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MAGNETIC PROPERTIES OF PSEUDO-ELLIPTIC QUANTUM 
RINGS: INFLUENCE OF IMPURITY POSITION AND 

ELECTRON SPIN  
 
 

Doina BEJAN1, Cristina STAN2*, and Alina PETRESCU-NIȚĂ3 

 
We present a theoretical study on the influence of the Zeeman effect, Rashba 

and Dresselhaus spin-orbit couplings and donor impurity position on the magnetic 
properties of a GaAs/GaAlAs pseudo-elliptic quantum ring. We found that the effects 
of the impurity on the magnetization are strongest when the impurity is placed at the 
ring middle. The average total energy, the magnetization and the magnetic 
susceptibility were computed using both Boltzmann and Fermi-Dirac statistics. If 
the electron spin is not included, both distributions lead to linear variations of the 
magnetization versus the magnetic field. The ring is diamagnetic having a 
susceptibility that increases slightly with the magnetic field. When electron spin is 
considered, the susceptibility decreases slowly with the field for the Fermi-Dirac 
distribution but shows a larger decrement with the magnetic field if Boltzmann 
distribution is used. In this latter case, the ring with impurity in the middle is 
paramagnetic at weak fields and diamagnetic for higher values of magnetic fields. 

 
Keywords: quantum ring, donor impurity, spin-orbit interaction, Zeeman effect, 

magnetization, susceptibility. 
 

1. Introduction 
 
In the last years, there is a growing interest in the use of the electron spin in 

addition to its charge for information processing. Achieving a control on the spin 
manipulation has an important role in spintronics [1,2] and is a promising tool in the 
development of new, faster, and more powerful devices [3-5]. 

A lot of papers focused on the theoretical study of the magnetization and 
magnetic susceptibility of low-dimensional semiconductor nanostructures such as 
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quantum wells (QW) [6,7], quantum dots (QD) [8-16], quantum well wires (QWW) 
[17,18] and quantum rings (QRs) [19-24] taking into account one or more electrons in 
the presence or in the absence of the Zeeman effect and/or spin-orbit interaction. The 
effects of impurity, size, geometry, temperature, pressure, external fields and noise on 
the magnetic properties were also studied and their specific influence was evidenced 
[6-29]. 

In many papers [6,7,11-12,17,18], the susceptibility of the donor impurity was 
calculated as the second order derivative of the diamagnetic part of the electron 
energy in magnetic field, neglecting completely the spin effects. In other papers, the 
susceptibility was deduced from the magnetization that was calculated as the 
derivative of the energy of the fundamental state [21] or of a given state [14,16] 
including in this later case the Zeeman effect. Other methods to compute the 
magnetization have used: i) the derivative of the total energy of the quantum system 
taken as a sum over the energy levels [19,20]; ii) the derivative of the mean total 
energy of the system calculated using the canonical ensemble formula 
[10,13,14,23,24]; iii) the derivative of the average energy of a system connected to a 
reservoir and having a fixed chemical potential [8,9].  

The effect of spin-orbit interaction on the magnetization and susceptibility 
was included only in few of the cited works [8,9,13,15,24].  

The purpose of this paper is to analyse the influence of donor impurity 
position and of Zeeman effect, Rashba and Dresselhaus spin-orbit couplings on the 
magnetic properties of a GaAs/GaAlAs pseudo-elliptic quantum ring (PEQR). The 
average total energy and the magnetic properties were computed using comparatively 
the Boltzmann and Fermi-Dirac statistics. We demonstrate that the impurity position, 
as well as the electron spin, influences the magnetic properties and that some 
differences appear between the magnetic properties calculated with different 
statistics. 
 

2. Theory 
 

The energies for the ring without/with spin were numerically computed using 
the finite element method [30] for four positions of the impurity positions of the 
donor impurity along the x direction: ring center xi=0, the edge of inner circle at 
xi=R1=8.1 nm, the middle distance between the inner circle and outer ellipsis at 
xi=(R1+Rx)/2=24.6 nm (hereafter referred to as the ring middle) and finally, the edge 
of the outer ellipsis at xi=Rx=41.1 nm, in the theoretical framework described in our 
previous paper [31]. 
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The Fermi level EF at a given temperature is determined from the charge 
neutrality condition: 

                                          
∑
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where N0 is the total electron density in GaAs (that can be controlled through 
doping), Nmax is the total number of energy levels lower than the barrier 0V  (the 
barrier potential for electrons in GaAs surrounded by a Ga1−xAlxAs material) and 

jρ is the density of the electrons at thermal equilibrium in the subband Ej  [8, 32,33]: 
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Here, FDf  is the Fermi-Dirac distribution function, T is the absolute temperature and 
kB is the Boltzmann constant.  

In the literature, the average energy of quantum nanostructures is calculated 
using either the Fermi-Dirac statistic, specific to a system connected to a reservoir 
and having a fixed chemical potential [8,9]: 
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or using the formula of the mean values for the canonical ensemble [10,13,15,23,24]: 
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Eq. 4 can be also derived assuming a Boltzmann distribution on the energy levels of 
the quantum nanostructure [34]. In this case, the density of the electrons at thermal 
equilibrium on the Ej level is: 
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It is obvious that Bjρ satisfies also Eq. 1 and that 
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the following we shall call the average energy given by Eq. 4 as the Boltzmann 
average energy

BTE .  

The magnetic properties of the quantum ring are described by the 
magnetization and the magnetic susceptibility that are computed as: 
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For the computation of the average energy and magnetic properties of the ring 
we comparatively consider the both statistics. At this point, we want to emphasize 
that, from Eq. 2 and Eq. 1, one obtains  

                              
( ) ( )∑ ∑

= =

=→=
max maxN

j

N

j
jFDjFD EfEfNN

1 1
00 1          (8) 

which is the same equation that was used in [8,9] for one electron per ring or QD. 
Therefore, 0N does not play any role in determining the nanostructure Fermi level or 
its average energy and consequently it will not influence the magnetic properties of 
the ring.  

Moreover, the Boltzmann statistics is valid only for distinguishable particle 
and must be replaced by Fermi-Dirac or Bose-Einstein statistics when the particles 
are indistinguishable. So, for electrons, we must use Fermi-Dirac statistic, especially 
because our ring contains around 2∙105 atoms. Even that, when the average number of 
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particles per quantum state is small [34], the Boltzmann and Fermi-Dirac formulas 
for the average total energy coincide, we will demonstrate in this work that the 
different statistical approaches may lead to some differences in the magnetic 
properties when the electron spin is considered. 
 

3. Results and discussion 
 

We use in this work the same numerical values for the parameters of the ring 
as in our previous paper [31].  

We computed the Fermi level for B varying from 0 to 10 T with a step size of 
0.2 T (using the data represented in Figs. 2 and 4 in [31]). In Fig. 1 it is represented 
the dependence of the Fermi energy on the magnetic field for the two analyzed cases: 
PEQR without spin (Fig. 1, full lines) and PEQR with SOI and Zeeman effect (Fig. 1, 
dashed lines). 

                      
Fig. 1 The Fermi level of the pseudo-elliptic ring versus the magnetic field for different positions of 

the impurity without spin (full line) and with Zeeman and SOI (dashed line). 
 

For the PEQR without spin, the Fermi level is always placed between the E01 
(ground state) and E02 (first excited state) even for the impurity located in the ring 
center, where these two levels are very close. When spin-orbit interaction (SOI) and 
Zeeman effect are included, the levels splitting leads to lower values for the Fermi 
level. It goes below E1 for small B values for the PEQR with on center impurity or an 
impurity placed at the outer ellipsis edge. However, the Fermi levels in Fig. 1 have a 
similar dependence with magnetic fields, for all impurity positions. This is a direct 
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consequence of the fact that the inclusion of electron spin just splits the levels without 
altering their oscillations (see I).  

  

 
Fig. 2 a) The mean total energy of the pseudo-elliptic ring without spin b) magnetization and c) the 

susceptibility versus the magnetic field for different positions of the impurity. In all graphs, are 
represented with full line the results obtained with Fermi-Dirac distribution and with dashed line the 

results obtained with Boltzmann distribution. 
 

The average total energy, calculated using the Fermi-Dirac distribution (Eq. 3) 
and the Boltzmann distribution (Eq. 4), is presented in Fig. 2a for the PEQR without 
spin. It can be seen that the values obtained with the Fermi-Dirac distribution are 
slightly higher. For both distributions, TE  was fitted with the function: 
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where 
0TE  represents the value at B=0. This function was proposed first for 

excitons in a quantum disk [35] but extended for hydrogenic impurity in a dome-
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shape quantum dot [36] because this impurity behaves like an exciton with infinite 
hole effective mass. For all TE  we obtained a very good match. The values of α are 

very low (see Table 1), showing that actually 2BET β≅ . For this reason, the 
magnetization as function of B has a linear variation, as can be seen in Fig. 2b. The 
magnetization is zero at B=0 and goes to negative values at the augment of the 
magnetic field. The susceptibility increases very slowly with the magnetic field but 
remains negative at the magnetic field strengthening having slightly different values 
for the two statistics. Such an increment of the susceptibility was obtained also for the 
diamagnetic susceptibility of a donor in a quantum well [6]. Consequently, the ring 
with impurity is diamagnetic at all field values if spin effects are not included. 

It can be observed that the absolute values of the magnetization and 
susceptibility are lowest for the impurity placed in the ring middle where the impurity 
experiences the highest binding energy. 

When electron spin is included, the dependence ( )BfET =  can still be well 
fitted with Eq. 9 for the Fermi-Dirac distribution. For the Boltzmann distribution, the 
average total energy can be fitted by Eq. 9 but also, equally, by a polynomial of third 
order without linear term  

                                32
0

cBaBEE TT ++=                                           (10)  

except for the PEQR with impurity placed in the ring middle. In this case, the curve 
resulting from Boltzmann distribution can be well fitted only by Eq. 10, which 
determines a quadratic dependence in magnetization, as seen in Fig. 3b. Such 
dependence evidences that, in this case, the Boltzmann distribution might be 
inappropriate, because experimentally, only a quadratic dependence was found for 
In0.55Al0.45As self-assembled quantum dots at low values of the magnetic field 
followed by a linear dependence at high values [35,37]. 

The inset of Fig. 3a presents a zooming around 100 meV where 
BTE was 

vertically translated to superpose over 
FDTE at B=0 to demonstrate that, in this 

particular case, the two statistics predict different dependences for the total energy 
versus magnetic field.  
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Fig. 3 a) The mean total energy of the pseudo-elliptic ring with spin, b) magnetization and c) the 
susceptibility versus the magnetic field for different positions of the impurity. In all graphs, are 

represented with full line the results obtained with Fermi-Dirac distribution and with dashed line the 
results obtained with Boltzmann distribution. 

 
The magnetization takes now different values for the two distributions and for 

the different positions of the impurity. Due to the low values of α (see Table 1), the 
magnetization has almost a linear variation with B for the Fermi-Dirac distribution as 
in the absence of the electron spin. For the Boltzmann distribution, the magnetization 
shows a quadratic distribution for all impurity position even if 

BTE was calculated 
with Eq. 10 for the impurity in the ring middle and with Eq. 9 for the other impurity 
positions. 

The values of susceptibility are negative and decrease slowly with B for the 
Fermi-Dirac distribution. Therefore, for this statistical approach, the electron spin has 
little influence on the diamagnetic behavior of the ring with impurity. It just lowers 
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its magnetization and susceptibility (in absolute value) and leads to a decrement of 
the susceptibility instead an increment at the field strengthening as obtained in the 
spin absence. 

                                                                                                                                Table 1 
Theoretical values of α and β obtained for Fermi-Dirac distribution 

impurity 
position 

αFD(meV/T) 
without spin 

βFD(meV/T2) 
without spin 

αFD(meV/T) 
with spin 

βFD(meV/T2) 
with spin 

xi=0 0.00852 0.0173 -0.0226 0.0087 
xi=8.1 0.00471 0.01609 -0.0062 0.01023 
xi=24.6 0.00422 0.0097 -0.02431 0.00351 
xi=41.1 0.00687 0.01689 -0.00672 0.01063 
 

When Boltzmann distribution is considered (see Fig. 3c, dashed lines), the 
susceptibility has a larger decrement with B for all impurity positions. For the PEQR 
with impurity at xi=24.6 nm, the system is in the paramagnetic phase at weak fields 
(χ>0) and, at the critical value B=1.327 T, it crosses into the diamagnetic phase (χ<0).  
 

4. Conclusions 
 
 In this paper, we have studied the magnetic properties of a GaAs/GaAlAs 
pseudo-elliptic quantum ring. The influence of the Zeeman effect and spin-orbit 
interaction have been addressed for four positions of the donor impurity. 
 We computed the average total energy, the magnetization and the magnetic 
susceptibility using both Fermi-Dirac and Boltzmann statistics. If the spin is not 
considered, both distributions lead to a similar linear variation of the magnetization 
with magnetic field, that determines a diamagnetic behavior of the nanostructure, 
with a negative susceptibility that increases slowly with the magnetic field. The 
absolute values of the magnetization and susceptibility are lowest for the impurity 
placed in the ring middle where the impurity experiences the highest binding energy.  

When spin-orbit interaction and Zeeman effect are added in the computation, 
differences in magnetization appear for the two distributions used, because the Fermi-
Dirac distribution leads again to a negative value of the susceptibility decreasing 
slightly with the field, while the Boltzmann distribution leads to a decrement of the 
susceptibility with a larger variation at the magnetic field strengthening. The ring 
with an impurity at the ring middle is paramagnetic at weak fields and becomes 
diamagnetic starting from a critical intensity of the magnetic field.  

Our work evidences the role played by the impurity position and electron spin 
in the evaluation of the magnetic properties of the rings, but also of the distribution 
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used in computation. As the values of the susceptibility and magnetization are within 
the range detectable with current experimental techniques, experimental 
measurements could show if the susceptibility increases or decreases slightly or has 
an important lowering with the magnetic field, confirming in this way our results.  
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