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THE SEMI-LINEAR CREDIBILITY MODEL

Virginia ATANASIU'

Lucrarea prezinta si analizeaza estimatorii parametrilor structurali din
modelul de credibilitate semi-liniard, implicand proprietdati matematice complicate
ale valorilor medii conditionate si ale covariantelor conditionte.

Deci pentru a putea folosi rezultatele superioare de credibilitate semi-liniara,
obtinute in acest model, vom oferi estimatori utili ai parametrilor de structura.

Din punct de vedere practic, este evidentiatd proprietatea atractiva de
nedeplasare a acestor estimatori.

The paper presents and analyses the estimators of the structural parameter,
in the semi-linear credibility model involving complicated mathematical properties
of conditional expectations and of conditional covariances.

Thus, to be able to use the better semi-linear credibility results obtained in
this model, we will provide useful estimators for the structure parameters.

From the practical point of view, the attractive property of the unbiasedness
of these estimators is highlighted.

Key words: contracts, unbiased estimators, structure parameters, semi-linear
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1. Introduction

In this article we first give the semi-linear credibility model (see Section
1.), which involves only one isolated contract.

We derive the optimal linearized credibility estimate for the risk premium
for this case.

It turns out that this procedure does not provide us with a statistic
computable from the observations, since the result involves unknown parameters
of the structure function.

To obtain estimates for these structure parameters, for the semi-linear
credibility model we embed the contract in a collective of contracts, all providing
independent information on the structure distribution (see Section 2.).

The usefulness of the approximation (to f,(X,,,) or tos,(@) based on

prescribed approximating functions f,,..., f, ) is that it is easy to apply, since it is

sufficient to know estimates for the parametersa , ,b,, appearing in the credibility

rq°
factorsz , .
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Section 1.

The description of the semi-linear credibility model

Consider a finite sequence 6, X,,...,X,, X, of random variables. Assume
that for fixed 6 the variables X,,..., X, are conditionally independent and
identically distributed (conditionally i.i.d) with known common distribution
function Fy , (x,0). The variables X,,.., X, are observable and @ is the structure
variable. The structure distribution function is U(@)= P(@ <8). The variable X,,,
is considered as being not (yet) observable.

We assume that f, (X,, ),p =0,n;r =1L,t+1 have finite variance. For f,

we take the function of X, , we want to forecast.

t+1

We use the notation:
1,(0)=Elf,(x,)| 6] (1.1)
(p=0mr=11+1)

This expression does not depend on .
For this model we define the following structure parameters:

m, = Elu, (0)|= E{E]r, (x,) 6] = E[/, (x, )] (12),
a,, = E\Covlf, (x,).1,(x,)| 0] (13),
b, = Covlup ), 4, (H)J (1.4),
¢y = Corlf, (X, ). £, (X,)] (1.5),
d,, =Col|f, (X, ), (0)] (1.6),

for p,q = 0,7. These expressions do not depend onr =1,7+1.
The structure parameters are connected by the following relations:

CP‘I = an +bP‘[ (1'7)7
dpq = bpq (1'8)’
for p,qg =0,n.

This follows from the covariance relations obtained in the probability
theory where they are very well-known.

Just as in the case of considering linear combinations of the observable
variables themselves, we can also obtain non-homogeneous credibility estimates,
taking as estimators the class of linear combinations of given functions of the
observable variables, as shown in the following theorem:
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Theorem 1.1 (Optimal non-homogeneous linearized estimators)
The linear combination of 1 and the random variables

£,(X, ) p=Lmr=1t closest to p,(0)=E[/,(X,.,)|6] and to f,(X,,,) in the
least squares sense equaIS'

M = Zz z +mO ZZ m, (1.9),

r=

where z,z,,...,z, 1s a solution to the hnear system of equations:

Sle,, + -1, F, =td,,(g=1n) (1.10),
p=1

, or to the equivalent linear system of equations:

Z(apq+tbpq , =tby, (g=1,n) (1.11)

p=1
For the special case when n=1, Theorem 1.1 reads:
Theorem 1.2 (Optimal non-homogeneous linearized estimator, n = 1)

The linear combination of 1 and the random variables f(X;) (r = l,_t)
closest to /10 (0) and to fo(X¢11) in the least squares sense equals:

—zz fl )+ m, —zm, (1.12)

where: m; = E[fi(X))],
zZ= td01/{011+(t—1)d11} with:
d()] = COV[fo(Xr), f) (Xr’) i
d;; = Cov [fi(Xy), fi(Xy forr #r
ci1 = Cov [fi(Xy), fi(Xr)]

Proof:

For n =1, the relation (1.4) implies:
m; = E[fl(Xr)]

For n = 1, the relation (1.7) implies:

Ci1 = Cov [fl(Xr), fl(Xr)].
For n = 1, the linear system of equations (1.10) reads:

[ci1 + (t-1)d11]z = tdo,

which is equivalent to the following equation:

Z= td()l / {011 + (t-l)dll}

Letr r = th r# r . From (1.1), (1.4), (1.8) we get:

Covls, (x,). 1, (X, )J l ), (x, )I- ELr, (el (x ) =
~ ey, (6,)7, (%) o))~ £ {Elfp )ioElel, (x. o) -
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B {ely, (¢, L, (x. ) - Elu, L, (0)] - Elu, 0, 0))-
Bl (O)JEl, (6)|= Corl, (0) 1, 6)|=b,, =, (113),
for all p,q= 1,7 .From the relation (1.13) one obtains for n =1 that:

do1 = Cov [fo(Xy), f1(X

, d]] = Cov [f](Xr), f](Xr’ .
where r# 1. Finally, for n = 1, the relation (1.9) reads:

1
MZZZ;fl(Xr)+mO —zm,.
r=1

So the theorem is proven.

Remark 1.1 1t should be noted that the solution (1.12) to the linearized
credibility problem only yields a statistics computable from the observations, if
the structure parameters are known.

Generally, however, the structure function U () is not known. Then the

“estimator” as it stands is not a statistic.

Its interest is merely theoretical, but will be the basis for further results on
semi-linear credibility.

In the following section we consider different contracts, each with the
same structure parameters, so we can estimate these quantities using the statistics
of the different contracts.

Section 2
Parameter estimation

Here and in the following we present the main results leaving the detailed
computations to the reader.

The estimator obtained in the previous section contained structure
parameters.

In this section we assume the structure parameters are unknown, so the
expressions for these (pseudo-) estimators are no longer statistics. But since the
contracts are embedded in a collective of identical contracts, we now have more
than one observation available on the risk parameter 8, so we can replace the
unknown structure parameters by estimates.

So now that we embedded the separate contract j in a collective of
identical contracts, it is possible to give unbiased estimators of these quantities.

It should be noted that the approximation to fo(X+1) or to po(0) based on a
unique optimal approximating function f is always better than the one furnished in
Section 1.1 based on prescribed approximating functions fj, f3,...,f,.

The usefulness of the latter approximation is that it is easy to apply, since
it is sufficient to know estimates for the parameters a,q, bpq appearing in the
credibility factors z,.
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In this section we give some unbiased estimators for the parameters. For
this purpose we consider k contracts, j=1k and k(>2) independent and

identically distributed random vectors (Hj,i 1/): (H_j,X o X ].t), for j = I,_k The

contract indexed j is a random vector consisting of a random structure parameter

0; and observations Xji, Xj, ..., Xji, where j=1k. For every contract j =1k

and for 0; fixed, the variables Xji, Xj», ..., Xj; are conditionally independent and
identically distributed.
Here we will only derive estimators for the following parameters:

m, = E|f,(x ) 2.1
a,, = ElCoV|f,(x, ) £i(x )16, ] (2.2)
by, = C"V{Elfo (Xj,)| Q/LElfl (Xj,)| 0, J} (2.3)

One can prove the following theorem to hold.
Theorem 2.1 (Unbiased estimators for structure parameters)

Let:
my =X =LY S fx,) 2.4)
Ykt kGG '
B S ELITT) Tty 25
01 k(t_l) =5 Jjr ¢ J. Jjr ¢ Jj. N
" 1 &1 1 1 1 aA
by, =—— —XQ——XOJ[-X‘.——X‘J—i 2.6
then:
E(moj =m, 2.7)
E(am =dy (2.8)
E[bj b, (2.9)
Proof
We have:
" 1 &G 1 G kt
Elm, |=— Elf\X. )l=— m,=—m, =m 2.10
() i S E U, = S = = m 2.10)
(see (2.11).

So the verification of equality (2.7) is readily performed.
Remark 2.1 Note that the usual definitions of the structure parameters
apply, with 0; replacing 0 and X, replacing X, so:
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m, =E|u, 0, )= EiEls, (x, )16, [i= £, (x, ) 211)
a, =ECof, (X, )7, (X, )6, J} (2.12)
by = Corl, 0,12,00, )= Conlels, (x, )10, L (x, 1o, 2.13)
6y = Corls, (o, L1 (X, ) (2.14)
Next:
E(j ) k(zl—l)i EKX at j(X;’ at ﬂ )
S0 - a0 e -
:k(tl_l)jzk;g{g(xj X! )—E[Xf %X} j—EGXfX ) EGX;) %X} ﬂ—
k(tl—l)jzk;zt:‘[cov(xo X! )+ E(x° )E(x! )- Cov[XO X})—
~E(x)E %X}l j—cov(—X;{,Xj j E(lXOJE(X‘ )
+ Cov %X?,%X}_j+EGX_?)EGX;_H (2.15)
But:

COV(X,(-)r,Xj-,v)Z Cov[ O(Xjrlf](Xjr' )]:
[ by (see(2.16)) r#r!
ag +by (see(217) r=r"

e for r #r', we have:

Cov[fo(Xjn),f1(Xjr)] = E[Cov(fo(Xj»), fl(XJf )16+ Cov[E(fo(X;r)|0y),

E(f1(Xr[0) [FE{E[fo(Xj0)f1(Xir ) 05]-E[fo(Xir) 6 1E[£1(Xr ) 651} +

+Cov[po(8)), 1 (8)I=E{E[fo(X0)|6;]E[£1(Xir)[6;]-E[fo(Xir) I ]E[£1(Xjr-)|

|6;1+bo1=bo1 (2.16)
e forr=r’, we have:

Cov[fo(Xjr),f1(Xjr) IFE { Cov[fo(Xjr), £1(X;0)[6;]} +HCoVIE(fo(Xjr)[6;), E(£1(Xj0)|

because:

10;)]=a01+bor 2.17)
So:

Cov (X, X".) = 8mai+bor (2.18)
Next:

E(X )= E[f(Xj)] = mo (2.19)

E(X),) = E[fi(Xj)] = m (2.20)
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Also, we have:
1 1<
1y _ 0 vl )
Cov( X, Lxty= —COV( ],,ZX j—;ZCov(XV,X )=
1 t
:;z Qo1 +bol |:5rra()l +by, + Z 5 g + by, ):|:
r'=1 r'r'£r
1 _ 1
; l-ay +by + Z O o +bol) _;[am +by, +(t_1)b01] tam +by,
So:
o 1 1
Cov| X, ,- ) X = tam + by, (2.21)
Next:
1, 1< | 1< 1
Bl X, :;ZE(Xj,):;ZmI = im =m, (2.22)
r=1 r=1
| 1 0 vl 1 S o 1
Cov| - X].X), =;Cov(X_/._,Xjr)=;Cov > xo,x!
r'=l1
1< 0 | 1< 1
:;ZCOV(X/MX ) t2(5 a01+b01) _;am"'bm
r'=1 r'=1
(see the calculations from (2.21)).
So:
1 o o1 1
Cov ;XjA,Xjr = ;am + by, (2.23)
Next:
1
( j ZE( " )= thO = imy = m, (2.24)
r=1
and:

cof b1 ) |- Leo 030, |- L3 Sl x, )-

t 7 t ! t r=1 r'=1 t r=1 r'=1
1 ! 1 <
:_2 5 ~ o1 +b01 t_zz 0, ay +by + Z(grr'a01 +b01) =
r'=1 r=1 rr'£r

1

&M“ EM~

[am +by, +(t 1)[701]—_[ (am +b01)+t(t_1)b01]=

>—~N

1
_(am +by, +1b,, _bm) tam +by,

~

So:
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1,1 1
Cov(; X;’.,;X}_j =y + by, (2.25)

Inserting (2.18), (2.19), (2.20), (2.21), (2.22), (2.23), (2.24) and (2.25)
in (2.15) one obtains:

" 1 L. 1
E(am) = k(t_l)ZZ[(am +[701)4""0’"1 _(;am +b01j_m0m1 -

Jj=1 r=1

1 1 1 k
_(;am +b0]j—moml +[;a01 +b01)+m0m,]= k(t—l)z

j=1 r=

t

(am +by, —
1

1 1 (t-1)
——a, —by, )=—F——=kt
Ay — by ) k(t B l) p
as was to be proven (see (2.8)).
Finally, we have:

A k A
E[b()lj:L E (1X9—i)(°j(lx;—ix}) —1E(amj=
k—143 t 7kt N\t kt t
1 1¢ 1 1 a
= —YE|X'-——X° Xl.——le -
k_ltzg |:[ J- k j( J- k . :| ¢
k
-t S et )4 st - Ll e s
[E(lxy Lyt j_EGX;% jEGX j+ EGX;% jEGX j_
X0 A : . : .
—EGX;’_éijJrEGX_?]E(%X})—EGX_?JE(%X})—E(%X?-
-lle.j+E(%X°jE[1X}j—E[%X(’)EG){}j+E(%X‘?%ij—
=y . X N A
k
—F LXOjE[inj_i_E(LXO)E[inj _&:LZ COV(EX;)',
kt - kt - kt - kt - t k-143 t
,1X‘. +E 1X9 E lX‘. —Cov 1X‘?,iX1j—E(1X9jE(iX1j—
t J- t J- t J- t J- kt . t J- kt .
—CoV iXO,lxl. -E iX" E 1)(% + Cov i)(O,i)(1 +E iXO .

L] an
E(E X! ﬂ ; (2.26)
B
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Cov G X! ,%X},j = %am +b,, (2.27)
(see (2.25)); Next:

1 0 1 | 1 ‘ 0 kot | 1 t kot 0
Cov| X}, — X' |=——=Cov| 3 X[. 5 % X, |=—=3> % Cov(X,

t kt kt ) 71 kt™ =55

1 Lt kot 1 t k t
’X;r)__zzzzé‘jj (5 a01+b01) _szé‘]j Z(é‘rra01+b01)_ 2
kt™ 5 J'=1 r'=l kt* 5 j=1 r'=1 k

t _k t
'225,/ |:5rra01+b01+ Z 5 a01+b01)} LZZ:&;‘/"[QM""b()l'|'(t_1)'
=1 j=1 =1 j=1

rr¢r

1 < 1
'b01]=;2{5ﬂ[a01+b01+(t 1)b01:| Z5jf[a01+b01+(t l)bm]} —t

r= JJ'*

[am +by, + (t l)bm]— aol + llcbm , because:

Cov(XO Xl ) {COV(X?”XI ) j:jv:

e Cov(Xf,,X1 ) j#£
_ |0y +by  (see(2.18)) j='
_{ 0 (see(229)) j# ' =0,/(6,0a0 +by) (2.28),
where:
Corlx!, x',.)= E[co(x’, x',.16, )]+ Cov|E(x" |6, E(x,.16,)]=

_ elelxs 1,16, (0 16 Je 16, )+ ol 16, 202, )
:E[E( j,.|49,~)E( X | j) (qur|0j) (X;'r')]JFOZE[E(XJQr|‘9j)E(X}'r')'

E(x° 6, )E(le..,,)]= E0)=0,if j# .

cOv(X,O,,X1 ) 0(j#," (2.29)
and:
1 1 1 1
Cov|-X’—X'|=—a, +—b 2.30
(l‘ I J Kt 01 k 01 ( )
Next
| R 1 0yl S 0 O
Cov| —X_,- X, _—ZCOV(X , X )=—2C0v ZZX r,ZX, =
t 7t kt / ==
1 kot t
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1 k t ot 1 & '
:]“_2215/]' 1 Z}(&r gy + bm = k_zzlé‘jjvz[é‘”am + b01 + Z(é‘rr,am +
J= r=lr= Jj'= r= 7 rEr
1 k 1
+b01)] = ld_zzé‘jj [a01 +by, +( l)bm Z Z a,, +1tby, ) =
= r=1 -

1< 1
:ld_225ﬂ,t(a01+tbm) P {5 t(ay, +1thy, )+ 25 ta01+zbm}

J=1 JhJ#]
1 1
:Eam +;b01
(see (2.28)). So:
1 1 1 1
COV(EXO,;XJJ :ECIOI +;b01 (231)
Next
k1
Cov( ! Xuo,é jz kzltz Cov(XO,Xl)— kzltz Cov(z1 ler,
j=1 r=
k | 1 k t k ( 0 . ) 1 k t k t
S S LTS 35
j'=lr'= j=l r=l j'=1 r'= j=1 =l j'=l =
1 k t k 1
a01+b01)— PEPE: Zzzé‘j/'|:5rra01 +by, + Z(5rr Ay +b01)} e
j=l r=1 j'=1 rr'#Er
kKt k 1 k t k 1
222511 [am +by, +(t_1)b01]: PEPE Zzzé‘jj (am +tb01)_ PERE
j=1 r=1 j'=1 j=1 r=l j'=1
k 1 k
ZZ 5/,("01 +tb01)+ 251/'(a01 ‘H‘bm)} = PEPE Z (am +tb01)_
== Yy rEA
1 1
= PEP kt(am +tb01)__a01 +%bm
So:
1 1 1 1
Cov| — X", — X' |=— —b 2.32
Ov(kt .y J kta01+k o1 ( )
Also, we have:
E(%X?} =m, (2.33)
(see (2.24)).

EG X},j =m, (2.34)
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(see (2.22)).

E[i)ﬂ’):iE SYX = LS g (x0 )= Limy = m (2.35)
k™) ke \SST) Kt L A '

(see (2.19)).

E(iX‘JziE SYx = LS ()= L kim, = m (236)
k™) ke \SETT) ke A '

Jor
(see (2.20)).
Inserting the values of the covariances and of the expectations (see
(2.27), (2.30), (2.31), (2.32), (2.33), (2.34), (2.35) and ((2.36)) in (2.26), provides
us with the desired results.
Indeed:

) 1 &1 1 1 1
E(bmj = H;[(;aol +b01)+m0m1 _(Eam +;b01)—m0m1 - (Eam +

1 1 1 a 1 (1 1
+;b01)—m0m1 +(Eam +;b01j+m0ml}—%zﬁj=l (;am +b01 —E'

_me Ay 1 kk_1b01+ 1 kk_lam ay,
t k-1 k k-1 kt t t

as was to be proven (see (2.9)).

3. Conclusions

This paper completes the solution of the semi-linear credibility model
in case of a non homogeneous linear estimator for fo(Xj+1), or what amounts to
the same, for po(0;).

In view of assumption about independence of the contracts, it might
come as a surprise that the premium for contract j involves results from other
contracts.

A closer look at this assumption reveals that this is so because the
other contracts provide additional information on the structure distribution.

For this reason the claim figures of other contracts cannot be ignored
when estimating the parameters appearing in the semi-linear credibility estimate
for contract j.

In this article, the semi-linear credibility model is refined by the
introduction of the isolated contract j in a collective of contracts, all providing
independent information on the structure distribution.

But since the contracts are embedded in a collective of identical
contracts, we now have more than one observation available on the risk parameter



60 Virginia Atanasiu

0, so we can estimate these structural parameters in the semi-linear credibility
model using the statistics of the different contracts.

The above two theorems show that it is possible to give unbiased
estimators of these quantities (the portfolio characteristics), if we embed the
separate contract j in a collective of identical contracts.

The article contains a description of the semi-linear credibility model,
behind a heterogeneous portfolio, involving an underlying risk parameter for the
individual risks.

Since these risks can now no longer be assumed to be independent,
mathematical properties of conditional expectations and of conditional
covariances become useful.

The original model involving only one contract contains the basics of
all further semi-linear credibility models.

In the refined semi-linear credibility model a portfolio of contracts is
studied, to be able to use the semi-linear credibility results.

Therefore, the main purpose of this paper is to get unbiased estimators
for the portfolio characteristics.

The mathematical theory provides the means to calculate useful
estimators for the structure parameters.

From the practical point of view, the property of unbiasedness of these
estimators is very appealing and very attractive.

The fact that it is based on complicated mathematics, involving
conditional expectations, conditional covariances and variational calculus, needs
not bother the user more than it does when he applies statistical tools like
discriminatory analysis, scoring models, SAS and GLIM.

These techniques can be applied by anybody on his own field of
endeavor, be it economics, medicine, or insurance.
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