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THE COMMUTATOR OF TWO WEAKLY DECOMPOSABLE
OPERATORS

Mariana ZAMFIR!, Cristina SERBANESCU?

In this paper some results obtained by Colojoard and Foias in [8] con-
cerning the asymptotic behavior of the commutator of two decomposable operators are
extended to weakly decomposable operators.
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1. Introduction

In the following section, we survey very briefly several definitions and notations from
the local spectral theory for bounded linear operators on Banach spaces, that led to the
notions of decomposability and weakly decomposability, respectively. We hope that this
short overview will be further useful even for the less experienced reader.

Throughout the paper, let C be the complex plane, and let B(X) denote the Banach
algebra of all linear bounded operators on a complex Banach space X. Given an arbitrary
operator T' € B(X) and I the identity operator on X, we use the following notations ([10],
[13)):

p(T) ={A € C;A\I — T is inversable in B(X} the resolvent set of T}
o(T) = C\ p(T) the spectrum of T}
R, T) = (M —T)~1, for A € p(T), the resolvent function of T.

As usual, for T € B(X) and Y a subspace of X (Y meaning a linear closed manifold
of X), invariant to T, the restriction of T to Y is denoted by T|Y. A subspace Y of X is
called spectral maximal space of T € B(X) if Y is invariant to T and if Z C Y, for any other
subspace Z of X invariant to T such that o(T|Z) C o(T|Y) ([9]).

Following Dunford and Schwartz ([10]), an operator T' € B(X) has the single-valued
extension property if, for every open set D C C, the only analytic function f : D — X
verifying the equation (Al — T)f(A) =0, for all A € D, is f(\) =0.

For T € B(X) having the single-valued extension property and for € X, pr(z) is
called the local resolvent set of T at the point x and it is defined as the set of all elements
& € C for which there is an X-valued analytic function A — z7(A) on an open neighborhood
of &, satisfying the equation (A — Tz (A) = z. Obviously, the local analytic solution x7(-)
is unique, pr(x) is open and p(T') C pr(z). The local spectrum of T at x is the closed set
defined as or(z) = C\ pr(x) and the local spectral subspaces of T are

Xr(F) = {JI € X;or(x) C F}, for all F' C C arbitrary.
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2. Preliminaries

Definition 2.1. ([9]) An operator T' € B(X) is said to be weakly decomposa-ble if the
following conditions are fulfilled:

(1) T has the single-valued extension property and the local spectral space Xp(F) is
closed, for any F' C C closed;

(2) for every finite open covering {G;}; of the spectrum o(T), there is a system {Y;}7
of spectral maximal spaces of T' such that:

(i) o(TY;) C G4, 1 < i <mj

(i) X = ZY
=1

Under the assumption that 7' satisfies only the condition (2) for which the assertion (ii) is

replaced by X = Z Y;, then T is called decomposable (]9]).

i=1
Weakly contractions (see [9], Chap. VIII) and adjoints of decomposable operators (see [3])
can be presented as a very natural examples of weakly decomposable operators.

Remark 2.1. If T € B(X) is a weakly decomposable operator, then the following properties
hold:

1) Xr(F) is spectral maximal space of T', for any F' C C closed and
o(T|Xr(F)) Cc FNo(T)
2) any spectral maximal space Y of T' can be viewed as
Y = Xp(o(TIY)).
(see [9], Proposition 1.3.8. and Theorem II.1.5.).

Lemma 2.1. ([17]) Let T € B(X) be weakly decomposable. If there is no spectral mazimal
space Y # {0} of T such that o(T|Y) C D, where D C C is an open fized set, then

Dno(T)=0.

Lemma 2.2. ([17]) An operator T € B(X) is weakly decomposable if and only if the fol-
lowing assertions hold true:

(a) T has the single-valued extension property and X (F) is closed, for any F C C closed;
(b) for any finite open covering {G;}*_, of o(T), the set Z of all x € X, with x =
X1+ Ta+ -+, or(x;) C Gy 1 <i<n,is dense in X.

Definition 2.2. ([8]) Let X, Y be two Banach spaces. For the operators S € B(X) and
T € B(Y), the commutator of T and S is the operator
O(T,8) : B(X,Y) — B(X,Y)
given by the equality
C(T,S)(A)=TA— AS, where A€ B(X,Y).
Evidently, C(T, S) is a linear bounded operator, hence C(T,S) € B(B(X,Y)).
Remark 2.2. ([8]) It is clear that, for every A € B(X,Y) we have
n
n _ E (T pn—k 4 gk
C™(T, S)(A) _;(_1) (k)T AS*, n>1, and
C™HU(T, S)(A) = TC™(T, 8)(A) — C™(T, S)(A)S.
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3. The commutator of two weakly decomposable operators

Lemma 3.1. Let S € B(X), T € B(Y) be two operators having the single-valued extension
property, and let C(T,S) € B(B(X,Y)) be their commutator. If A(§) : D — B(X,Y) is an
analytic operatorial function (where D C C open) which satisfies the equality
(&I = C(T,59))A(¢) =0, (1)
then
A)Xs(F)CYr(E+ F), for FCC.

Proof. The equality (1) can be written
EA(E) —TA(S) + A(§)S = 0.
Let € X and let A € pg(z); then
(M = S)xg(A) ==, or
Szs(A) = Azg(N) — x,

hence

§A( zs(N) = TA(Ezs(A) + A(§)Szs(A) =0,

[(€+ NI = T]A( )zs () = A(§)=. (2)
From relation (2), if z € Xg(F) (and thus CF C pg(x)), it results that & + \ €
pr(A(€)x) or, equivalently,
or(A(€)z) C L{E + ps(a)} = € + as(2).
Consequently, if x € Xg(F'), then or(A(§)x) C £ + F and so that
A(§)Xs(F) C Yr(F +¢).
]

Theorem 3.1. Let S € B(X), T € B(Y) be two weakly decomposable operators. Then their
commutator C(T,S) € B(B(X,Y)) has the single-valued extension property.

Proof. Let D C C be an open set and A(£) an analytic operatorial function in D such that
(61 — C(T, §))A(€) = 0.

One can prove that A(§) = 0. Let us consider in D two disjoint disks, namely d; and
02, with the distance between them sufficiently big and having the radii sufficiently small.
We put F; = U (€4 o0s(x)), j =1,2. If z € X has the local spectrum og(z) sufficiently

£€d;
small, then F; N F, = (. From Lemma 3.1, it results that
Az € Yr(Fy),

for any £ € §;, j = 1,2. But A({)x is an analytic function in D, hence by analytic extension
we have A(§)x € Yr(F;), j = 1,2, for any € € D (because Y (Fj;) is closed, i.e. it is Banach
space).

Therefore

A(§)$ S YT(Fl) n YT(FQ) = YT(Fl n Fg) = YT((D),

hence A(§)xz =0, for any £ € D.

On the other hand, because S is weakly decomposable, according to Lemma 2.2, the
set of those elements z € X of the form x = z; +z2 + -+ + 2., Where 21,22, ..., 2, have
the local spectra containing in disks with radii smaller than any € > 0, is dense in X.



16 Mariana ZAMFIR, Cristina SERBANESCU

For any x € X written as above, we have

Az =) A =0 (£€ D),
i=1
hence A(§) = 0 on a set dense in X. The operators A({) being continuous for any £ € D, it
results that A(¢) = 0; therefore C(T, S) has the single-valued extension property. O

Corollary 3.1. Let T € B(X) be a decomposable operator, let T* € B(X*) and T** €
B(X**) be the adjoint operator of T on the topological dual space X*, respectively the second
adjoint of T on the second dual space X**. Then the commutators C(T,T*), C(T,T**),
C(T*,T**) etc. have the single-valued extension property.

Corollary 3.2. If S € B(X) and T € B(Y) are two decomposable operators, then the com-
mutators C(T*,S8*), C(T**,S**), C(T*,S**) etc. have the single-valued extension property.

Corollary 3.3. Let H be a Hilbert space and let S, T € B(H) be two weakly contractions.
Then the commutators C(T,S), C(T*,S*) have the single-valued extension property.

Theorem 3.2. Let S € B(X) be decomposable, let T € B(Y) be weakly decomposable, and
let A€ B(X,Y). Then the following properties are equivalent:

(1) AXg(F) CYp(F), for any F C C closed;
1
(@) lim (T, S)(A)* =o.

Proof. (1) = (2). Let ¢ > 0 be sufficiently small and let us consider {G;};=, a finite open

covering of o(S), with diam(G;) < €, where diam(G;) = sup |\ — p| is the diameter of
A, BEG;

G;. Tt follows from the decomposability of the operator S (see the last part of Definition

2.1) that there is a system {X;}72, of spectral maximal spaces of S with the properties:

o(S|X;)) CGi, 1<i<n: and X =) X;.
i=1
We have X; = Xg(0(S]X;)) ([9]) and let us denote ¥; = Yr(o(S|X;)), 1 <i<n.. T
being weakly decomposable, from Remark 2.1, the spaces Y; are spectral maximal spaces of
T and o(T|Y;) C (S| X;) C Gy, 1 < i < ne.
Furthermore, for A\; € G;, we denote the operators S; = (S — \I)|X; and T; =
(T — NI)|Y;. Evidently, S; € B(X;) and T; € B(Y;), 1 <i < ne..
From the ”theorem of spectral mapping” (see [10], Theorem 11, VII, §3), we deduce

that
O’(SZ) = {)\ — )\i;/\ (S O'(S|Xz)} C {)\ — )\i;>\ S Gz} C {)\, |)\| < 6}
hence N
lim ||S7||m = sup [N\ <e (1<i<n).
n—oo A€o (S|X,)

From the last relation, there is a constant M. > 0 such that
|SH| < e"M., for every n>0 and 1<i<n,. (3)

Using the same argument as above, because o(T'|Y;) C G;, there is a constant M > 0
such that
||| <e"M”, for every n >0 and 1<i<n,. (4)

Ne
The linear application X1 @ Xo® ... 8 X,,. 221 D22 ® ... D2, — le € X being

i=1
continuous and surjective, from the theorem of closed graph, we may deduce that there is a
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constant M > 0 such that for every x € X, thereis 1 ®z2®-- - P, € X1 X0®--- B X,
with z = Z x; and

=1
]l + llz2ll + - - + [z || < Mllz]. ()

According to Remark 2.2, one can easily observe that

n

n T = _1\E (T —\)E N =
C™(T, S)(A) ;( 1) (k> (T — NI)"FA(S — N 1) -

for every 1 < i < n., with \; € G;.
If we apply the relations (2)-(6), it follows that

ZC” (T, S)( ZC” T;, Si)(
Zi ( )T” FASFx;|| <

1C™(T, S)(A)|

=1 k=0
Ne n
<25 () - i o <
1=1 k=0
VBV (’;) ekek) | =
1=1 k=0
=M M- Al lelel < M. - (20)" o]

where M, = M. - M! - M - ||A||; consequently
IC™(T, S) (A < M - (2¢)" (n = 1),

1
i.e. limsup ||C™(T, S)(A)||» < 2e. Since & > 0 is arbitrary, it results that

n—oo

1
lim [[C™(T, S)(4)]# = 0.
(2) = (1). Let us suppose that z € Xg(F), F C C closed. Then (AI — S)zg(\) = z,

- T,
X € ps(z). Putting yr(\) = Z( )k%ﬂgm(}\), then from Remark 2.2 we obtain
(M —Tyr(A) = AN — S)a_cs()\) = Az. We proved that op(Az) C og(x); accordingly
Az € Yr(F). O

Corollary 3.4. Let T € B(X) be decomposable and let A € B(X,X*). Then the following
assertions are equivalent:

(1) AXp(F) C X5 (F), for any F C C closed;
1
(2) lim [T, T)(A)|% =0.
Proof. These equivalences can be directly obtained by using Theorem 3.2 for the Banach

spaces X and Y = X*, and for the operators S =71 and T = T, because if T" is decompos-
able, then T* is weakly decomposable. O

Corollary 3.5. Let S,T € B(X) such that S is decomposable and T is weakly decomposable.
If the following two assertions hold:
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1) TS =ST
2) Xs(F) C Xr(F), for any F C C closed,
then T 1is decomposable.

Proof. If the conditions 1) and 2) are fulfilled, then by Theorem 3.2 for A = I € B(X), it
follows that

" — lim H(S—T)W

n— oo

1
n
:0’

1
lim [|C"™(T, S)(I)|[+ = lim H(T—S)W

n— oo

where (T — S)I" = z:(—l)]~C (Z) T"=*Sk; therefore T and S are spectral equivalent (see
k=0

[9], Definition 1.2.1). Since S is decomposable, from [9], Theorem I1.2.1, we obtain that T

is decomposable. O

4. Conclusions

This work generalizes properties of decomposable operators for weakly decomposable
operators and it is a sequel of the articles [15] and [17]. These results can be used in the the-
ory of differential equations and fractal theory through this generalization of decomposable
operators.
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