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In this paper, we introduce the strongly prime, prime, semiprime, strongly
irreducible and irreducible bi-I" -hyperideals of I -semihypergroups. The space of
strongly prime bi-I"-hyperideals is topologized. We also characterize those I -
semihypergroups for which each bi- I" -hyperideal is strongly prime.
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1. Introduction

The algebraic hyperstructure notion was introduced in 1934 by a French
mathematician F. Marty [16], at the 8th Congress of Scandinavian
Mathematicians. He published some notes on hypergroups, using them in different
contexts: algebraic functions, rational fractions, non commutative groups.
Algebraic hyperstructures are a suitable generalization of classical algebraic
structures. In a classical algebraic structure, the composition of two elements is an
element, while in an algebraic hyperstructure, the composition of two elements is
a set.

In 1986, Sen and Saha [23] defined the notion of a TI"-semigroup as a
generalization of a semigroup. One can see that T" -semigroups are generalizations
of semigroups. Many classical notions of semigroups have been extended to T -
semigroups and a lot of results on T -semigroups are published by a lot of
mathematicians, for instance, Chattopadhyay [4, 5], Chinram and Jirojkul [6],
Chinram and Siammai [7], Hila [12, 13], Saha [16], Sen and et. al. [18, 19, 20, 21,
22, 25] and Seth [23]. Recently, Davvaz, Hila and et. al. [2, 11, 14, 17] introduced
the notion of I'—semihypergroup as a generalization of a semigroup, a
generalization of a semihypergroup and a generalization of a I" — semigroup. They
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presented many interesting examples and obtained a several characterizations of
I —semihypergroups. In [2] the notion of a I —hyperideal of a
I" — semihypergroup is introduced. A T" —hyperideal of a " — semihypergroup is a
generalization of an ideal of a semigroup, a generalization of a hyperideal of a
semihypergroup and a generalization of a I'—ideal of a I'—semigroup. The
notion of a bi-ideal was first introduced by Good and Hughes [10], as early as
1952, and it has been widely studied. Recently, Davvaz et al. generalized this
notion introducing the notion of bi-I" —hyperideal in T" —semihypergroups [2].
This paper deals with some classes of bi-T" — hyperideals of T"—semihypergroups.

In this paper, we introduce the strongly prime, strongly semiprime,
strongly irreducible and irreducible bi-T"—hyperideals of I" —semihypergroups.
The space of strongly prime bi-T"—hyperideals is topologized. We also
characterize those I'—semihypergroups for which each bi-T"—hyperideal is
strongly prime. We also prove, a I"—semihypergroup S is completely regular if
and only if every bi-I" — hyperideal of S is semiprime.

2 Preliminaries

In this section, we recall certain definitions and results needed for our
purpose.

Definition 2.1 [18, 22] Let S ={a,b,c,...} and T = {a, 4,7,...} be two non-
empty sets. Then S is called a I'—semigroup if there exists a mapping
SxI'xS —S written as (a,y,b)—ajb satisfying the following identity
(ayp)pc=ay(bpc) for all a;b,ceS and for all «,f<I". Let K be a non-empty
subset of S. Then K is called a sub I"'—semigroup of S if ajpe K for all
a;beS and yerl.

Definition 2.2 A map -:SxS —P"(S) is called hyperoperation or join

operation on the set S, where S is a nonempty set and P"(S)=P(S)\{T}

denotes the set of all nonempty subsets of S. A hypergroupoid is a set S with
together a (binary) hyperoperation. A hypergroupoid (S,o), which is associative,

that is xo(yoz)=(xoy)oz, VX,y,z€ S, is called a semihypergroup.

Let A and B be two non-empty subset of S. Then we define

AoB= [ ] acb,acA={afo AandacB ={a}oB.

aeAbeB
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Definition 2.3 [17]Let Sand T" be two non-empty sets. Then S is called a
I -semihypergroup if every y eI is a hyperoperation on S, ie., x)ycS for
every x;yeS, and for every «,fel’ and x;y;zeS we have

xa(ypz) = (xay)pz .

If every y eI" is an operation, then S is a I'—semigroup. If (S,y) is a
hypergroup for every » eT", then S is called a T" — hypergroup.
Let A and B be two non-empty subset of S. Then we define
ATB=| JA/B =| Jlasb|lac AbeBandy T},

yel

Let (S,) be a semihypergroup and let T'={}. Then S is T-
semihypergroup. So every semihypergroup is I" -semihypergroup.

Let S be a I'-semihypergroup and » eI". A non-empty subset A of S is
called a sub T -semihypergroup of S if xy < A for every x,yeA. A T-
semihypergroup S is called commutative if for all x,yeS and yeI", we have

Xy = yx.
Example 2.4 Let S =[0,1] and T =N. Forevery x,yeS and y €T, we

define y:SxS — ©'(S) by xpy = {Oﬁ} Then y is hyperoperation. For every
Y

X,¥,ze$S and a,f ", we have (Xay)pz = [OX—)Z} = xa(ypz) . This means
Q,
that S isa I' —semihypergroup.

Example 2.5 Let S be a non-empty set and let I" be a non-empty subset of
S. If we define xoy ={x,7,y}, for every x;yeS and yel, then S is a

" — semihypergroup.

Example 2.6 Let (S,0) be a semihypergroup and I" be a non-empty
subset of S. We define xpy =xoy for every x;yeS and yeI'. Then S is a
I" — semihypergroup.

Definition 2.7 [2] A non-empty subset A of a I"-semihypergroup S is a
right (left) T -hyperideal of S if AI'Sc A (STAc A), and is a I"-hyperideal of
S ifitis both a right and a left T"-hyperideal.
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Definition 2.8 A non-empty subset B of a I" -semihypergroup S is called
bi-I" -hyperideal of S if the following two conditions hold

(1) BIrBcB

(2) BISIBc B

A bi-T" — hyperideal B of T" — semihypergroups S is properif B=S.

Example 2.9 Let S=(0,1), T'={y,JneN} and for every neN we define

the hyperoperation », on S as follows

Xy.y = {%ps k < n},Vx,ye S.

Then, xy,yc S and forevery m;neN and Xx;y;z€ S
Xyz
X7 Y)7n2 = {Z—yklo <ks<n+ m} = X7,(Y7m2)

So S is a I'—semihypergroup.Now let S :(0,%j , Where i eN. It easily to see

that S; is a bi-T"-hyperideal of S and (S, = ®

iel

Example 2.10 Let S be the I"-semihypergroup in Example 2.9, and let for
every ieN, B ={,i+1,..}. Therefore B, is a bi-T"-hyperideal of S and

()5 =®.
iel
Example 2.11 Let S=[0,1] and T'=N. Then with hyperoperation
Xpy = {Oﬁ} is a T -semihypergroup. Let T =[0,t] be sub set of S =[0,1], where
Y

t€(0,1]. Then, T is a left (right, bi)-T"— hyperideal of S .
3. Prime Bi-T"-hyperideals

In this section, we study some properties of prime bi-I"-hyperideals in a
I" -semihypergroup.

Definition 3.1 A bi-T"-hyperideal B of a I"-semihypergroup S is called
a prime (strongly prime) bi-I"-hyperideal if B,I'B, < B(B,I'B, "B,I'Blc B)
implies B, < B or B, = B for any bi-I"-hyperideasl B, and B, of S. A bi-T"-
hyperideal B of a I"-semihypergroup S is called a semiprime bi-I" -hyperideal if
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B — B implies B, c B for any bi-T"- hyperideal B, of S.

Every strongly prime bi-T"—hyperideal of a I"—semihypergroup S is a
prime bi-T"—hyperideal and every prime bi-T"—hyperideal is a semiprime bi-
I" — hyperideal. A prime bi-T"— hyperideal is not necessarily strongly prime and a
semiprime bi-T" — hyperideal is not necessary prime.

Definition 3.2 A bi-T"-hyperideal B of a I"-semihypergroup S is called
an irreducible (strongly irreducible) bi-I" -hyperideal if
B,nB,=B(B,nB,c B) implies B, =B or B,=B (Blc B or B, cB).

Every strongly irreducible bi-I" -hyperideal of a I" - semihypergroup is an
irreducible bi-T" -hyperideall but the converse is not true.

Lemma 3.3 The intersection of any family of prime bi-I" -hyperideal of a
I -semihypergroup is a semiprime bi-I" -hyperideal.

Proof. Straightforward.

Theorem 3.4 Every strongly irreducible, semiprime bi-I"-hyperideal of a
I" - semihypergroup S is a strongly prime bi-I" -hyperideal.

Proof. Let B be a strongly irreducible semiprime bi-I"-hyperideal of S .
Let B,,B, be any bi-I"-hyperideal of S such that B,I'B, "B,I'BLc B. Since
(8,nB,f cBIB, and (B,nB,)cB,I'B, (B,nB,}<BIB,nBIBlcB.
Since B is a semiprime bi-I"-hyperideal, B, "B, — B . Because B is a strongly
irreducible bi-T"-hyperideal of S, so either B, B or B,cB. Thus B is a
strongly prime bi-T" -hyperideal of S.

Definition 3.5 An element a of the I'-semihypergroup S is called
regular if there exists xe S and «,f eI such that acaaxpa. If every element
of T -semihypergroup S is regular, then S is called a regular I -
semihypergroup. The following are equivalent definitions

(1) Forevery AcS, AC AT'STA.

(2) Foreveryelement acS, acalMla

Theorem 3.6 Let B be a bi-T"-hyperideal of a I" -semihypergroup S and
ae S such that a ¢ B . Then there exists an irreducible bi-T -hyperideal | of S
suchthat Bc | and a¢ .
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Proof. Let A be the collection of all bi-T"—hyperideals of S which
contain B and do not contain a. Then it is non-empty, because BeA The
collection A is a partially ordered set under inclusion. If C is any totally ordered
subset of A then UC is a bi-T"-hyperideal of S containing B . Hence by Zorn's
Lemma, there exists a maximal element | in A. We show that | is an
irreducible bi-T"— hyperideal. Let C and D be two bi-T"-hyperideals of S such
that 1 =CnD. If both C and D properly contain |, then acC and aeD.
Hence ae C D = 1. This contradicts the fact that a¢ 1. Thus | =C or | =D.

Lemma 3.7 A T -semihypergroup S is completely regular if and only if
Ac (ATA)IST(ATA) for every Ac S . Equivalently, a T -semihypergroup S is
completely regular if and only if ac allal'ST'al’'a forall a€ S .

Theorem 3.8 A T"—semihypergroup S is completely regular if and only if
every bi-T"—hyperideal of S is semiprime.

Proof. Suppose S is a completely regular I"—semihypergroup S. Let B
be a bi-T"-hyperideal, acS and allac B. Then for some x,y,zeS and

a, By, p.t,n,uel itholds

acaaxpfa=(ayapy)axpf(zrana) = ay(apyaxpfz@a)na < BI'SI'B c B
=aeB
Thus B is semiprime.

Conversely, let ae S. Then al'al'ST"al'a is a non-empty subset of S. Let
x,ye(ararsr(ara) and zeS. Then for some steS and
a p.y.prnpel’,

xazfly = (ayapuzaje)azf(ayarara)

= ajap(urayaczfajanv)uaya c (ara)rMI(ara)
Thus xazpy c al'al'ST"'al’a. Then

((ara)rsr(ara))r((ara)rsr(ara))c ((ara)rsr(ara))

and((ar'a)rsr(ara))r'sr((ara)rsr(ara)) c (ara)rsriara)
Hence (al'a)l'S(al"a) is a bi- T -hyperideal of S forall a<S. Since

alralalalalal'al'a = (al'a)['(alalal'al'a)(al'a)c ((ara)rsSr(ara))

and (al'a)r'SI(al'a) is semiprime, we get al'al'al’'al’'a, al'ac al'al'Sl'al'a and
so ac(ara)rsr(ara). Hence by Lemma 3.7, S is a completely regular
" — semihypergroup.
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Theorem 3.9 For a I'—semihypergroup S ,the following assertions are
equivalent:

(i) S is both regular and intra-regular.
(i) BI'B =B for every bi-I"—hyperideal B of S.
(i) B.nB, = B I'B, NB,I'B, for all bi-T"— hyperideals B, and B, of S.

(iv) Each bi-T"—hyperideal of S is semiprime.
(v) Each proper bi-T"—hyperideal of S is the intersection of irreducible
semiprime bi-I" — hyperideals of S which contain it.

Proof. (i) < (ii) It follows by Theorem 3.8 and [24, Cor. 9.6 and Cor.
9.1]
(i)=(iii) Let B, and B, be any two bi-I'—hyperideals of the
I" — semihypergroup S. Then by our hypothesis,
B,nB,=(B,nB,)(B,nB,)
B,nB,cBIB,
Similarly B,nB, c B,I'B,
Thus
B,nB,cBIB,n"B,I'B (1)

Now B,I'B, and B,I'B, are bi-I"—hyperideals being the products of bi-
I' — hyperideals. Also, B,I'B, nB,I'B, is a bi-I"—hyperideal. Then
B,'B, NB,I'B, =(B,I'B, nB,I'B,)I'(B,['B, " B,I'B,)
c (BI'B,)r(B,I'B,)
c BI'SI'B, c B,
Similarly, B,I'B, "nB,I'B, c B,
Thus,
BIB, BB, cB NB, (2
Hence, from (1) and (2) we have
B,nB,=BIB,"B,I'B,

(iii)=(iv) Let B, and B be bi-I'—hyperideals of S such that
B,I'B, — B . By hypothesis,
B,=B,nB =BIB NBIB, =BIB
Thus
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B,cB

Hence every bi-I" -hyperideal of S is semiprime.

(iv) = (v) Let B be a proper bi-T"-hyperideal of S. Then B is contained
in the intersection of all irreducible bi-T - hyperideals of S which contain B.
Theorem 3.6 guarantees the existence of such irreducible bi-T"-hyperideals. If
a¢ B then there exists an irreducible bi-T"-hyperideal of S which contains B
but does not contain a. Hence B is the intersection of all bi-I" -hyperideals of S
which contain it. By our hypothesis, every bi-I"-hyperideal is semiprime, and so
each bi-I"-hyperideal is the intersection of irreducible semiprime bi-TI"-
hyperideals of S containing it.

(v) = (ii) Let B be a bi-I"-hyperideal of S. If BI'B =S, then clearly B
is idempotent, that is, BIB=B. If BIB=#S, then BI'B is a proper bi-T -
hyperideal of S containing BI'B and so by our hypothesis

BI'B =("\{B, : B, isirreduciblesemiprimebi — I — hyperidealofs }

Since each B, is a semiprime bi-I"-hyperideal, B< B, for all ¢ and so
Bc ﬂBa = BI'B. Hence each bi-T"-hyperideal in S is idempotent.

Theorem 3.10 Let S be a regular and intra-regular semigroup. Then the
following assertions, for a bi-I"-hyperideal B of S, are equivalent:

(i) B isstrongly irreducible.
(if) B isstrongly prime.

Proof. Straightforward.

Next we characterize those I'—semihypergroups in which each bi-
I" —hyperideal is strongly prime and also those I"—semihypergroups in which
each bi-I" — hyperideal is strongly irreducible.

Theorem 3.11 Each bi-T" — hyperideal of a I" — semihypergroups S is
strongly prime if and only if S is regular, intra-regular and the set of bi-
I" — hyperideals of S is totally ordered by inclusion.

Proof. Suppose that each bi-I"-hyperideal of S is strongly prime. Then
each bi-T"-hyperideal of S is semiprime. Thus by Theorem 3.9, S is both regular
and intra-regular. We show that the set of bi-I"-hyperideals of S is totally
ordered. Let B, and B, be any two bi-I"-hyperideal of S. Then by Theorem 3.9,
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B, "B, = BI'B, nB,I'B,. As each bi-T"-hyperideal is strongly prime, B, "B, is
strongly prime. Hence either B, < B, "B, or B, c B, nB,. If B, =B, nB,, then
B,cB,.If B,cB NB,,then B, c B,.

Conversely, assume that S is regular, intra-regular and since the set of bi-
I -hyperideals of S is totally ordered under inclusion. Then we want to show that
each bi-T"-hyperideal of S is strongly prime. Let B be an arbitrary bi-T -
hyperideal of S and B,, B, be bi-I"-hyperideals of S such that

BIB,B,I'B,cB
Since S is both regular and intra-regular, by Theorem 3.9,
B,nB, =B I'B,"B,I'B,

Also BI'B, "B,I'B, c B implies B, "B, c B . Since the set of bi-I"-hyperideals
of S is totally ordered under inclusion, so either B, < B, or B, < B,, that is,
either B NB,= B, or B,nB, = B,. Thuseither B, B or B,cB.

Theorem 3.12 If the set of bi-I"-hyperideals of a semigroup S is totally
ordered, then S is both regular and intra-regular if and only if each bi-T -
hyperideal of S is prime.

Proof. Suppose that S is both regular and intra-regular. Let B be any bi-
I -hyperideal of S and B,, B, be bi-T"-hyperideals of S such that BI'B, < B.
Since the set of bi-I"-hyperideals of S is totally ordered, either B, = B, or
B, = B,. Suppose B, B,. Then BI'B,c BIB,cB. By Theorem 3.9, B is
semiprime so B, < B. Hence B is a semiprime bi-I"- hyperideal of S .

Conversely, assume that every bi-I"-hyperideal of S is prime. Since the
set of bi-T"-hyperideals of S is totally ordered so the concepts of prime and
strongly prime coincide. Now, by Theorem 3.11, we see that S is both regular
and intra-regular.

Theorem 3.13 For a semigroup S the following assertions are
equivalent:

(i) The set of bi-T"-hyperideals of S is totally ordered under inclusion.
(if) Each bi-T"-hyperideal of S is strongly irreducible.
(ii1) Each bi-I" —hyperideal of S is irreducible.

Proof. (i)) = (ii) Let B be an arbitrary bi-I"-hyperideal of S and B,, B,
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two bi-T"-hyperideals of S such that B,nB, < B. Since the set of bi-I"-
hyperideals of S is totally ordered, either B, =B, or B, = B,. Thus either
B,nB,= B, or BnB,= B,. Hence B,nB, B implies either B,c B or
B, < B. This shows that B is strongly irreducible bi-T"- hyperideal.

(it) = (iii) Let B be an arbitrary bi-I"-hyperideal of S and B,, B, two
bi-I"-hyperideals of S such that B,nB,=B. Then Bc B, and Bc B,. By
hypothesis, either B, — B or B, < B. Hence either B, =B or B, =B. Thatis, B
is irreducible bi-I" -hyperideal.

(ilf)= (i) Let B, and B, be any two bi-I"- hyperideals of S. Then
B, "B, is a bi-I"-hyperideal of S. Also B,nB, =B, nB,. So by hypothesis,
either B, =B, nB, or B, = B, B,, that is, either B, B, or B, c B,.

Let S be a I'"-semihypergroup, B be the set of all bi-I" -hyperideals of S
and P be the set of all strongly prime proper bi-T"-hyperideals of S : Define for
each BeB

0, ={J eP:BUJ}
3(P) ={O®; : B isabi—I"—hyperidealof S}

Theorem 3.14 If S is a regular and intra-regular semigroup. Then J(P)
forms a topology on the set P.

Proof. Since {0} is a bi-TI"-hyperideal of S,
0, ={J eP:{0}UJ}
=¢ DbecauseObelongstoeverybi—I"—hyperidealof S
Also, since S isabi-T"-hyperideal of S,
0, ={J eP:SUJ}=P
because P is the collection of all strongly prime proper bi-I"-hyperideal
0S S.
Let {®; :icl}<I(P). Then U@Bi ={JeP:BUJ for some

iel

A A
iel}={JeP:( JBUJ}=0©, , where (JB, is the bi-I"-hyperideal of S
iel Bi iel
iel
generated by | JB,.

iel
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Now let ®; and ©; €3(P). If J €®; NO; , then JeP and BUJ,
B,UJ. Suppose B,nB,cJ. Since S is both regular and intra-regular,
B,nB,=BIB,nB,I'B,. Hence, BIB,nB,I'B, cJ. This implies either
B, < J or B, < J, acontradiction. Consequently, B, »B,UJ , which implies that
J€Og - Thus O MOy, COp g - IfJe® then we have

JeP and B,nB,UJ

This implies that BUJ,B,UJ . Thus J €®; and J €@, , and therefore

J €0y MOy, . Hence Op 5, SOp MO, .

BB, !

Consequently, Op 5, = Op MOy, .

NB

This shows that J(P) is a topology on P.
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