,)(S1 X S2). Then by using corollary 2.5 we have

7T<f(S(W1+M1)x(W2+M2)(51 X Sg) — (km»koz)))

= €<7T(S(W1+M1)><(W2+M2)<Sl x Sy) — (k01ako2))>

= €<SW1XW2<J€[11 8 ]\5;2

My " My

) — (ko1 + My, ko2 + Mz))
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Since Wl X %ﬁ is 2-simultaneous pseudo-Chebyshev subspace of % X %2, SO
. S1 52
d [z(s (7 7)—/<; M,k M)} .
im wews (3 X 3 (ko1 + My, ko2 + Ma) || < oo
Hence,

dim [w(ﬁ(S(W1+M1)X(W2+M2)(51 x Sp) — (%1%02)))} < 00.

Since M7 x My is finite dimensional, we have

dim |:<£(S(W1+M1)X(W2+M2)<Sl X SQ) — (k()l,kog)))] < 0.

Therefore, (W1 + M;) x (Wa 4+ Ms) is 2-simultaneous pseudo-Chebyshev subspace

of X xY.

(i) = (i) Let S1 x Sy be an arbitrary 2-bounded subset of X x Y. Since (W7 + M) x
(Wa+Mz) is 2-simultaneous pseudo-Chebyshev subspace of X XY, Sy, £ ar, ) x (Wt M) (51X

S2) is finite dimensional. But since W1+M1 X WQJ\J/;2M2 = %i X J\Wg, so we have
aim Sy (3 < 0)] = am [e(Ses (3, )]
SCNNE )
— dim :E(w(S(W1+M1)X(W2+M2)(Sl X 52)))}
— dim :7r<£(S(W1+M1)X(W2+M2)(SI X Sg)))] < 0.
Thus, % X % is 2-simultaneous pseudo-Chebyshev subspace of % X MLQ O

Corollary 2.2. Let My x My and Wy x Wy are subspaces of generalized 2-normed
linear space X XY such that My x M> is finite dimensional and 2-proziminal, W1, x Wo
18 2-simultaneous proriminal and My X Mo C W1 x Wo. Then the following are
equivalent.

(i) 37 W1 X Wi is 2-simultaneous pseudo-Chebyshev subspace of % X %2

(ii) W1 x Wy is 2-simultaneous pseudo-Chebyshev subspace of X X Y.

3. Conclusions

In this paper, we investigated the concept of best simultaneous approxima-
tion in quotient generalized 2-normed linear spaces. We proved that under the 2-
proximinality of the subspace M x Ms pseudo-Chebyshev subspaces are transmitted
to and from quotient spaces. A characterization of simultaneous pseudo-Chebyshev
subspaces is obtained. Also we introduced equivalent assertions between the 2-
simultaneous pseudo-Chebyshevity of subspaces W1 x W and (W14 My ) x (Wa+ My)
Wi, Wa
and the quotient space ARV
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