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   In this paper, by generalizing the frame potential to the 𝑔𝑔-frame, we 
introduce the 𝑔𝑔 -frame potential and investigate some of its properties. We also 
generalize the Welch inequality to the 𝑔𝑔-frames. 
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 1. Introduction 
 
   The frames for Hilbert spaces were introduced by Duffin and Schaeffer [6] in 
1952 . In 2006 , 𝑔𝑔 -frame as a generalization of frame was introduced and 
investigated by Sun [11]. In 2003, Benedeto and Fickus introduced an important 
tool in the frame theory so called the frame potential [1]. This gave a geometric 
interpretation for the tight frames which resulted in the field including a physical 
interpretation for the tight frames along the lines of Coulomb’s law in Physics [1], 
[5]. 
  Throughout this paper, 𝐻𝐻 is a complex 𝑁𝑁-dimensional Hilbert space and {𝐻𝐻𝑗𝑗}𝑗𝑗∈𝕁𝕁 
is a finite sequence of Hilbert spaces, where 𝕁𝕁 is a finite subset of natural numbers 
ℕ . We denote the space of all bounded linear operators from 𝐻𝐻  into 𝐻𝐻𝑗𝑗  by 
𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗). 

  
Definition 1.1. A sequence of operators 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} is called a 
𝑔𝑔-frame for 𝐻𝐻 with respect to {𝐻𝐻𝑗𝑗}𝑗𝑗∈𝕁𝕁 if there exist two constants 0 < 𝐴𝐴𝛬𝛬 ≤
𝐵𝐵𝛬𝛬 < ∞, such that  

 𝐴𝐴Λ||𝑓𝑓||2 ≤ ∑𝑗𝑗∈𝕁𝕁 ||Λ𝑗𝑗𝑓𝑓||2 ≤ 𝐵𝐵Λ||𝑓𝑓||2,    𝑓𝑓 ∈ 𝐻𝐻,      (1.1) 
 𝐴𝐴Λ and 𝐵𝐵Λ are called the lower and upper 𝑔𝑔-frame bounds, respectively. 
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We call Λ a tight 𝑔𝑔-frame if 𝐴𝐴Λ = 𝐵𝐵Λ and a Parseval 𝑔𝑔-frame if 𝐴𝐴Λ = 𝐵𝐵Λ = 1. If 
the right hand inequality of (1.1) holds for all 𝑓𝑓 ∈ 𝐻𝐻 then we say that Λ is a 𝑔𝑔-
Bessel sequence. Let us consider the space  

𝐻𝐻� = {{𝑓𝑓𝑗𝑗}𝑗𝑗∈𝕁𝕁: 𝑓𝑓𝑗𝑗 ∈ 𝐻𝐻𝑗𝑗 , 𝑗𝑗 ∈ 𝕁𝕁} 
with the inner product given by 〈{𝑓𝑓𝑗𝑗}𝑗𝑗∈𝕁𝕁, {𝑔𝑔𝑗𝑗}𝑗𝑗∈𝕁𝕁〉 = ∑𝑗𝑗∈𝕁𝕁 〈𝑓𝑓𝑗𝑗 ,𝑔𝑔𝑗𝑗〉. It is easy to show 
that 𝐻𝐻� is a Hilbert space with respect to the pointwise operations. It is proved in 
[9], if Λ is a 𝑔𝑔-Bessel sequence for 𝐻𝐻 then the operator that  

 𝑇𝑇Λ:𝐻𝐻� → 𝐻𝐻,    𝑇𝑇Λ({𝑓𝑓𝑗𝑗}𝑗𝑗∈𝕁𝕁) = ∑𝑗𝑗∈𝕁𝕁 Λ𝑗𝑗∗�𝑓𝑓𝑗𝑗�          (1.2) 
 is well defined and bounded and its adjoint is  

  𝑇𝑇Λ∗:𝐻𝐻 → 𝐻𝐻�,    𝑇𝑇Λ∗𝑓𝑓 = {Λ𝑗𝑗𝑓𝑓}𝑗𝑗∈𝕁𝕁. 
 Also, a sequence Λ is a 𝑔𝑔-frame for 𝐻𝐻 if and only if the operator 𝑇𝑇Λ defined by 
(1.2) is bounded and onto. We call the operators 𝑇𝑇Λ  and 𝑇𝑇Λ∗ , the synthesis and 
analysis operators of Λ, respectively. If Λ is a 𝑔𝑔-frame for 𝐻𝐻 then  

 𝑆𝑆Λ:𝐻𝐻 → 𝐻𝐻,    𝑆𝑆Λ𝑓𝑓 = ∑𝑗𝑗∈𝕁𝕁 Λ𝑗𝑗∗Λ𝑗𝑗𝑓𝑓, 
 is a bounded invertible positive operator [11]. 𝑆𝑆Λ is called the 𝑔𝑔-frame operator 
of Λ.  

 
Definition 1.2. [8] Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} and 𝛤𝛤 = {𝛤𝛤𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈
𝕁𝕁} be 𝑔𝑔-Bessel sequences for 𝐻𝐻 with respect to {𝐻𝐻𝑗𝑗}𝑗𝑗∈𝕁𝕁. 𝛤𝛤 is called a dual of 𝛬𝛬 
if  

𝑓𝑓 = �
𝑗𝑗∈𝕁𝕁

Λ𝑗𝑗∗Γ𝑗𝑗𝑓𝑓,    𝑓𝑓 ∈ 𝐻𝐻. 

 Let Λ = {Λ𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be a 𝑔𝑔-frame for 𝐻𝐻 and 𝛬̃𝛬𝑗𝑗 = Λ𝑗𝑗𝑆𝑆Λ−1 for all 𝑗𝑗 ∈
𝕁𝕁. Then 𝛬̃𝛬 = �𝛬̃𝛬𝑗𝑗 ∈ 𝐵𝐵�𝐻𝐻,𝐻𝐻𝑗𝑗�: 𝑗𝑗 ∈ 𝕁𝕁� is a 𝑔𝑔-frame for 𝐻𝐻 with the 𝑔𝑔-frame bounds 
1
𝐵𝐵Λ

 and 1
𝐴𝐴Λ

. We call Λ� the canonical dual of Λ. If 𝑆𝑆Λ� is a 𝑔𝑔-frame operator of Λ� 

then 𝑆𝑆Λ� = 𝑆𝑆Λ−1.  
 
Definition 1.3. Let 𝕀𝕀 be a finite subset of ℕ. The frame potential of a frame 
{𝑥𝑥𝑖𝑖}𝑖𝑖∈𝕀𝕀 in 𝐻𝐻 is defined by  

 𝐹𝐹𝐹𝐹({𝑥𝑥𝑖𝑖}𝑖𝑖∈𝕀𝕀) = ∑𝑖𝑖∈𝕀𝕀 ∑𝑗𝑗∈𝕀𝕀 |〈𝑥𝑥𝑖𝑖, 𝑥𝑥𝑗𝑗〉|2. 
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 2. Main Results 
   In this section we introduce the 𝑔𝑔-frame potential and we generalize the Welch 
inequality. Also, we generalize some results of [3], [5], [10] and [12] to the 𝑔𝑔-frame 
setting.  
Definition 2.1. Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be a 𝑔𝑔-frame for 𝐻𝐻. Suppose that 
{𝑓𝑓𝑙𝑙}𝑙𝑙=1𝐿𝐿  is a Parseval frame for 𝐻𝐻. The 𝑔𝑔-frame potential of {𝛬𝛬𝑖𝑖}𝑖𝑖∈𝕁𝕁 with respect 
to {𝐻𝐻𝑖𝑖}𝑖𝑖∈𝕁𝕁 is defined by  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = �
𝐿𝐿

𝑙𝑙=1

�
𝑖𝑖∈𝕁𝕁

�
𝑗𝑗∈𝕁𝕁

〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑓𝑓𝑙𝑙),Λ𝑗𝑗∗Λ𝑗𝑗(𝑓𝑓𝑙𝑙)〉. 

Proposition 2.2. Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be a 𝑔𝑔-frame for 𝐻𝐻 and {𝑓𝑓𝑙𝑙}𝑙𝑙=1𝐿𝐿  
be a Parseval frame for 𝐻𝐻. Then  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = �
𝐿𝐿

𝑙𝑙=1

〈𝑆𝑆Λ2(𝑓𝑓𝑙𝑙),𝑓𝑓𝑙𝑙〉, 

and the definition of the 𝑔𝑔-frame potential is independent of the choice of the 
Parseval frame.  
Proposition 2.3. Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be a 𝑔𝑔-frame for 𝐻𝐻. Then  

𝐴𝐴Λ𝑇𝑇𝑇𝑇(𝑆𝑆Λ) ≤ 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) ≤ 𝐵𝐵Λ𝑇𝑇𝑇𝑇(𝑆𝑆Λ). 
In particular, 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = 𝐴𝐴Λ2𝑁𝑁  for a tight 𝑔𝑔 -frame Λ  and 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = 𝑁𝑁 
for a Parseval 𝑔𝑔-frame Λ.  

 Proof. Since Λ is a 𝑔𝑔-frame, thus  
𝐴𝐴Λ𝐼𝐼𝐻𝐻 ≤ 𝑆𝑆Λ ≤ 𝐵𝐵Λ𝐼𝐼𝐻𝐻, 

 where 𝐼𝐼𝐻𝐻 is the identity operator in 𝐻𝐻. By Theorem 𝐴𝐴. 6.5 of [4], we have  
𝐴𝐴Λ𝑆𝑆Λ ≤ 𝑆𝑆Λ2 ≤ 𝐵𝐵Λ𝑆𝑆Λ. 

 Therefore,  
 𝐴𝐴Λ ∑𝑖𝑖∈𝕁𝕁 ||Λ𝑖𝑖𝑓𝑓||2 ≤ ∑𝑗𝑗∈𝕁𝕁 ∑𝑖𝑖∈𝕁𝕁 〈Λ𝑖𝑖∗Λ𝑖𝑖𝑓𝑓,Λ𝑗𝑗∗Λ𝑗𝑗𝑓𝑓〉 

                ≤ 𝐵𝐵Λ ∑𝑖𝑖∈𝕁𝕁 ||Λ𝑖𝑖𝑓𝑓||2,   𝑓𝑓 ∈ 𝐻𝐻.         (2.1) 
 Suppose that {𝑒𝑒𝑛𝑛}𝑛𝑛=1𝑁𝑁  is an orthonormal basis for 𝐻𝐻. Then by (2.1)  

𝐴𝐴Λ�
𝑁𝑁

𝑛𝑛=1

�
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖𝑒𝑒𝑛𝑛||2 ≤ �
𝑁𝑁

𝑛𝑛=1

�
𝑗𝑗∈𝕁𝕁

�
𝑖𝑖∈𝕁𝕁

〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑒𝑒𝑛𝑛),Λ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉 

      ≤ 𝐵𝐵Λ�
𝑁𝑁

𝑛𝑛=1

�
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖𝑒𝑒𝑛𝑛||2. 
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 Since 𝑇𝑇𝑇𝑇(𝑆𝑆Λ) = ∑𝑖𝑖∈𝕁𝕁 ||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 , we have  
𝐴𝐴Λ𝑇𝑇𝑇𝑇(𝑆𝑆Λ) ≤ 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) ≤ 𝐵𝐵Λ𝑇𝑇𝑇𝑇(𝑆𝑆Λ). 

                                                   � 
 
Theorem 2.4. Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be a 𝑔𝑔-frame for 𝐻𝐻. Then  

                    𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) ≥
(∑𝑖𝑖∈𝕁𝕁 ||Λ𝑖𝑖||𝐻𝐻𝐻𝐻

2 )2

𝑁𝑁
.             (2.2) 

  
  

Proof. Let {𝑒𝑒𝑛𝑛}𝑛𝑛=1𝑁𝑁  be an orthonormal basis for 𝐻𝐻 and  
𝑆𝑆Λ𝑒𝑒𝑛𝑛 = 𝜆𝜆𝑛𝑛𝑒𝑒𝑛𝑛,    𝑛𝑛 = 1,2, . . . ,𝑁𝑁. 

 Then  
∑𝑁𝑁
𝑛𝑛=1 𝜆𝜆𝑛𝑛 = ∑𝑁𝑁

𝑛𝑛=1 〈𝑆𝑆Λ𝑒𝑒𝑛𝑛, 𝑒𝑒𝑛𝑛〉 = ∑𝑁𝑁
𝑛𝑛=1 ∑𝑖𝑖∈𝕁𝕁 ||Λ𝑖𝑖(𝑒𝑒𝑛𝑛)||2 = ∑𝑖𝑖∈𝕁𝕁 ||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 .   (2.3) 

 We have  

�
𝑁𝑁

𝑛𝑛=1

𝜆𝜆𝑛𝑛2 = �
𝑁𝑁

𝑛𝑛=1

〈𝑆𝑆Λ2𝑒𝑒𝑛𝑛, 𝑒𝑒𝑛𝑛〉 = �
𝑁𝑁

𝑛𝑛=1

〈�
𝑖𝑖∈𝕁𝕁

Λ𝑖𝑖∗Λ𝑖𝑖(𝑒𝑒𝑛𝑛),�
𝑗𝑗∈𝕁𝕁

Λ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉 

 = ∑𝑁𝑁
𝑛𝑛=1 ∑𝑖𝑖∈𝕁𝕁 ∑𝑗𝑗∈𝕁𝕁 〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑒𝑒𝑛𝑛),Λ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉.              (2.4) 

 So, by the Cauchy-Schwarz inequality and (2.4) we have  

1
𝑁𝑁

(�
𝑁𝑁

𝑛𝑛=1

𝜆𝜆𝑛𝑛)2 ≤ �
𝑁𝑁

𝑛𝑛=1

𝜆𝜆𝑛𝑛2 = �
𝑁𝑁

𝑛𝑛=1

�
𝑖𝑖∈𝕁𝕁

�
𝑗𝑗∈𝕁𝕁

〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑒𝑒𝑛𝑛),Λ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉. 

 Therefore by (2.3),  

1
𝑁𝑁

(�
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 )2 ≤ �
𝑁𝑁

𝑛𝑛=1

�
𝑖𝑖∈𝕁𝕁

�
𝑗𝑗∈𝕁𝕁

〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑒𝑒𝑛𝑛),Λ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉 = 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁). 

   � 
   

Theorem 2.5. Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be a 𝑔𝑔-frame for 𝐻𝐻. Then the 
followings are equivalent: 
(1) We have equality in (2.2), i.e.,  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) =
(∑𝑖𝑖∈𝕁𝕁 ||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 )2

𝑁𝑁
. 

 (2) There is a representation  

𝑓𝑓 =
𝑁𝑁
𝐾𝐾
�
𝑖𝑖∈𝕁𝕁

Λ𝑖𝑖∗Λ𝑖𝑖(𝑓𝑓),    𝑓𝑓 ∈ 𝐻𝐻, 
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 where  

𝐾𝐾 = �
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 . 

 (3) Λ is a 𝐴𝐴Λ-tight 𝑔𝑔-frame with respect to {𝐻𝐻𝑖𝑖}𝑖𝑖∈𝕁𝕁.  
  

Proof. Let {𝑒𝑒𝑛𝑛}𝑛𝑛=1𝑁𝑁  be an orthonormal basis for 𝐻𝐻 and  
𝑆𝑆Λ𝑒𝑒𝑛𝑛 = 𝜆𝜆𝑛𝑛𝑒𝑒𝑛𝑛,    𝑛𝑛 = 1,2, . . . ,𝑁𝑁. 

 Let (1) holds; then by the proof of Theorem 2.4 we have  

1
𝑁𝑁

(�
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 )2 =
1
𝑁𝑁

(�
𝑁𝑁

𝑛𝑛=1

𝜆𝜆𝑛𝑛)2 ≤ �
𝑁𝑁

𝑛𝑛=1

𝜆𝜆𝑛𝑛2 = 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁). 

There is equality in (∑𝑁𝑁
𝑛𝑛=1 𝜆𝜆𝑛𝑛)2 ≤ 𝑁𝑁∑𝑁𝑁

𝑛𝑛=1 𝜆𝜆𝑛𝑛2  if and only if 𝜆𝜆1 = 𝜆𝜆2 = ⋯ = 𝜆𝜆𝑁𝑁 =
𝜆𝜆 ≠ 0 and in this case 𝑆𝑆Λ = 𝜆𝜆𝐼𝐼𝐻𝐻. We have  

𝜆𝜆𝜆𝜆 = 𝑇𝑇𝑇𝑇(𝑆𝑆Λ) = �
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 = 𝐾𝐾. 

Hence,  

𝑓𝑓 =
1
𝜆𝜆
𝑆𝑆Λ𝑓𝑓 =

𝑁𝑁
𝐾𝐾
�
𝑖𝑖∈𝕁𝕁

Λ𝑖𝑖∗Λ𝑖𝑖(𝑓𝑓),    𝑓𝑓 ∈ 𝐻𝐻, 

so (2) holds. 
Now, assume that (2) is true. For each 𝑓𝑓 ∈ 𝐻𝐻,  

 ||𝑓𝑓||2 = 〈𝑓𝑓,𝑓𝑓〉 = 〈𝑁𝑁
𝐾𝐾
∑𝑖𝑖∈𝕁𝕁 Λ𝑖𝑖∗Λ𝑖𝑖(𝑓𝑓),𝑓𝑓〉 = 𝑁𝑁

𝐾𝐾
∑𝑖𝑖∈𝕁𝕁 ||Λ𝑖𝑖𝑓𝑓||2. 

By letting 𝐴𝐴Λ = 𝑁𝑁
𝐾𝐾

, we obtain (3). 
Let (3) holds; we have  

𝐴𝐴Λ−1〈𝑓𝑓,𝑓𝑓〉 = 〈𝑆𝑆Λ𝑓𝑓,𝑓𝑓〉 = �
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖𝑓𝑓||2,    𝑓𝑓 ∈ 𝐻𝐻, 

therefore 𝑆𝑆Λ = 𝐴𝐴Λ−1𝐼𝐼𝐻𝐻  and this implies that 𝜆𝜆1 = 𝜆𝜆2 =. . . = 𝜆𝜆𝑁𝑁 = 𝐴𝐴Λ−1 , hence 
(∑𝑁𝑁

𝑛𝑛=1 𝜆𝜆𝑛𝑛)2 = 𝑁𝑁∑𝑁𝑁
𝑛𝑛=1 𝜆𝜆𝑛𝑛2  and by the proof of Theorem 2.4, the proof is completed.  

                                                        � 
 

Proposition 2.6. If 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} is a 𝐴𝐴𝛬𝛬-tight 𝑔𝑔-frame for 𝐻𝐻 then  

max
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 ≤ 𝐴𝐴Λ𝑁𝑁 = �
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 . 

 In particular, if ||Λ𝑖𝑖||𝐻𝐻𝐻𝐻 = 1 for all 𝑖𝑖 ∈ 𝕁𝕁 and |𝕁𝕁| = 𝑀𝑀, then 𝐴𝐴Λ = 𝑀𝑀
𝑁𝑁

.  
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Lemma 2.7. Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be a 𝑔𝑔-frame for 𝐻𝐻. Then  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = 𝑇𝑇𝑇𝑇(𝑆𝑆Λ2). 
 
Proof. It is clear that by (2.4).  

  � 
 
Here we bring an example of 𝑔𝑔-frame potential.  
Example 2.8. Let 𝐻𝐻 = ℂ2 and we define  

Λ1:ℂ2 → ℂ,    Λ1(𝑥𝑥,𝑦𝑦) = 3𝑥𝑥 − 2𝑦𝑦, 
Λ2:ℂ2 → ℂ,    Λ2(𝑥𝑥,𝑦𝑦) = 2𝑥𝑥 + 3𝑦𝑦. 

Then Λ = {Λ𝑗𝑗 ∈ 𝐵𝐵(ℂ2,ℂ): 𝑗𝑗 = 1,2} is a tight 𝑔𝑔-frame for ℂ2  with the 𝑔𝑔-frame 
bound 13. Therefore, the 𝑔𝑔-frame operator is  

         𝑆𝑆Λ:ℂ2 → ℂ2,    𝑆𝑆Λ(𝑥𝑥,𝑦𝑦) = (13𝑥𝑥, 13𝑦𝑦).     (2.5) 
 Let 𝑒𝑒1 = (1,0) and 𝑒𝑒2 = (0,1). Then  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖=12 ) = �
2

𝑛𝑛=1

�
2

𝑖𝑖=1

�
2

𝑗𝑗=1

〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑒𝑒𝑛𝑛),Λ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉 = 338. 

 By (2.5) and Lemma 2.7 we have  
𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖=12 ) = 𝑇𝑇𝑇𝑇(𝑆𝑆Λ2) = 𝑇𝑇𝑇𝑇(169𝐼𝐼) = 338. 

where 𝐼𝐼  is the identity operator in ℂ2 . Λ is a tight 𝑔𝑔-frame for ℂ2 , hence by 
Theorem 2.5 we have  

 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖=12 ) = (∑2𝑖𝑖=1 ∥Λ𝑖𝑖∥𝐻𝐻𝐻𝐻
2 )2

2
= 676

2
= 338. 

 Proposition 2.9. Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be a 𝑔𝑔-frame for 𝐻𝐻. Then the 
canonical dual 𝑔𝑔-frame of 𝛬𝛬 has the minimum value of the 𝑔𝑔-frame potential with 
respect to other duals of 𝛬𝛬.  

  
Proof. Let Γ = {Γ𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be an arbitrary dual of Λ and let 𝑇𝑇Λ�  and 𝑇𝑇Γ 
denote the synthesis operators of Λ� and Γ, respectively. We have  

 𝑇𝑇Γ𝑇𝑇Γ∗ = [𝑇𝑇Λ� + (𝑇𝑇Γ − 𝑇𝑇Λ�)][𝑇𝑇Λ� + (𝑇𝑇Γ − 𝑇𝑇Λ�)]∗ 
     = 𝑇𝑇Λ�𝑇𝑇Λ�

∗ + (𝑇𝑇Γ − 𝑇𝑇Λ�)(𝑇𝑇Γ − 𝑇𝑇Λ�)∗. 
By Lemma 2.7 we have  

𝐹𝐹𝐹𝐹({Γ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = 𝑇𝑇𝑇𝑇((𝑇𝑇Γ𝑇𝑇Γ∗)2) = 𝑇𝑇𝑇𝑇((𝑇𝑇Λ�𝑇𝑇Λ�
∗ + (𝑇𝑇Γ − 𝑇𝑇Λ�)(𝑇𝑇Γ − 𝑇𝑇Λ�)∗)2) 

   = 𝑇𝑇𝑇𝑇((𝑇𝑇Λ�𝑇𝑇Λ�
∗)2) + 2𝑇𝑇𝑇𝑇(𝑇𝑇Λ�𝑇𝑇Λ�

∗(𝑇𝑇Γ − 𝑇𝑇Λ�)(𝑇𝑇Γ − 𝑇𝑇Λ�)∗) 
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        +𝑇𝑇𝑇𝑇(((𝑇𝑇Γ − 𝑇𝑇Λ�)(𝑇𝑇Γ − 𝑇𝑇Λ�)∗)2).                  (2.6) 
Since 𝑇𝑇Λ�𝑇𝑇Λ�

∗ and (𝑇𝑇Γ − 𝑇𝑇Λ�)(𝑇𝑇Γ − 𝑇𝑇Λ�)∗ are positive operators, by Theorem 2.2.1 
of [7], there exist the positive square root of 𝑇𝑇Λ�𝑇𝑇Λ�

∗ and (𝑇𝑇Γ − 𝑇𝑇Λ�)(𝑇𝑇Γ − 𝑇𝑇Λ�)∗ and 
we denote them by 𝐾𝐾 and 𝑈𝑈, respectively. By Theorem 2.4.14 of [7], we have  

 𝑇𝑇𝑇𝑇(𝑇𝑇Λ�𝑇𝑇Λ�
∗(𝑇𝑇Γ − 𝑇𝑇Λ�)(𝑇𝑇Γ − 𝑇𝑇Λ�)∗) = 𝑇𝑇𝑇𝑇(𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾) = 𝑇𝑇𝑇𝑇(𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈) 

                         = 𝑇𝑇𝑇𝑇((𝐾𝐾𝐾𝐾)∗𝐾𝐾𝐾𝐾) ≥ 0. 
 Then by (2.6) 𝐹𝐹𝐹𝐹({Γ𝑖𝑖}𝑖𝑖∈𝕁𝕁) ≥ 𝑇𝑇𝑇𝑇((𝑇𝑇Λ�𝑇𝑇Λ�

∗)2) = 𝐹𝐹𝐹𝐹({𝛬̃𝛬𝑖𝑖}𝑖𝑖∈𝕁𝕁). 
  �  

 
Proposition 2.10. A 𝑔𝑔-frame 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} is a minimizer of  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) + 𝐹𝐹𝐹𝐹({𝛬̃𝛬𝑖𝑖}𝑖𝑖∈𝕁𝕁), 
 if and only if Λ is a Parseval 𝑔𝑔-frame for 𝐻𝐻.  

 
Proof. Let {𝑒𝑒𝑛𝑛}𝑛𝑛=1𝑁𝑁  be an orthonormal basis for 𝐻𝐻 and  

𝑆𝑆Λ𝑒𝑒𝑛𝑛 = 𝜆𝜆𝑛𝑛𝑒𝑒𝑛𝑛,    𝑛𝑛 = 1,2, . . . ,𝑁𝑁. 
Since the 𝑔𝑔-frame operator of Λ� = {𝛬̃𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} is 𝑆𝑆Λ−1, by Lemma 2.7 
we have  
𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) + 𝐹𝐹𝐹𝐹({𝛬̃𝛬𝑖𝑖}𝑖𝑖∈𝕁𝕁) = 𝑇𝑇𝑇𝑇(𝑆𝑆Λ2) + 𝑇𝑇𝑇𝑇(𝑆𝑆Λ−2) = ∑𝑁𝑁

𝑛𝑛=1 (𝜆𝜆𝑛𝑛2 + 𝜆𝜆𝑛𝑛−2).   (2.7) 
Now, first we assume that 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) + 𝐹𝐹𝐹𝐹({𝛬̃𝛬𝑖𝑖}𝑖𝑖∈𝕁𝕁) is minimized, so by (2.7), 
∑𝑁𝑁
𝑛𝑛=1 (𝜆𝜆𝑛𝑛2 + 𝜆𝜆𝑛𝑛−2) is minimized. Thus for any 𝑛𝑛, 𝜆𝜆𝑛𝑛2 + 𝜆𝜆𝑛𝑛−2 is minimized and this 

minimum is obtained when 𝜆𝜆𝑛𝑛 = 1. In this case, 𝑆𝑆Λ = 𝐼𝐼𝐻𝐻 and so Λ is a Parseval 
𝑔𝑔-frame for 𝐻𝐻. 
Conversely, we assume that Λ is a Parseval 𝑔𝑔-frame for 𝐻𝐻, so 𝑆𝑆Λ = 𝐼𝐼𝐻𝐻. Therefore, 
for any 𝑛𝑛, 𝜆𝜆𝑛𝑛 = 1. Thus ∑𝑁𝑁

𝑛𝑛=1 (𝜆𝜆𝑛𝑛2 + 𝜆𝜆𝑛𝑛−2) = 2𝑁𝑁 and this is the minimum value of 
∑𝑁𝑁
𝑛𝑛=1 (𝜆𝜆𝑛𝑛2 + 𝜆𝜆𝑛𝑛−2) and by (2.7), 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) + 𝐹𝐹𝐹𝐹({𝛬̃𝛬𝑖𝑖}𝑖𝑖∈𝕁𝕁) is minimized.  

  � 
   

Proposition 2.11. Let 𝐻𝐻 be a Hilbert space and |𝕁𝕁| = 𝑀𝑀, 𝜆𝜆 > 0 and let  

𝑊𝑊 = {{Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁|{Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁 𝑖𝑖𝑖𝑖 𝑎𝑎 𝑔𝑔 − 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 �
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 = 𝜆𝜆}. 

If 𝑀𝑀 ≥ 𝑁𝑁 , the minimum value of the 𝑔𝑔 -frame potential on 𝑊𝑊  is 𝜆𝜆
2

𝑁𝑁
 and the 

minimizers are the tight 𝑔𝑔-frames with the tight 𝑔𝑔-frame bound 𝜆𝜆
𝑁𝑁

.  
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Proof. By Lemma 2.7, minimizing the 𝑔𝑔 -frame potential under our condition 
means minimizing 𝑇𝑇𝑇𝑇(𝑆𝑆Λ2) = ∑𝑁𝑁

𝑛𝑛=1 𝜆𝜆𝑛𝑛2  under the condition  

�
𝑁𝑁

𝑛𝑛=1

𝜆𝜆𝑛𝑛 = �
𝑖𝑖∈𝕁𝕁

||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2 = 𝜆𝜆. 

 A standard application of Lagrange multipliers yields that the minimizers satisfy 
𝜆𝜆𝑛𝑛 = 𝜆𝜆

𝑁𝑁
, for all 1 ≤ 𝑛𝑛 ≤ 𝑁𝑁. In fact, if  

𝑓𝑓(𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆𝑛𝑛): = �
𝑁𝑁

𝑛𝑛=1

𝜆𝜆𝑛𝑛2 = 𝜆𝜆12 + 𝜆𝜆22 + ⋯+ 𝜆𝜆𝑁𝑁2 , 

 and  
𝑔𝑔(𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆𝑛𝑛): = 𝜆𝜆 − 𝜆𝜆1 − 𝜆𝜆2 − ⋯− 𝜆𝜆𝑁𝑁 , 

 there exists 𝜇𝜇 ≠ 0 such that ∇𝑓𝑓(𝜆𝜆1,𝜆𝜆2, . . . , 𝜆𝜆𝑛𝑛) = 𝜇𝜇∇𝑔𝑔(𝜆𝜆1,𝜆𝜆2, . . . , 𝜆𝜆𝑛𝑛), that is,  
(2𝜆𝜆1, 2𝜆𝜆2, . . . ,2𝜆𝜆𝑁𝑁) = (−𝜇𝜇,−𝜇𝜇, . . . ,−𝜇𝜇). 

Therefore, 𝜆𝜆𝑛𝑛 = 𝜆𝜆𝑚𝑚, 1 ≤ 𝑚𝑚,𝑛𝑛 ≤ 𝑁𝑁  and since ∑𝑁𝑁
𝑛𝑛=1 𝜆𝜆𝑛𝑛 = 𝜆𝜆 , we have 𝑁𝑁𝜆𝜆𝑛𝑛 =

𝜆𝜆, 1 ≤ 𝑛𝑛 ≤ 𝑁𝑁. So, 𝜆𝜆𝑛𝑛 = 𝜆𝜆
𝑁𝑁

, 1 ≤ 𝑛𝑛 ≤ 𝑁𝑁. Hence, the 𝑔𝑔-frame operator for {Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁 

is 𝜆𝜆
𝑁𝑁
𝐼𝐼𝐻𝐻. Therefore a minimizer of the 𝑔𝑔-frame potential is a tight 𝑔𝑔-frame with the 

tight 𝑔𝑔-frame bound 𝜆𝜆
𝑁𝑁

. So  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = 𝑇𝑇𝑇𝑇(
𝜆𝜆2

𝑁𝑁2 𝐼𝐼𝐻𝐻
2) =

𝜆𝜆2

𝑁𝑁
. 

  � 
 
Proposition 2.12. Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be a 𝑔𝑔-frame for 𝐻𝐻 and 𝕀𝕀 ⊆
𝕁𝕁. Then  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) = 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) + 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀) −�
𝐿𝐿

𝑙𝑙=1

�
𝑖𝑖∈𝕀𝕀

�
𝑗𝑗∈𝕁𝕁

〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑓𝑓𝑙𝑙),Λ𝑗𝑗∗Λ𝑗𝑗(𝑓𝑓𝑙𝑙)〉 

 −∑𝐿𝐿
𝑙𝑙=1 ∑𝑖𝑖∈𝕁𝕁 ∑𝑗𝑗∈𝕀𝕀 〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑓𝑓𝑙𝑙),Λ𝑗𝑗∗Λ𝑗𝑗(𝑓𝑓𝑙𝑙)〉, 

 where {𝑓𝑓𝑙𝑙}𝑙𝑙=1𝐿𝐿  is a Parseval frame for 𝐻𝐻  and 𝕀𝕀𝑐𝑐  is the complement of 𝕀𝕀 with 
respect to 𝕁𝕁.  

 
Corollary 2.13. Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} be a tight 𝑔𝑔-frame for 𝐻𝐻 with 
||𝛬𝛬𝑖𝑖||𝐻𝐻𝐻𝐻 = 1, for all 𝑖𝑖 ∈ 𝕁𝕁. If 𝕀𝕀 ⊆ 𝕁𝕁 with |𝕁𝕁| = 𝑀𝑀 and |𝕀𝕀| = 𝑘𝑘, then  
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𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) =
𝑀𝑀2

𝑁𝑁
− 2𝑘𝑘

𝑀𝑀
𝑁𝑁

+ 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀). 

Therefore,  
1. 𝐼𝐼𝐼𝐼|𝕀𝕀| > |𝕀𝕀𝑐𝑐| 𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) < 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀). 
2. 𝐼𝐼𝐼𝐼|𝕀𝕀| < |𝕀𝕀𝑐𝑐| 𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) > 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀). 

3. 𝐼𝐼𝐼𝐼𝐼𝐼 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎|𝕀𝕀| = |𝕀𝕀𝑐𝑐|𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) = 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀). 
  

  
Proof. Let {𝑒𝑒𝑛𝑛}𝑛𝑛=1𝑁𝑁  be an orthonormal basis for 𝐻𝐻 and  

𝑆𝑆Λ𝑒𝑒𝑛𝑛 = 𝜆𝜆𝑛𝑛𝑒𝑒𝑛𝑛,    𝑛𝑛 = 1,2, . . . ,𝑁𝑁. 
 By Theorem 2.5 we have  

                     𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = (∑𝑖𝑖∈𝕁𝕁 ||Λ𝑖𝑖||𝐻𝐻𝐻𝐻
2 )2

𝑁𝑁
= 𝑀𝑀2

𝑁𝑁
.        (2.8) 

 Also, by Proposition 2.6,  

𝐴𝐴Λ =
∑𝑖𝑖∈𝕁𝕁 ||Λ𝑖𝑖||𝐻𝐻𝐻𝐻2

𝑁𝑁
=
𝑀𝑀
𝑁𝑁

. 

 On the other hand, by assumption Λ is a tight 𝑔𝑔-frame and so 𝑆𝑆Λ = 𝑀𝑀
𝑁𝑁
𝐼𝐼𝐻𝐻. We have  

∑𝑁𝑁
𝑛𝑛=1 ∑𝑖𝑖∈𝕁𝕁 ∑𝑗𝑗∈𝕀𝕀 〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑒𝑒𝑛𝑛),Λ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉 = 𝑀𝑀

𝑁𝑁
∑𝑗𝑗∈𝕀𝕀 ||Λ𝑗𝑗||𝐻𝐻𝐻𝐻2 = 𝑘𝑘 𝑀𝑀

𝑁𝑁
.   (2.9) 

 Similarly, we have  
∑𝑁𝑁
𝑛𝑛=1 ∑𝑖𝑖∈𝕀𝕀 ∑𝑗𝑗∈𝕁𝕁 〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑒𝑒𝑛𝑛),Λ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉 = 𝑘𝑘 𝑀𝑀

𝑁𝑁
.               (2.10) 

 By Proposition 2.12, (2.8), (2.9) and (2.10) imply that  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) =
𝑀𝑀2

𝑁𝑁
− 2𝑘𝑘

𝑀𝑀
𝑁𝑁

+ 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀). 

  � 
   

Example 2.14. Let 𝐻𝐻 = ℂ2 and we define  

Λ1:ℂ2 → ℂ,    Λ1(𝑥𝑥,𝑦𝑦) =
3
√13

𝑥𝑥 −
2
√13

𝑦𝑦, 

Λ2:ℂ2 → ℂ,    Λ2(𝑥𝑥,𝑦𝑦) =
2
√13

𝑥𝑥 +
3
√13

𝑦𝑦. 

Then Λ = {Λ𝑗𝑗 ∈ 𝐵𝐵(ℂ2,ℂ): 𝑗𝑗 = 1,2} is a Parseval 𝑔𝑔-frame for ℂ2 and  
∥ Λ1 ∥𝐻𝐻𝐻𝐻=∥ Λ2 ∥𝐻𝐻𝐻𝐻= 1 . Let 𝑒𝑒1 = (1,0)  and 𝑒𝑒2 = (0,1)  and put 𝕀𝕀 = {1} ⊂ 𝕁𝕁 =
{1,2}. Then  
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𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) = �
2

𝑛𝑛=1

〈Λ2∗ Λ2(𝑒𝑒𝑛𝑛),Λ2∗ Λ2(𝑒𝑒𝑛𝑛)〉 = 1, 

 and  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀) = �
2

𝑛𝑛=1

〈Λ1∗Λ1(𝑒𝑒𝑛𝑛),Λ1∗Λ1(𝑒𝑒𝑛𝑛)〉 = 1. 

 Also, by Corollary 2.13, we have  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) =
22

2
− 2 × 1 ×

2
2

+ 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀) = 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀). 

Example 2.15. Let 𝐻𝐻 = ℂ3 and we define  
                   Λ1:ℂ3 → ℂ,    Λ1(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 𝑧𝑧𝑧𝑧, 

Λ2:ℂ3 → ℂ,    Λ2(𝑥𝑥,𝑦𝑦, 𝑧𝑧) =
4
5
𝑥𝑥 +

3
5
𝑦𝑦, 

Λ3:ℂ3 → ℂ,    Λ3(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = −
3
5
𝑥𝑥 +

4
5
𝑦𝑦. 

Then Λ = {Λ𝑗𝑗 ∈ 𝐵𝐵(ℂ3,ℂ): 𝑗𝑗 = 1,2,3} is a Parseval 𝑔𝑔-frame for ℂ3 and  
∥ Λ1 ∥𝐻𝐻𝐻𝐻=∥ Λ2 ∥𝐻𝐻𝐻𝐻=∥ Λ3 ∥𝐻𝐻𝐻𝐻= 1 . Let 𝑒𝑒1 = (1,0,0) , 𝑒𝑒2 = (0,1,0)  and 𝑒𝑒3 =
(0,0,1) and put 𝕀𝕀 = {1,2} ⊂ 𝕁𝕁 = {1,2,3}. We have  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) = �
3

𝑛𝑛=1

〈Λ3∗ Λ3(𝑒𝑒𝑛𝑛),Λ3∗ Λ3(𝑒𝑒𝑛𝑛)〉 = 1, 

 and  
 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀) = ∑3

𝑛𝑛=1 ∑2
𝑖𝑖=1 ∑2

𝑗𝑗=1 〈Λ𝑖𝑖∗Λ𝑖𝑖(𝑒𝑒𝑛𝑛),Λ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉 = 2. 
 So,  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) = 1 < 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀) = 2. 
 Also, by Corollary 2.13,  

𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) =
32

3
− 2 × 2 ×

3
3

+ 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀) = −1 + 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀), 

 therefore  
𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀𝑐𝑐) < 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕀𝕀). 

Proposition 2.16. Suppose that 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} is a 𝑔𝑔-frame for 𝐻𝐻 
with the optimal 𝑔𝑔-frame bounds 0 < 𝐴𝐴𝛬𝛬 ≤ 𝐵𝐵𝛬𝛬 < ∞. Then  

(𝑁𝑁 − 1)𝐴𝐴Λ2 + 𝐵𝐵Λ2 ≤ 𝐹𝐹𝐹𝐹({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) ≤ (𝑁𝑁 − 1)𝐵𝐵Λ2 + 𝐴𝐴Λ2 ,    𝑁𝑁 ≠ 1. 
 If 𝑁𝑁 = 1, we should have 𝐴𝐴Λ = 𝐵𝐵Λ.  
Proof. The proof is clear and we remove it.  

  � 
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  In 2014, the mixed frame potential was introduced by Carrizo and Heineken [2]. 
Here we generalize this concept to the 𝑔𝑔-frames. Also, we generalize the result of 
[2] to the 𝑔𝑔-frames.  
 
Definition 2.17. Suppose that 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} and 𝛤𝛤 = {𝛤𝛤𝑗𝑗 ∈
𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} are 𝑔𝑔-frames for 𝐻𝐻. Let {𝑓𝑓𝑙𝑙}𝑙𝑙=1𝐿𝐿  be a Parseval 𝑔𝑔-frame for 𝐻𝐻. 
The mixed 𝑔𝑔-frame potential of ({𝛬𝛬𝑖𝑖}𝑖𝑖∈𝕁𝕁, {𝛤𝛤𝑖𝑖}𝑖𝑖∈𝕁𝕁) with respect to {𝐻𝐻𝑖𝑖}𝑖𝑖∈𝕁𝕁 is 
defined by  

 𝐹𝐹𝐹𝐹� ({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁, {Γ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = ∑𝐿𝐿
𝑙𝑙=1 ∑𝑖𝑖∈𝕁𝕁 ∑𝑗𝑗∈𝕁𝕁 〈Λ𝑖𝑖∗Γ𝑖𝑖(𝑓𝑓𝑙𝑙), Γ𝑗𝑗∗Λ𝑗𝑗(𝑓𝑓𝑙𝑙)〉. 

In particular, if {Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁 = {Γ𝑖𝑖}𝑖𝑖∈𝕁𝕁 then the mixed 𝑔𝑔-frame potential is equal to the 
𝑔𝑔-frame potential.  

  
Proposition 2.18. Let 𝛬𝛬 = {𝛬𝛬𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} and 𝛤𝛤 = {𝛤𝛤𝑗𝑗 ∈ 𝐵𝐵(𝐻𝐻,𝐻𝐻𝑗𝑗): 𝑗𝑗 ∈ 𝕁𝕁} 
be 𝑔𝑔-frames for 𝐻𝐻. Then  

𝐹𝐹𝐹𝐹� ({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁, {Γ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = 𝑇𝑇𝑇𝑇((𝑇𝑇Λ𝑇𝑇Γ∗)2), 
where 𝑇𝑇Λ and 𝑇𝑇Γ are the synthesis operators of Λ and Γ, respectively. 
In particular,  

𝐹𝐹𝐹𝐹� ({Γ𝑖𝑖}𝑖𝑖∈𝕁𝕁, {Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = 𝑇𝑇𝑇𝑇((𝑇𝑇Γ𝑇𝑇Λ∗)2). 
 Also, if Λ is a dual of Γ, then 𝐹𝐹𝐹𝐹� ({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁, {Γ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = 𝑁𝑁.  

  
Proof. Suppose that {𝑒𝑒𝑛𝑛}𝑛𝑛=1𝑁𝑁  is the standard orthonormal basis for 𝐻𝐻. So  

 𝐹𝐹𝐹𝐹� ({Λ𝑖𝑖}𝑖𝑖∈𝕁𝕁, {Γ𝑖𝑖}𝑖𝑖∈𝕁𝕁) = ∑𝑁𝑁
𝑛𝑛=1 ∑𝑖𝑖∈𝕁𝕁 ∑𝑗𝑗∈𝕁𝕁 〈Λ𝑖𝑖∗Γ𝑖𝑖(𝑒𝑒𝑛𝑛),Γ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉 

              = ∑𝑁𝑁
𝑛𝑛=1 〈∑𝑖𝑖∈𝕁𝕁 Λ𝑖𝑖∗Γ𝑖𝑖(𝑒𝑒𝑛𝑛),∑𝑗𝑗∈𝕁𝕁 Γ𝑗𝑗∗Λ𝑗𝑗(𝑒𝑒𝑛𝑛)〉 

              = ∑𝑁𝑁
𝑛𝑛=1 〈𝑇𝑇Λ𝑇𝑇Γ∗(𝑒𝑒𝑛𝑛),𝑇𝑇Γ𝑇𝑇Λ∗(𝑒𝑒𝑛𝑛)〉 

              = 𝑇𝑇𝑇𝑇((𝑇𝑇Λ𝑇𝑇Γ∗)2). 
   � 
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Birkhäuser Boston, 51–76, 2006.  

[6] R.J. Duffin and A.C. Schaeffer, A class of nonharmonic Fourier series, Trans. Amer. Math. Soc. 
72, 341–366, 1952.  

[7] G.J. Murphy, C ∗-Algebras and operator theory, Academic Press, San Diego, California, 1990.  
[8] A. Najati and A. Rahimi, Generalized frames in Hilbert spaces, Bull. Iranian Math. Soc. 35 (1), 

97–109, 2009.  
[9] A. Najati, M.H. Faroughi and A. Rahimi, G-frames and stability of g-frames in Hilbert spaces, 

Methods. Funct. Anal. Topology 4, 271–286, 2008.  
[10] W.J. Rolli, Constructing frames for finite dimensional Hilbert spaces, J. Math. Anal. Appl. 321, 

388–395, 2006.  
[11] W. Sun, G-frames and g-Riesz bases, J. Math. Anal. Appl. 322, 437–452, 2006.  
[12] S. Waldron, Generalized Welch bound equality sequences are tight frames, IEEE Trans. Inform. 

Theory 49 (9), 2307–2309, 2003. 


	𝑮-FRAMES POTENTIAL IN HILBERT SPACES
	1. Introduction
	2. Main Results

