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I-STATISTICAL CONVERGENCE IN PROBABILISTIC 
NORMED SPACES 

 
Ekrem SAVAŞ1, Mehmet GÜRDAL2 

In this paper, we introduce a new type of summability notion, namely, I -
statistical convergence and I -lacunary statistical convergence for double 
sequences in probabilistic normed space, which is a natural generalization of the 
notion of natural density, statistical convergence and lacunary statistical 
convergence using the notion of ideals of the set of positive integers .N  In this 
context, we investigate their relationship, and make some observations about these 
classes using the tools of probabilistic normed space. 
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1. Introduction 

The idea of convergence of a real sequence had been extended to statistical 
convergence by Fast [4] and other authors independently as follows: A real 
number sequence   N kkxx  is said to be statistically convergent to L  if for 

every ,0     .0:   Lxk kN  Our aim is to propose some new 

variants of statistical convergence for double sequences in probabilistic normed 
space. We put special emphasis on certain summability methods in probabilistic 
normed space, in a sense extending original ideas of Das et al. [3] and Savaş and 
Das [14]. In particular, we obtain a new type of summability notion, namely, I-
statistical convergence and I-lacunary statistical convergence for double 
sequences in probabilistic normed space, which is a natural generalization of the 
notion of natural density, statistical convergence and lacunary statistical 
convergence using the notion of ideals of the set of positive integers .N   

Motivated by a result of Salat [13] and Fridy [5] about statistically 
convergent sequences, the authors of [7] also defined so called I-convergence 
using the notion of ideals of N  with many interesting consequences. More 
investigations in this direction and more applications of ideals of N  can be found 
in [2, 11, 16, 17] where many important references can be found. 
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In [6], the relation between lacunary statistical convergence and statistical 
convergence was established, among other things. Recently, in [9], Mohiuddine 
and Savaş extended the idea of lacunary statistically convergent double sequences 
with respect to the probabilistic normed space. More results on this convergence 
can be found in [8]. 

As for the theory of probabilistic normed (PN) spaces, it was first 
introduced by Śerstnev [19] by means of a definition that was closely modelled on 
the theory of normed spaces. PN spaces are the vector spaces in which the norms 
of the vectors are uncertain due to randomness. In a PN space, the norms of the 
vectors are represented by probability distribution functions instead of non-
negative real numbers. If x  is an element of a PN space, then its norm is denoted 
by xF , and the value )(tFx  is interpreted as the probability that the norm of x  is 

smaller than t . Quite recently, this subject was studied by various authors, see [1, 
15]. We refer to [18] for more details. 

In 1900, Pringsheim [12] introduced the notion of convergence of double 
sequences as follows: A double sequence  jkxx   is said to converge to the limit 

L  in Pringsheim's sense if for every 0  there exists an integer N  such that 

 Lx jk  whenever ., Nkj   This concept was extended to I-convergence of 

double sequences by B.C. Tripathy in [20] as follows: Let 2I  be an ideal of 

 .NNP  Then a double sequence  jkx  is said to be I-convergent to L  in 

Pringsheim's sense if for every ,0   

   .:, 2I Lxkj jkNN  

Recently in [16] we used ideals to introduce the concept of I-statistical 
convergence which naturally extends the notion of statistical convergence and 
studied some basic properties of this more general convergence. 

As a natural consequence, in this note, we continue our investigation of I-
statistical convergence and introduce the notion of I-statistical convergence and 

2I -lacunary statistical convergence for double sequences with respect to the 
probabilistic norm F  in line of [3]. We mainly try to establish the relation 
between these two summability notions. 
 

2. I-Statistical convergence and I-Lacunary statistical convergence 
on PN space 

 
In this section we deal with the ideal statistical convergence and ideal 

lacunary statistical convergence on the probabilistic normed spaces. 
The authors of [3] and [14] defined so called I-statistical convergence 

using the notion of ideals of N  with many interesting consequences. 
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Definition 1. A sequence   N kkxx  is said to be I-statistically convergent to L  

or  IS -convergent to L  if, for each 0  and ,0  

  I






  Lxnk

n
n k:

1
:N  

or equivalently if for each 0   
      ,0lim   AA n‐II  

where      LxnkA k:  and      .n

A
n A    

In this case we write   ISLxk  . The class of all I-statistically 

convergent sequences will be denoted simply by  .IS  Let fI  be the family of all 

finite subsets of N . Then fI  is an admissible ideal in N  and I-statistically 

convergent is the statistical convergence. 
By a double lacunary sequence   ,, srrs lk  we mean there exists two 

lacunary sequences  rr k  and  .ss l  Let ,1 rrr kkh  ,
1


r

r

k
k

rq  

 ,,1 rrr kkI   ,1 sss llh  ,
1


s

s

l
l

sq   ,,1 sss llI   ,srrs lkk   ,srrs hhh   

srrs qqq   and the interval determined by rs  is denoted by  

  .,:, 11 ssrrrs ljlkikjiI      

We now ready to obtain our main definitions and results. 
 
Definition 2. Let ),,( FX  be a PN space. Then, a sequence  ijxx   is said to be 

I-statistically convergent to XL  with respect to the probabilistic norm F  if, 
for each  1,0 , 0t  and ,0  

     .1;:,
1

:, 2IF 






  tLxnjmi

mn
nm ijNN  

In this case we write   2I
F

PN
ij SLx  . 

 
Definition 3. Let ),,( FX  be a PN space. and rs  be a double lacunary sequence. 

A sequence  ijxx   is said to be I-lacunary statistically convergent to XL  

with respect to the probabilistic norm F  if, for any  1,0 , 0t  and ,0   

       .1;:,
1

:, 2IF 








 tLxIji
h

sr ijrs
rs

NN  
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In this case, we write   .2I
F

PN

rs
SLxij   The class of all I-lacunary statistically 

convergent double sequences will be denoted by  .2IPN

rs
S  

In the following, we investigate the relationship between I-statistical and 
I-lacunary statistical convergence with respect to the probabilistic norm F . 
However, to prove Theorem 2  which describes the above mentioned relation we 
will need the following result, which gives an alternative characterization of I-
lacunary statistical convergence of bounded real double sequences similar to the 
characterization of lacunary statistical convergence given in [6]. 
 
Definition 4. Let ),,( FX  be a PN space and rs  be a double lacunary sequence. 

Then  ijxx   is said to be  2IPN

rs
N -convergent to XL  with respect to the 

probabilistic norm F  if, for any  1,0 , 0t  and ,0   

 
 

  .1,
1

:, 2
,

IF 












 


tLx
h

sr ij
Ijirs rs

NN  

This convergence is denoted by   2IPN

rs
NLxij  , and the class of such sequences 

will be denoted simply by  .2IPN

rs
N  

 
Theorem 1. Let ),,( FX  be a PN space and   srrs lk ,  be a double lacunary 

sequence. Then 
 i   a       22 II PN

rs

PN

rs
SLxNLx ijij   , and 

       b   2IPN

rs
N  is a proper subset of  .2IPN

rs
S  

 ii  2
 lxij  and      22 II PN

rs

PN

rs
NLxSLx ijij   , 

 iii      .2
2

2
2   lNlS PN

rs

PN

rs
II   

Proof.  i   a  If  1,0  and   2IPN

rs
NLxij  , we can write  

 
 

   
 

    





 


1,:,
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1,,,,

tLxIji

tLxtLx

ijrs

ij
tLxIji

ij
Iji ijrsrs

F

FF
F  

and so  

 
      .1,:,

1
,

1

,







tLxIji
h

tLx
h ijrs

rs
ij

Ijirs rs

FF  

Then, for any 0  and 0t  
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      
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This proves the result. 
 b  In order to establish that the inclusion    22 II PN

rs

PN

rs
SN    is proper, let rs  be 

given, and define ijx  to be  rsh,...,2,1  for the first  rsh  integers in rsI  and 

0ijx  otherwise, for all ,...2,1, sr . Then, for any  1,0  and 0t  

      
,1,0:,

1

rs

rs
ijrs

rs h

h
txIji

h
 F  

and for any 0  we get 
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Since the set on the right-hand side is a finite set and so belongs to  2I  , it follows 

that    .0 2IPN

rs
Sxij    

On the other hand,  
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which belongs to  IF , since I  is admissible. So   .0 2IPN

rs
Nxij    

 ii  Suppose that   2IPN

rs
SLxij   and 2

 lx . Then there exists an 0M  such 

that   MtLxij  1,F    NN ji, . Given  1,0 , we have  
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 
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Consequently, we get 
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This proves the result. 
 iii  Follows from  i  and  .ii  
 
Theorem 2. For any lacunary sequence rs , I-statistical convergence with 

respect to the probabilistic norm F  implies I-lacunary statistical convergence 
with respect to the probabilistic norm F  if and only if 1inflim rr q  and 

1inflim ss q . If 1inflim rr q  and ,1inflim ss q  then there exists a bounded 

double sequence  ijxx   which is I-statistically convergent but not I-lacunary 

statistically convergent. 

Proof. Suppose first that 1inflim rr q  and 1inflim ss q . Then there exists 

0  such that 1rq  and 1sq  for sufficiently large sr, , which 
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.
1





sr

rs

lk

h
 

Since   2IPN
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Then, for any 0 , we get  
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      

       .
1

1,:,
1

:,

1,:,
1

:,

2IF

F




























tLxljki
k

sr

tLxIji
h

sr

ijsr
r

ijrs
rs

NN

NN

 

This proves the sufficiency. 

Conversely, suppose that 1inflim rr q  and .1inflim ss q  Proceeding as in ,1[  

p. ]510 , we can select a subsequence  
prk  and  

qsl  such that  

.2,2,
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1 11

11

11 11

 


 

qqpp
sr

sr

sr

sr
ssrrpq

lk

lk

pqlk

lk

qp

qp

qp

qp   where  and   
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Then, for any real L ,  
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Then it is quite clear that x  does not belong to  2IPN

rs
N . Since x  is bounded, 

Theorem 2   iii  implies that   2IPN

rs
SLx  . 

Next, let .11 1 


jj rr knk  Then, from Theorem 1.2  in [4], we can write  
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
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
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Hence  ijx  is I-statistically convergent with respect to the probabilistic norm F  

for any admissible ideal .I  
It is known that [6] lacunary statistical convergence with respect to the 

probabilistic norm F  implies statistical convergence with respect to the 

probabilistic norm F  if and only if rr qsuplim  and ss qsuplim  (i.e., 

when finII   is the ideal of finite subsets of N ). However, for arbitrary 

admissible ideal I , this is not clear, and we leave it as an open problem. 
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Problem 1. When does I-lacunary statistical convergence with respect to the 
probabilistic norm F  imply I-statistical convergence with respect to the 
probabilistic norm F ? 

Now, before stating an important result for the relationship between the 
concepts I-statistical convergence and I-lacunary statistical convergence with 
respect to the probabilistic norm ,F  we introduce the notions of I-convergence 

and I -convergence, by using the condition (AP).  
 
Definition 5. ([10]) An admissible ideal  NN P2I  is said to satisfy the 

condition (AP) if for every sequence  
NnnA  of pairwise disjoint sets from 2I  

there are sets NnB , Nn , such that the symmetric difference nn BA   is a finite 

set for every n  and .2I  nn BN  

It was observed in [7, 10] that, for a sequence  jkx , I-convergence is 

equivalent to I -convergence iff the ideal I  satisfies the condition (AP). 
 
Theorem 3. Let I  be an admissible ideal satisfying condition (AP), and let 

 IFrs  . If    22 II PN

rs
SSx PN

ij  , then  2IPNS -  2lim IPN

rs
Sx  -limx.  

 

Proof. Suppose that  2IPNS - Lx lim ,  2IPN
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S -


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

 LL  Let 

.0 2
1



 LL  Since I  satisfies the condition (AP), there exists   IFM   (i.e., 

IM\N ) such that  

    ,01,:,
1

lim
,




tLxnjmi
nm ijsr

sr
sr

F  

where   .,...2,1,:,  srnmM sr  Let  

   1,:, tLxnjmiA ijsr F  

and  

  .1,:, 


tLxnjmiB ijsr F  

Then .BABAnm sr   This implies that  

.1
srsr nm

B

nm

A
  

Since 1
sr nm

B  and 0lim
,


 srnm

A

sr
, so we must have .1lim

,


 sr nm

B

sr
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Let  .,...2,1,:, IFttlkM rs
t

t








 











   Then the 







t

t
lk  ,  th 

term of the statistical limit expression   


1,:,1 tLxnjmi ijsrnm sr
F  is  

    ,
1

1,:,
1

,

1,
,

1,

,

1,
rsrs

sr

rs
sr

ijrs
sr

ht

h

tLxIji
lk

t
t

t
t

t
t

t
t











 



























F                      (2.1) 

where      01,:,1
I

F 
 tLxIjiht ijrsrsrs  because   2IPN

rs
SLxij 



 . 

Since rs  is a double lacunary sequence,  1.2  is a regular weighted mean 

transform of rst 's, and therefore it is also I-convergent to zero as 


tt, , and 

so it has a subsequence which is convergent to zero since I  satisfies condition 
(AP). But since this is a subsequence of  

  
 

,1,:1,1
1

, Mnm
ij tLxnjmi

mn 





 



F  

we infer that    
  Mnm

ijmn tLxnjmi





,

1 1,:1,1 F  is not convergent 

to 1, which is a contradiction. This completes the proof of the theorem. 
It can be checked as in the case of statistically and lacunary statistically 

convergent double sequences that both  2IPNS  and  2IPN

rs
S  are linear subspaces 

of the space of real sequences. 

Theorem 4. Let ),,( FX  be a PN space.   2
2  lS PN

rs
I  is a closed subset of 2

l  

where 2
l  stands for the space of all bounded double sequences of probabilistic 

norm F . 

Proof. The proof readily follows from Theorem 1 of [16]. This theorem 
establishes the topological character of the space  2IPN

rs
S . 

3. Conclusions 

In this paper, we introduce a new type of summability notion, namely, I -
statistical convergence and I -lacunary statistical convergence for double 
sequences in probabilistic normed space, which is a natural generalization of the 
notion of natural density, statistical convergence and lacunary statistical 
convergence using the notion of ideals of the set of positive integers .N  In this 
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context, we investigate their relationship, and make some observations about these 
classes using the tools of probabilistic normed space. 
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