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In this work, we employ the iterative shrinking projection algorithm to find an
approximate common solution to an equilibrium problem and a fized point problem in the
setting of Hilbert spaces. In particular, we establish strong convergence of the proposed
iterative algorithm towards a common element in the set of solutions of a finite family of
split equilibrium problems and the set of common fixed points of a finite family of total
asymptotically nonexpansive mappings in such setting. Our results can be viewed as a
generalization and improvement of various existing results in the current literature.
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1. Introduction

Recent developments in nonlinear functional analysis reflect that fixed point theory,
in particular metric fixed point theory, has emerged as a powerful tool to solve various
practical problems arising in different branches of pure and applied sciences. The branch
metric fixed point theory has its roots in the celebrated Banach Contraction Principle (BCP)
which asserts that every contraction in a complete metric space has a unique fixed point.
It is worth mentioning that the existence of fixed points of certain nonlinear mappings
has valuable applications in nonlinear analysis and topology. However, there are certain
situations where it is hard to derive the conditions for the existence of fixed point. In such a
situation, the approximation of fixed points is much more desirable. Note that the BCP is not
only theoretical in nature but also provides an iterative algorithm for the approximation of
such unique fixed points. As a consequence, various problems such as Fredholm and Volterra
integral equations, ordinary differential equations, partial differential equations and image
processing problems are addressed via the equivalent fixed point problems.

The class of nonexpansive mappings, the limit case of a contraction mapping, has a
diverse range of applications to solve problems such as variational inequality problem, convex
minimization, zeros of a monotone operator, initial value problems of differential equations,
game-theoretic model and image recovery. It is therefore, natural to extend such powerful
results of the class of nonexpansive mappings to more general class of mappings such as total
asymptotically nonexpansive mapping. It is worth mentioning that the iterative algorithms
are the only main tool for the approximation of fixed points of various generalizations of
nonexpansive mappings (see, for example [12, 16, 19, 20, 23, 28] and the references cited
therein). Such iterative algorithms can be compared w.r.t. their efficiency and convergence
characteristics (weak or strong). In many situations, the strong convergence of an iterative

1Corresponding author: Department of Mathematics, COMSATS Institute of Information Technology
Lahore, 54000, Pakistan, e-mail: mageelkhan@ciitlahore.edu.pk

2Department of Mathematics, University of Engineering and Technology, Lahore 54000

3Department of Mathematics, University of Engineering and Technology, Lahore 54000

33



34 Muhammad Ageel Ahmad Khan, Yasir Arfat, Asma Rashid Butt

algorithm involving a nonlinear mapping is much more desirable than the weak convergence.
We remark that the shrinking projection algorithm [22] converges strongly even in the set-
ting of Hilbert spaces. We, therefore, employ the shrinking projection algorithm for an
approximate solution in Hilbert spaces.

Equilibrium problem theory provides a unified approach to address a variety of mathe-
matical problems arising in disciplines such as physics, optimization, variational inequalities,
transportation, economics, network and noncooperative games, see, for example [2, 3, 11]
and the references cited therein. This theory flourishes significantly, due to an excellent
paper of Combettes and Hirstoaga [10], with the use of iterative algorithms to solve an equi-
librium problem assuming the set of solutions of the equilibrium problem is nonempty. The
classical equilibrium problem theory [3, 10] has been generalized in several interesting ways
to solve real world problems. In 2012, Censor et al. [8] proposed a theory regarding split
variational inequality problem (SVIP) which aims to solve a pair of variational inequality
problems in such a way that the solution of a variational inequality problem, under a given
bounded linear operator, solves another variational inequality.

Motivated by the work of Censor et al. [8], Moudafi [17] generalized the concept of
SVIP to that of split monotone variational inclusions which includes, as a special case, the
split variational inequality problem, the split common fixed point problem, the split zeroes
problem, the split equilibrium problem and the split feasibility problem. These problems
have already been studied and successfully employed as a model in intensity-modulated
radiation therapy treatment planning, see [6, 7]. This formalism is also at the core of
modeling of many inverse problems arising for phase retrieval and other real-world problems;
for instance, in sensor networks in computerized tomography and data compression; see,
for example, [5, 9]. Some methods have been proposed and analyzed to solve the above
mentioned problems in Hilbert spaces, see, for example [13, 15, 21, 24, 25, 26, 27] and the
references cited therein.

Inspired and motivated by the above mentioned results and the ongoing research in
the direction of split equilibrium problem, we aim to employ a hybrid shrinking projection
algorithm to find a common element in the set of solutions of a finite family of split equilib-
rium problems and the set of common fixed points of a finite family of total asymptotically
nonexpansive mappings in Hilbert spaces. Our results can be viewed as a generalization and
improvement of various existing results in the current literature.

The rest of the paper is organized as follows: Section 2 is devoted to the development
of necessary concepts, mathematical tools and lemmas required in the sequel. In Section 3,
we propose a hybrid shrinking projection algorithm and establish strong convergence results
under certain assumptions.

2. Preliminaries

Throughout this paper, R denotes the set of real numbers and N denotes the set of
natural numbers, respectively. We write z,, — x (resp. z, — z) to indicate the strong
convergence (resp. the weak convergence) of a sequence {z,}5° ;. Let C' be a nonempty
subset of a real Hilbert space H and let T : C' — C be a mapping. The set of fixed points
of the mapping T is defined and denoted as: F(T) = {x € C : T(z) = x}. A self-mapping T
is said to be total asymptotically nonexpansive [1] if there exist nonnegative real sequences
Dty {tn oy with A, 1, — 0 as n — 0o and a strictly increasing continuous function
£ :RT — RT such that £(0) = 0 then for all z,y € C, we have

1Tz =Ty < [lz = yll + A&z = yl) + pn- (2.1)

The class of total asymptotically nonexpansive mappings is the most general class
of nonlinear mappings and contains properly various classes of nonlinear mappings such as
generalized asymptotically nonexpansive mappings, asymptotically nonexpansive mappings,
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asymptotically nonexpansive type mappings, asymptotically nonexpansive in the intermedi-
ate sense and nonexpansive mappings.

Remark 2.1. We now elaborate how total asymptotically nonexpansive mapping
defined in (2.1) unifies various definitions of classes of mappings associated with the class of
asymptotically nonexpansive mappings. Observe that:

(i) if &(z) = =, (2.1) becomes generalized asymptotically nonexpansive mapping [18];

(ii) if £(z) = = and p, = 0 for all n > 1, then (2.1) becomes asymptotically nonex-
pansive mapping [14];

(iii) if £(z) = 0, then (2.1) becomes asymptotically nonexpansive type mapping pro-
vided C' is bounded and T™ is continuous for some integer n > 1;

(iv) if £(z) = =, A\, = 0 and p, = max {0, a, } where

on =max {0, sup (|77 =171 = o =) |
z,yeC

then (2.1) becomes asymptotically nonexpansive mapping in the intermediate sense [4] (i.e.,

T satisfies the inequality limsup sup (||T"z —T"y|| — ||z — y|| < 0));

n—oo xz,yeC

(v) if A, = ppn, = 0, then (2.1) becomes nonexpansive mapping.

In [17], the following split equilibrium problem (SEP) is introduced: Let C be a
nonempty subset of a real Hilbert space Hy, @) be a nonempty subset of a real Hilbert
space Ho and let A: Hy — Hs be a bounded linear operator. Let F': C x C — R and
G: Q x @ — R be two bifunctions. A SEP is to find:

x* € C  such that F (z*,z) > 0 for all z € C, (2.2)

and
y* = Az* € Q such that G (y*,y) > 0 for all y € Q. (2.3)

It is remarked that inequality (2.2) represents the classical equilibrium problem and its
solution set is denoted as EP(F'). Moreover, inequalities (2.2) and (2.3) constitute a pair
of equilibrium problems which aim to find a solution z* of an equilibrium problem (2.2)
such that its image y* = Axz™ under a given bounded linear operator A also solves another
equilibrium problem (2.3). The set of solutions of SEP (2.2) and (2.3) is denoted Q = {z €
EP(F): Az € EP(G)}.

Let C be a nonempty closed convex subset of a Hilbert space H;. For each = € Hy,
there exists a unique nearest point of C, denoted by Pcx, such that

lx — Pez|| < ||z —y|| for all y € C.

Such a mapping P : Hy — C is known as a metric projection or a nearest point pro-
jection of H; onto C. Moreover, Pc satisfies nonexpansiveness in a Hilbert space and
(x — Pox,Pcx —y) > 0 for all z,y € C. It is remarked that Po is firmly nonexpansive
mapping from H; onto C, that is,

|Pox — PcyH2 <{(x—y,Pox—Pcy ), forall z,y € C.
Recall that a nonlinear mapping A: C' — H; is A-inverse strongly monotone if it
satisfies
(x -y, Az — Ay) > \||Az — Ay|*.
Note that, if A := I — T is a MA-inverse strongly monotone mapping, then:
(i): Aisa (%)—Lipschitz continuous mapping;
(ii): if T is a nonexpansive mapping, then A is a (%)—inverse strongly monotone

mapping;
(iii): if n € (0,2)], then I — nA is a nonexpansive mapping.
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The following lemma collects some well-known equations in the context of a real
Hilbert space.

Lemma 2.2. Let H; be a real Hilbert space, then:

(i) o —yll* = lal* = lyll* = 2(x — yy) . for all z,y € Hy;

(ii): ||z +yl|* < ||z]|* + 2 (z — y,y), for all 2,y € Hy;

(it): flaz + (1 — a)yll® = a [l2ll® + (1 — a) [yl — a(1 - a) |z — y* for all @,y € H,
and a € [0,1].

It is well-known that H; satisfies Opial’s condition, that is, for any sequence {z,} in
H; with z,, — x, the inequality

liminf ||z, — z|| < liminf ||z, — 2| .
n— oo n—oo

Recall that a mapping T : H; — H; is said to be demiclosed at origin if for any
sequence {x,} in Hy with , — z and ||, — Tz,| — 0, we have z = Tx.

In order to solve an equilibrium problem, the bifunction F' must satisfy certain con-
ditions as summarized in the following lemma (c.f. [3] and [10]):

Lemma 2.3. Let F': C'x C' — R be a bifunction satisfying the following conditions:

1. F(z,z) =0 for all z € C;

2. F is monotone, that is, F(z,y) + F(y,z) <0 for all 2,y € C;

3. F is upper hemicontinuous, that is, for each x,y, z € C,

lim F(tz + (1 - t)z,y) < F(z,y);
t—0

4. for each z € C, the function y — F(z,y) is convex and lower semi-continuous.

Lemma 2.4 [10]. Let C be a closed convex subset of a real Hilbert space Hy and let
F: C x C — R be a bifunction satisfying Lemma 2.3. For r > 0 and = € H;, there exists
z € C such that

1
F(z,y)—|—;<y—z,z—x) >0, forally € C.

Moreover, define a mapping T.": H; — C by

T

TF(a:):{ZGC:F(Ay)—i—i(y—z,z—@>0, forallyeC},

for all x € Hy. Then, the following hold:
(i) TF is single-valued;
(i) TF is firmly nonexpansive, i.e., for every x,y € H,

|TFe = TFy||* < (TFa—TFy,x —y)

(ii) F(T,7) = EP(F);

(iv) EP(F) is closed and convex.

It is remarked that if G: Q x @ — R is a bifunction satisfying Lemma 2.3, then for
s > 0 and w € Hy we can define a mapping:

1
7% (w) = {d eC:G(d,e)+ g<e—d,d—w> >0, forallee Q},
which is, nonempty, single-valued and firmly nonexpansive. Moreover, EP(G) is closed and
convex, and F(TE) = EP(G).
3. Main results

We first set some of the notions required in the sequel for our main result of this
section. For a nonempty subset C' of a real Hilbert space Hy, we assume that:

(i) S;(modN) : C — C is a finite family of total asymptotically nonexpansive map-
pings where ¢ € {1,2,3,...,N};
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(ii) F;(modN): C x C — R and G;(modN): Q@ x Q@ — R are two finite families of
bifunctions satisfying Lemma 2.3;

(iii) A;(modN) : H;y — Hj is a finite family of bounded linear operators.

We are now in a position to prove our main result of this section.
Theorem 3.1. Let H; and Hs be two real Hilbert spaces and let C' C H; and Q C Hs be
nonempty closed convex subsets of Hilbert spaces Hy and Hs, respectively. Let F; : C'xC —
R and G; : @ X Q — R be two finite families of bifunctions satisfying Lemma 2.3 such that
G; be upper semicontinuous for each i € {1,2,3,...,N}. Let S;: C — C be a finite family
of uniformly continuous total asymptotically nonexpansive mappings and let A; : H; — Hs

be a finite family of bounded linear operators. Suppose that F := {ﬂivzl F(SZ)} Ne # 0,
where © = {z €eC:z¢€ ﬂz 1 EP(F;) and A;z € EP(G;) for 1 <i < N}. Let {z,} be a

sequence generated by:

x1 € Cr1 =C,

Up,i = TTQ (I — YA (I — Tg) Ai> T,

Yni = On iy + (1 — i) SPUp 4, (3.1)
Cusr = {2 € Cu i lgni = 2117 < lam = 2I* + 60}

Tny1 = Po, 71, n2>1,

where 0, ; = (1 — an ) {\&n(My,) + Mo M Dy, + i} with D, = sup{|lz, —p| :p €F}.
Let {ryn;},{sn,i} be two positive real sequences and let {,;} be in (0,1). Let v € (0, 1),
where L = max {Ljy, Lo, -+, Ly} and L; is the spectral radius of the operator AfA; and A}
is the adjoint of A; for each i € {1,2,3,---, N}. Assume that if following set of conditions
holds:

(Cl:0<a<a,;<b<l
(C2): liminfr,; > 0 and liminf s, ; > 0;
n~>oo n— o0
(C3): Z)\n<ooand Zun<oo
n=1
(C4) there exist constants M;, M} > 0 such that & (¢;) < M ¢, for all ¢; > M;,
=1,2,3,..., N, then the sequence {z,} generated by (3.1) converges strongly to © = Ppzy.

Proof. We first show that each A (I — Tsci) A; is a %—inverse strongly mono-
tone mapping. For this, we utilize the firm nonexpansiveness of TSL . which implies that

(I — Tfjl) is a 1-inverse strongly monotone mapping. Now, observe that

|4z (1-18 )Azm—A* (I Tg”)Aiy‘Q
- <A* (I TGz) (A — Ayy) , AF (1 TG )(Aix—Aiy)>
= ((1-78) (A - ), A7 4; (1= T8 (Aiw = Auy) )
< (1~ T;;}Z) (dix = Aw), (1= TS") (A — A))
A
< L<x—y,A; (I—ngi) (Aix—AZ-y)>, for all z,y € H,.

Hence, it follows from the above estimate that A} (I — Tg) A;is a %—inverse strongly

monotone. Moreover, I — yA7} (I — Tsci L) A; is nonexpansive provided v € (07 %)
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Next, we show by mathematical induction that F C C,, 11 for all n > 1. Obviously,
F C C; as if p € F implies that Trf:{ip = p and (I—fyA*(I—TSCfoi)A)p =p, then p e C = C}.
Now, assume that F C C}, for some k > 1. Observe that
F; * G F; * G
‘ 1., (I —vA; (I — TSM) Ai) zp =T, (I —vA; (I — TSM) Ai) pH
(1= 74 (1-75) A an — (1= 5A; (1-75) A:)p
|x — pl|- (3.2)

[un,i =

IN

IN

Utilizing (3.2), we have

lyei —pI° = llewize + (1 — ani)SPun; — ||
< apgllze = pl* 4+ (1= ) [1Spur,: — Sppll” — i (1= awy) |z — Spuwl?
< o llze = pl? + (1 — ) {||uk,i —plI* + M (Jun,i — pl) + uk} . (33)

Note that & (|[uk,; — pll) < & (M) for [luk,; — pl| < My. Moreover, & (||luk,i — pl|) <
lluk,: — p|| M} for ||ug,; — p|| > My (by C4). In either case, we have

ke (My) + |luk,; — pl| My
Ek (My,) + [|zg — pll My,

&k (lur,i — pll)

IN A

where My, M} > 0.
Utilizing the above estimate and simplifying (3.3), we have

lyei = plI* < llzw = plI* + Ok, (3.4)

where 0 ; = (1 — ;) {\e&e(My) + A\ M Dy, + pi} and Dy, = sup {||zx —p|| :p € F}.
Hence p € Cy41 implies F C Cy41 and consequently F C C), 41 for all n > 1.

Next, we show that C),;1 is closed and convex for all n > 1. For n = 1, it is obvious
that C; = C is closed and convex. Assume that Cj is closed and convex for some k > 1.
Let z,, € Cry1 C Cy with z,, — 2. Since, C} is closed, it follows that z € C}y and
vk — zmll> < |2k — Zm||* + Ox.i- Then, observe that

lywi =217 = llyri = 2m + 2m — 211"
= Ny = zmll® + lzm — 21° + 2 {yri = 2my 20 — 2)
< ok = zmll® + Ok + l2m — 217 + 2 llyes = 2zl 12m — 211 -
Letting m — oo, we have

lyni — 2> < llaw — 21> + 0.

This implies that z € Ciy1. Let z = ax + (1 —a)y for some z,y € Cry1 C Ci and
a € (0,1). Since z € Cy and Cy, is convex, we have ||y ; —a|® < |lok — 2| + 0).; and
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lye: — ylI* < llzx — ylI* + Ok.;. The following estimate:

lyi = 2I° = llges = (az + (1= @) )|

= o (g — @) + (1= ) (g — @)

2 2
allyei = l* + (1= @) e = 9)I* = @ (1 = @) lges — = — (gos — )

2 2 2
o (flox = all* + 0i) + (1= @) (llow = oIl + 0) = (1= ) |y — @]
alleg = 2l* + (1= a) fax =yl + ki = ol = @) |(z — 2) = (@x — 9)]”
o (e = 2) + (1= ) (2 = 9) |2 + O

= g — 2)° + Ors,

IN

IN

implies that Cjy1 is closed and convex. Consequently, C,, is closed and convex for all n > 1.
Hence the sequence {x,} is well defined.

Note that x,41 = Pc,,,, 1, therefore ||z,41 — z1]] < ||#* — 21| for all 2* € Cy41. In
particular, we have ||zp+1 — 21]| < ||Prz1 — 21| . This implies that {z,,} is bounded, so are

{tn,i} and {yn;}. On the other hand, z,, = Pc, 1 and 41 = P, 21 € Cy, we have

0 < {(T1—Zn,Tp — Tnt1)

(1 — Tp, Ty — 21 + 21 — Tpy1)

IN

— o1 = 21 l” + lznsr — @1l [Jzn — 21| -

The above estimate implies that ||z, — z1|| < ||n+1 — 1] - That is, the sequence {||z,, — 1]}
is nondecreasing. This implies that

lim ||, — x1] exists. (3.5)
n—oo
Further, observe that
|l Tny1 — xn”z = ||zpp1 —21 + 21 — xn”Q

= |ang1 — @1 |? + 20 — 1] — 2 (20 — 21, Tng1 — 1)
Znt1 — 21| + |20 — 21]1> = 2 (@0 — @1, Tngs — T + T — 1)

[Zns1 — x1||2 —flzn — 371”2 = 2(Tp, — T1, Tny1 — Tn)

Zng1 — 21> = |20 — 21|

IN

Taking limsup on both sides of the above estimate and utilizing (3.5), we have
limsup,, ., [|#ns1 — 2n||* = 0. That is

nh_)n;o |Znt1 — x| = 0. (3.6)
Since p41 € Cr1, we have ||yn; — Tni1l < ||Zn — Tnt1l| + On i This implies that
lim ||yn; — Tnt1]| =0 for 1 <i < N. (3.7)
n—oo
Utilizing (3.6), (3.7) and the following triangular inequality:

Hyn,i — x|l < ||yn,z = Tpy1|l + |Tng1 — znll

we get

lim ||yn: — 2| =0for 1 <i<N. (3.8)
n—oo
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Now, consider the following estimate

luni =2 = |75 (1=~a; (1-T8) A) 20~ TFp ‘2
< ‘ Ty —VA] (I — TSC::’L) Az, —pH2
< el 49 a7 (1288 ) A 29 (p - 47 (1-78) A )
< Mo = pl* +7? (A = T A, 4,47 (1= T8, ) Asen)
+2v <p -z, A} (I — Tfj) Ai:cn>
< lza —pl* + Ly? <Aixn - TsﬁfiAixmAiazn - TscifiAixn>
+2y <p — n, A (1 - TG) Aixn> (3.9)
= |lxn — pH2 + L2 HAiajn — TscifiAixn ’ + 2~ <p — Tp, A} (I — ng) Aixn> .
Note that

27y <p —xy, A7 (I — Ts(i’b) Aixn>
= 2y <AZ- (p—an), AiTpn — TSCT':’Aan>
= 2 <Ai (p—zn) + (Aixn - TSAMn) - (Aixn - TSZAzxn> S Az, — TS1Azxn>

}

Sni
2}

1 2
< {5 A -7 A - |

G
’Ail’n — Tg"lAll’n

2
= —y HAixn - T,Gi:Aixn

Sn,i

Substituting the above estimate in (3.9), we get

2
ltns = I < llow = pl* +7 (L7 = 1) [ Aswn — TS Ais (3.10)

Note that, the estimates (3.3) and (3.10) imply that

lyma = pI° < i ln = oI + (1= @) {lltns = I + Ao (Jttns = pll) + sin |
—ani (1= ani) l2n — S7 il
< ani fan =PI+ (1= ) un =PI + (1= an) Dokn (ltni = pl) + pn}

< lew ol + (- an) {2 0L - D) Ai2, - 7 A,

2

2 2
< lzn = plI” = 1yni = plI” + Oni

Re-arranging the terms of the above estimate, we have

G; 2
v (1= 9L) || Aizn = TS Az,

< (lzn =l + llyn,i = pll) lzn = ynill + On.i-
Since v (1 — vL) > 0, therefore letting n — oo and utilizing (3.8), we have

2
lim || Az, = TS A || =0 for 1< < N. (3.11)

n—oo
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Since T,fj is firmly nonexpansive, then
F; * G, . F;
TF (1—na; (1-T8) Ai) o —TE p ’
< ;— — A (I =TS ) Az, —
iy un,z D, Tn ’Y 7 Sn,i iLn p
* G; 2

Ty —VA; (I — Tsnfi) Az, —pH
}

Upi — Tp — VA] (I — Tiz) Az,

2
Jumsi = wl* = |

1
= i =PI +|

1
S 2{||un,i_p||2+||$n_p”2_ ’

Up i — Tn — VA (I - TEZ) Az,

}

1 . _ 2
M= 0l + = 1P = (s =l +92 47 (178 A,
—2~ <un7i — Ty, A} (I — Tg’z) Aixn>)}.
This implies that
ltns = < llwn = I = lins = 2all* + 23 (uni — 20, A7 (1= TS",) i)
2 2
< len = plI” = lluni — @l
2 [[uni — x| || A2 (I - TG) Asn (3.12)
Note that
2 2 2
[Yn.i = plI” < anillzn = plI” + (1 = an) lluni = plI™ + On,i- (3.13)
Substituting (3.12) in (3.13) and re-arranging the terms, we get
(1= i) i = @all® < (lzn = pll + i = pl) 20 = yaill
2y llun = wal |47 (1= TE,) Aiwa | + 00
Now, letting n — oo and utilizing (3.8) and (3.11), we have
lim |lup; —p|| =0 for 1 <i < N. (3.14)
n—oo
Utilizing (3.8) and (3.14) and the following triangular inequality:
Yni = nill < |Yni — Tull + |20 — wnll s
we get
lm ||yn,: — wn;l| =0 for 1 <i < N. (3.15)
n—oo
Consider the following variant of the estimate (3.3):
(f72% —p||2 < lzn — p||2 —ani (1= ang) lzn — Sinun,iHZ + On i
Re-arranging the terms of the above estimate and using condition (C1), we have
2
a(1=b) [[n — SPunall” < (lzn — 2l + 1Yni = PI) |20 = ynill + On,i-
Again, letting n — oo and utilizing (3.8), we have
lim ||z, — S]unq||=0for 1 <i<N. (3.16)
n—oo
Similarly, utilizing (3.14) and (3.16) and the following triangular inequality:
l[tni = Si"unall < lluni —znll + 20 = S unll,
we get
lm |Jun,; — SPun || =0for 1 <i<N. (3.17)

n—oo
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Observe that [|yn,; — Znl] = (1 — @n) [|SFUn,; — x|l - Then it follows from condition (C1)
and (3.8) that
lim ||S7un; — zp]| =0 for 1 <4 < N. (3.18)
n—oo
Note that
197" @0 — @4 15 @0 — Si'unill + (|57 tn,i — @l
[2n = wnill + Ann (20 = wnill) + pn + 157 tn i — 2l
[0 = tnill + A (& (Mn) + |20 — wngll M) + pin + 157 Un,i — @] -
Using (3.14) and (3.18), the above estimate implies that

lim ||S]a, —2,]|=0for 1 <i<N. (3.19)

n—oo

IN A IA

Moreover, utilizing the uniform continuity of 5;, the estimate:
lzn — Siznll < llwn — Sit@n| + 15720 — Sizn|l

implies that
lim ||S;z, —2z,]| =0for 1 <i<N. (3.20)
n— oo

Now, we show that w(x,) C F, where w(x,) is the set of all weak w-limits of {z,}. Since
{x,} is bounded, therefore w(z,) # 0. Let ¢ € w(z,,), then there exists a subsequence {z, }
of {x,} such that z,, — ¢. It follows from the estimate of (3.14) that u,;; — ¢. Using
demiclosed principle for .S; (it is evident that x,; — ¢ and lim, HSixnj — Ty, H =0), we
have ¢ € ﬂf;l F(S;). Next, we show that ¢ € O, i.e., ¢ € ﬂivzl EP(F;) and A;q € EP(G;)
for each 1 <4 < N. We first show that ¢ € EP(F1), where F; = F,; for some j > 1. Note
that, for a finite family of equilibrium problems, the indexing Fy; = F,; results from the
modulo function j = 1(mod N) whereas the corresponding term of the infinite sequence
{xn} would then be {z,,}. Similarly, we can have F,,, = F, for some k > 1. From u,, ; =

Tf; . ([ — yA? (I — TSC:L?) AZ) Tp, for all n > 1, we have

* G;
Fi(un, i,y) + <y = Unj iy Uny,i — Tn; — VA; (I - Tsnj,i) Aiwnj> >0, forallyecC.

T’I‘Lj 3

This implies that

1
Fi(un;i,y) + (Y = UnyirUn, i — Tny ) — <y7un7,i,7A§-‘ (Ifo’f .)Aimn7> >0
: i . . . P : i :
From (A2), we have
1 1

<y - unj,i7unj,i - :an> -
rnj,i Tnj7i

<y - unj,iarYAf (I - Tgc,il]l) Aizn,> Z Fl(y7unj,i)7

(3.21)
for all y € C. Since liminf; , 7, ; > 0 (by (C2)), therefore it follows from (3.11) and (3.14)
that

Fi(y,q) <0, forallye C.

Let y; =ty + (1 — t)q for some 0 < ¢ < 1 and y € C. Since g € C, this implies that y; € C.
Using (A1) and (A4), the following estimate:

0= Fi(ye,ye) <tF(ye,y) + (1 =) Fi(ye,q) < tFi(ye,y),
implies that
Fi(y,y) = 0.
Letting t — 0, we have Fi(q,y) > 0 for all y € C. Thus, ¢ € EP(F}). Similarly, we can

show that ¢ € EP(Fy) where F» = F,,, for some k > 1. Therefore, g € ﬂf\il EP(F;). Next,
we show that A;q € EP(G;) for each 1 < ¢ < N. Reasoning as above, we first show that
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Aiq € EP(Gy), where G1 = Gy, for some [ > 1. Since z,,, — ¢ and A; is a bounded linear
operator, therefore A;z,, — A;q for 1 <i < N. Hence, it follows from (3.11) that

TS A, = Aig as j— oo (3.22)

Now, from Lemma 2.4 we have

el (Tsciz,iAixm,z) + <z ~ TG A, TS Aiy, - Aixm> >0, forallzeQ.

. Sng,i
Snl,z ¢

Since (1 is upper semicontinuous in the first argument, therefore taking limsup on both
sides of the above estimate as | — oo and utilizing (C2) and (3.22), we get

G1(4;q,2) >0, forall z€Q.

Hence A;q € EP(G;). Similarly, we can show that A;q € EP(G;) for each 1 < ¢ < N and
consequently ¢ € F. Let = Ppx; and since ||z,+1 — 21| < ||z — x1||, therefore we have

|z =zl < llg— =l
< liminf Hx% — $1H
Jj—o0
< limsup ||xn] — ac1||
j—oo
< e —a.
This implies that
lim me — a:lH =g — x1]| .
Jj—oo

Hence z,,;, — q = Prz1. From the arbitrariness of the subsequence {xn]} of {z,}, we con-
clude that z,, — x as n — oo. It is easy to see that y,, ; = = and u, ; — x. This completes
the proof. O

If T; - in iteration (3.1) - is a finite family of nonexpansive mappings, then we have
the following result:

Corollary 3.2. Let H; and Hy be two real Hilbert spaces and let C' C H; and Q C
H, be nonempty closed convex subsets of Hilbert spaces H; and Hs, respectively. Let
F, : CxC — Rand G; : Q@ X Q@ — R be two finite families of bifunctions satisfying
Lemma 2.3 such that G; be upper semicontinuous for each ¢ € {1,2,3,--- ,N}. Let S; :
C — C be a finite family of nonexpansive mappings and let A; : H; — Hs be a finite

family of bounded linear operators. Suppose that F := [ﬂil F(Sl)} NO # (0, where

0= {z €eC:ze ﬂf\il EP(F;) and A;z € EP(G;) for 1 <i < N} . Let {z,,} be a sequence
generated by:

r1€Cy = C,
U = TF (1 YA (1 — TG) Ai) T,
Yn,i = Qn iTn + (1 - an,i) Siun,i; (323)

Coir = {2 € Co s — 212 < o — 21 + 6.}

Tny1 = Po, 71, 121,
where 0, ; = (1 — an ) {\&n(My,) + Mo M Dy, + i} with D, = sup{||z, —p| :p €F}.
Let {ryn;},{sn,i} be two positive real sequences and let {a,;} be in (0,1). Let v € (0, 1),
where L = max {L;y, Lo,--- , Ly} and L; is the spectral radius of the operator AfA; and A}
is the adjoint of A; for each i € {1,2,3,--- , N}. Assume that if following set of conditions
holds:

(Cly:0<a<a,;<b<l
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(C2): hm 1nf Tn,; > 0 and liminf s, ; > 0;
n— oo

then the sequence {z,} generated by (3.23) converges strongly to z = Prx;.

In order to solve the classical equilibrium problem together with the fixed point prob-
lem, we prove the following result:

Theorem 3.3. Let H; and Hs be two real Hilbert spaces and let C C Hy and Q C H»
be nonempty closed convex subsets of Hilbert spaces Hy and Hs, respectively. Let F;: C' X
C — Rand G; : Q x @ — R be two finite families of bifunctions satisfying Lemma 2.3 such
that G; be upper semicontinuous for each i € {1,2,3,--- ,N}. Let S; : C — C be a finite
family of uniformly continuous total asymptotically nonexpansive mappings and let A; :

H, — H, be a finite family of bounded linear operators. Suppose that F := [ﬂfil F(Si)} n

O # (), where © = {z cC:zc¢c ﬂivzl EP(F;) and A;z € EP(G;) for 1 <i < N} . Let {z,}
be a sequence generated by:

1€ Cy =0C,

g =T (1747 (1-TS ) A) wn,

Yni = O iZn + (1 — i) SPUp 4, (3.24)
Crst = {2 € Cu 1y = 2112 < llan = 21 + 0 }

Tny1 = Po, 71, n2>1,

where 0, ; = (1 — an ) {\&n(My,) + Mo M Dy, + i} with D, = sup{||z, —p| :p €F}.
Let {ryn;},{sn,i} be two positive real sequences and let {a,;} be in (0,1). Let v € (0, 1),
where L = max {Ljy, Lo, -+, Ly} and L; is the spectral radius of the operator AfA; and A}
is the adjoint of A; for each i € {1,2,3,---, N}. Assume that the following set of conditions
holds:

0<a<a,,<b<l;
C2): liminfr, ; > 0 and liminf s, ; > 0;

):

’I’L*)OO TL*)OO

C3 ka<ooand ngm<oo
n=1

C4): there exist constants M“ M7 > 0 such that & (A;) < M Nfor all \; > M;,i =
1,2,3,..., N, then the sequence {z,} generated by (3.24) converges strongly to x = Pra.

Proof. Set Hy = Ho, C' = Q and A = I(the identity mapping) then the desired result
then follows from Theorem 3.1 immediately. O

Remark 3.4. It is worth mentioning that the proof of Theorem 3.1 can also be
adopted to solve:

(i): split variational inequality problem (SVIP) introduced by Censor et al.[8] by
setting F;(x,y) = (fi(z),y — x) for all z,y € C and G;(u,v) = (g;i(u),v — u) for all u,v € Q
where f; and g; are - and ¥-inverse-strongly monotone mappings, respectively,

(ii): split optimization problem by setting F;(z,y) = fi(x) — fi(y) for all z,y € C and
Gi(u,v) = gi(u) — g;(v) for all u,v € Q where f; : C — R and ¢; : Q@ — R are two functions
satisfying:

(a): fitx+ (1 —1t)y) < fily) for all z,y € C and g¢; (tu+ (1 —t)v) < f;(v) for all
u,v € Q,

(b): fi(x) is concave and upper semicontinuous for all z € C' and g¢;(u) is concave and
upper semicontinuous for all u € Q.

(
(
(
(
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