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SOME RESULTS OF FREDHOLM ALTERNATIVE TYPE
FOR OPERATORS OF AJ, — S FORM WITH APPLICATIONS

Irina MEGHEA'

In aceastd lucrare sunt reluate si generalizate unele rezultate de tip
Alternativa Fredholm. In partea de inceput sunt prezentate cdteva rezultate care
pregatesc subiectul, dintre care unele sunt originale. Rezultatele de tip Alternativa
Fredholm sunt aplicate in rezolvarea, deasemenea originald, a cdtorva probleme,
care implica p-laplaceianul si pseudo-laplaceianul.

In this paper some results of the Fredholm Alternative type are discussed and
generalized. At the beginning of the paper some results which prepare the subject,
part of them being original, are presented. The results of the Fredholm Alternative
type are applied in the solution, also original, for some problems involving the
p-Laplacian and the pseudo-Laplacian..

Keywords: Fredholm alternative, strongly closed operator, strongly continuous
operator, weak solution, a-homogeneous operator,
a-quasi-homogeneous operator, duality map, (K, L, a)-map,

Carathéodory function, Sobolev space, p - Laplacian, pseudo-Laplacian

1. Introduction

This paper starts its theoretical part with some propositions which have
their origin in a theorem own to J. Necas ([1], [2]). They are obtained based on
this theorem, but also on others results own to the author from [3] and here. We
apply these results to weak solutions of partial differential equations which are
also discussed in [3], and together with others methods in [4], [5] and [6].

The aim of this work is to give some new results of the Fredholm
Alternative type and, using them, to highlight new results in weak solutions for
some types of partial differential equations involving the p-Laplacian and the
pseudo-Laplacian.
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2. Preliminary notions and results

2.1. Preliminaries

Definitions. Let X, Y be real normed spaces and let F: X — Y, Fy: X — Y.
F is strongly closed respectively strongly continuous if
Xy ——>a and F(x,) »> o = o = F(a)
respectively
Xn —— a = F(x,) = F(a).

For instance, each linear compact operator between Banach spaces is
strongly continuous ([7]).

Let a be a real strictly positive number.

F is a-homogeneous if

F(tu)=t*Fu) YVueX,Vt=0.
F is a-quasi-homogeneous relative to Fy, Fy a-homogeneous, if
tad 0,y —2> up and ty F(L;—”

n

J—> Y = = Fo(uo).
F is a-strongly quasi-homogeneous relative to Fy , if

u

—nj —> Fo(uo).

b 0, uy —2 > uy = t F(t
n
Proposition 1. If F is a-homogeneous and strongly closed (respectively
strongly continuous), then F is a-quasi-homogeneous (respectively a-strongly-
homogeneous) relative to F.
Proof. In both cases, we can remark that 7, F [L;—”

j =F o(uo). |
Proposition 2. If F is a-strongly quasi-homogeneous relative to Fy , then
Fy is a-homogeneous and strongly continuous.

Proof. First statement. t > 0. Let uy be any fixed in X and #, 0,

s —2> uy . Then ¢ F(L;—j > Fo(up), hence (ttn)aF[L;—”j% £ Fo(uo), but

n n

Z‘" j — Fo(tuo) because tu, ——> tug , £* Fo (o) = Fo (t ug). t > 0. We have

n

(tt)" F(

to prove that Fy (0) = 0. Take #, ¥ 0 and (un)n1 with u, =0 V n. Then t F (L;—"j -

n

Fo(0), but F(L;—j — 0 etc.

n
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The second statement. From the hypothesis,
lim ¢ F( J=Fo(u) YuelX (D
t—>0+
We assume par absurdum Fy as being not strictly continuous. Then there exist u;,,
up € X, uy ——> ug and
Fo(un) -+ Fo(uo). ()
€ > 0 being fixed any, from (2), 3 a subsequence of (u,), we use for it the same

notation, such that
1Fo (un) — Fo(uo)l| 2 Vn=1. 3)

In addition, from (1), foreachn e N3¢,,0<¢,< l , for which

o ) = F[ ]n 5 4)

€)) 4)
Then & < ||Fo (uo) — Fo (un)|| < ||Fo (uo) — £ F(?—j||+||t F( j Fo (un)]| <

—+ |Fo (uo) — t) F ( j|| take the limit for » — oo, obtain ¢ < which is a

<t

t, 2’

contradiction. [
Proposition 3. The single-valued duality map ], is a-homogeneous iff ¢ is

a-homogeneous.

Proof. Necessary. ¥ u#0,V t>0, J,(tu) = (P(EHH |||;) u([3],L 1.1, 5%,

Jo (tu) =t J u, and taking the norm,

@(tllul)) = * @(llull);
one takes into account that u — ||u|| takes all its values in R, . Sufficient — the
same formulae. []

For p € (1, + ©), —A, and — A, are (p — 1)-homogeneous maps on

Wol’p (Q) as it results from the following section.
2.2. Results for the operators — Apand — A}

Q designates an open set with the finite Lebesgue measure from RY, N > 2
and p € (1, + ©). The norm on WOI”’(Q) will be u — |ju||;, p , where |[ul|, p: =
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I Vulll,, &[] [Vu | o, p)2. We designate the dual of (WOI’I’(Q), Il - I, p) with
w7 (Q), where p’ is the conjugate with p exponent.
Consider the operator — A, : Wol’p Q) > w7 (Q),

Apu=div (|Vu | ?*Vu). ®)
This acts, according to [13],
(—Apu,vy= _[|Vu P2 Vu-Vvdx Y u,ve Wy Q). (6)
Q

For the followed aim, the most important is the next property of the p-
Laplacian to be identical with a certain duality map.

Proposition 4. Let \V: W, (Q2) > R,
1
P(u) = > fullf,-

Then ¥ is Gateaux differentiable on W,"* (Q)\ {0} and
V() =-Ayu=Jou ¥ ue Wy"Q),
where o(¢) = 1>~ ([8]).

[lell Lp

Proof. As Y(u) = I o(t)dt , we have
0

Jou=0W(u) ¥V ue Wy?(Q) (3,1 1.1),
it remains to prove that ¥ is Gateaux differentiable and
W (u)=-Ayu Y ue Wy”(Q). (7)

1
¥ =gof, where g: L?(Q) > R, gw) = —lullg . f: Wo? () > L7 (@), /()
=|Vul|.
g is of the C' Fréchet class on LP )\ {0} ([3], VL, 1.1), f is Gateaux

differentiable on W, (Q)\ {0} and f “(u)(h) = V|”v'uv|h Y hoe WyP(Q) ([12)),

we apply the generalized finite increments formula®, u # 0 and /& € W[)l’p =

% Let Q be a nonempty open subset of RY. For p € [1, + o), LP(Q) : = {u : Q — R, u measurable,

1
. p
juP Lebesgue integrablet, 1 Il : = (J lul? de lello,p = = 11y
Q

*Let X, Y be real normed spaces and f: X — Y Gateaux differentiable, F : ¥ — R of C' class
Gateaux. Then g : = F o f is Gateaux differentiable and g’ (x) = F * (f(x)) o f* (x). This result is
own to the author ([9], [3])
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. (6)
1 v|uVuV|h dx:_“Vu |p_2 Vu-Vhdx =(-A, u, h) and it

vy = [|VulP”
Q

remains only the case u # 0 to finish with (7).
p-1

1 t
But ¥°(0)(h) = lim ~W(th) = lim — || h||f =0=(-A,0, k). [
ut ¥ (O)h) = lim 2¥(eh) = lim —= [ 2 I3, (=4, 0, h)

Remarks. 1. The main important part of this proof is own to the author.
2. ¥ has even the C' class Fréchet on W7 (Q) ([12]).

For the operator —Asp, Q also designates an open set with the finite

Lebesgue measure from RN, N>2 and p € (1, + ). The norm on Wol’p (Q) will be
1
v 1

now u — Juli, , , where July, , : Z[Z

i=1

P

Ou|
ox

i

P
. The dual of the space
LP(Q)

WEP(Q),] - 11,) is designated also by W~ 7 (Q), where p’ is the conjugate with
0 P g y p jug
p exponent.

Consider now the operator —A’, : WP (Q) — W 7 (Q),

N p=2
s 0 ou
—Au= ,Z:];axi( 8le'

dx, u, h e Wy? (Q) (8)

Ou
ox;

This acts according to
N

~&,uhy=" |
i=1Q
(Lions, [11]).

" ou oh
Ox; Ox;

Ou
ox;

Proposition 5. The function ¥: Y(u) = % lul{,.p € (1, + ), is Gdteaux

differentiable on Wy? (Q)\ {0} and
Yu)=-K,u=Jou, ¢(t):=t""".

P

ou

ox

i

Proof. We fix the index i, 1 <i < N and g: Wy (Q) — R, g(u) =

0,p

We have g = F o f, f: W, (Q) — LP(Q), f (u) =%,F: LP(Q) > R, F(v) =|MIf, -

Because f(u)(h) :% and F' ()(h) =p [|v"2 vhdx ([14]), &) = F ' (f (W) 0
i Q

1

f" (u) (the announced finite increments formula).
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a_u
Ox;

1

" ou oh

g@m=p 50 7 e @ )

and hence

P

ou

prdl [227

N
v@@=2[

9).0)
J@::egmm

0,p
The rest of the proof is the same as that of the Proposition 4. [
Remark. The proof given here for this statement is own to the author.

Corollary. u — lul1,p, p € (1, + ), is Gdteaux differentiable on W,'* ()
\ {0}. Consequently (Wol’p (€),1 - Lp) is smooth.

Proof. By taking ®(u) = Ju]:,,, we have
1 1

Du) = p"(Y@))”.
We also apply the above generalized finite increments formula. For the second
affirmation — see I, 1.2 from [3]. [
Remark. This last proof is own to the author.

3. Fredholm alternative

We continue in this section with the results completing the previous theory
made in the subsection 2.1.

Proposition 6. If the Banach space X is reflexive, smooth and with the (H)
property’, then any duality map Jo on X is strongly closed.

Proof. Let uy ——> ug and J, u, —> y. We have

Jotn—Jguo, Uy —ug) = 0,

but
Jotin—Jgttg , un — tto) 2 [O(|[un]|) — @(lleol DI([[eenl| — [Js0l]) = O ([3], 1, 1.1),
hence nlglo [@(|[enl]) — @([l0l)]([[etn]| — [[ueol[) = O, which implies |[un|| — [[uso]| (see

the proof of 1, 4.16, [3]). X having the (H) property, it results u, — uq , therefore

* A Banach space has the (k) property if
Xy —2 s x and |pe,|| = || = x0 — x.
A Banach space has the (H) property if it is strictly convex and also has the (%) property.
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(X reflexive smooth = J, demi-continuous, [3], I, 4.2) J, un ——> J, tp and so
J(p up="1vy.

Corollary. If the Banach space X is reflexive, smooth and with the (H)
property, any duality map on X J, a-homogeneous is a-quasi-homogeneous
relative to J, .

Proof. Combine the last proposition with Proposition 1. [

Passing to the main proposition of this paper, the conditions are slightly
weakened as in the original result.

For this reason, we give the following

Definitions. The map f: X — Y, X and Y normed spaces, is regular
surjective, if it is surjective and V R >0 3 r> 0 such that

IS <R =[xl <r.

T:X— Y, Xand Y normed spaces, is a (K, L, a) map, where K> 0, L > 0,
a>0,if

K|* < |7l <L [l * ¥ x e X.

Proposition 7 (Fredholm Alternative). Let X, Y real normed spaces, T: X
— Y (K, L, a)-bijection a-homogeneous, odd and with continuous inverse, S: X —
Y a-homogeneous odd compact operator. Then, for any A # 0, AT — S is regular
surjective iff A is not an eigenvalue for the couple (T, S) ([2], [3]).

Proof. Necessary. Let, par absurdum, be xo # 0 from X such that

AT(x0) — S(xo) = 0. (10)
We multiply (10) by ¢°,

AT (txo) — S(txo) =0 (11)
and as t lim ||txo|| = + oo, (11) imposes (par absurdum!) the conclusion AT — S is
not regul:;:uj ective, a contradiction.

Sufficient. Firstly we prove that

p:i= Hirﬁf1||ka—S(x)||>O. (12)
Xl=

Assume par absurdum
p=0. (13)
With (13) we obtain a sequence (Xp)nen, Xn € X, (14) |jxn/| =1 and
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lim [A7(x) = S(xn)] = 0. (15)

The sequence (x,) being bounded, (S(x,))nen has a convergent in Y
subsequence, let y = lim S(x;, ). But T is surjective and A # 0, so 3 xo € X such
n—>0

that A7(xo) =y and then, from (15),

lim AT(x,,, ) = AT(xo). (16)
From (16) it results (7 has a continuous inverse)
lim xkn =X0. (17)
n—»0
14)
(17) imposes on one hand [[xo|| = 1 and on the other hand lim S(x;,) = S(xo),
n—®

which combined with (15) and (16) gives AT(xo) — S(xo) = 0, a contradiction and
hence (12).

So being, from (12)

X X

SO
pllxl[* <IAT(x) = S()I| ¥V x € X\ {0} (18)

From (18)
[T = SEOI| = + o, (19)

from which we conclude that A7 — S is surjective ([3], II, 1.1).

This surjectivity is regular. Indeed, assuming par absurdum the contrary,
we obtain R >0 suchthat Vn e N Jx," € X, || x,’|| > n and

[[AT(x0) — SCen”)|| £ R. (20)
But as

19
lim ||xy|| = + o, we have lim |AT(xy) — S(x)|| = + o and we obtain a
n—>oo n—>0

contradiction with (20). [

And now, from the “surjectivity lemma” (Proposition 7, Fredholm Alter-
native), we can quickly obtain,
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Proposition 8. Let X be a real reflexive Banach space, smooth and with
the (H) property, which is compact embedded in the real Banach space 7., and N:
Z — 7* an a-homogeneous odd demi-continuous operator. Then the operator A
—N, Jo the duality map on X with o(t) =1t", X # 0, is regular surjective iff \ is not
an eigenvalue for the couple (J,, N).

Explanation. In the expressions AJ, — N and (J,, N), N is, in fact, i o N o i,
i: X > Z linear compact injection, i': Z* — X* the transposed of i.

Proof. We apply Proposition 7 with 7: =J,, S: =1 0 N o i, correctly as J,

is (K, L, a) with K = L = 1, bijection with continuous inverse ([3], [, 4.14), odd
and S is odd, a-homogeneous and compact (see the proof of III, 1.2, [3]).

Remark. The last proposition is due to the author.

4. Application

4.1 Application to the p-Laplacian and pseudo-Laplacian
We take now in the Proposition 8 (X, || - ||x) = (Wol’p (€2), || - |, p), where

p € (1, + o) and Q is an open bounded of the C' class set from RN, N > 2 (so Jo =
—Ap, () = t*~ ', Proposition 4), (Z, || - I2) = (L” (), || - [lo)s N: L (Q) = L (),

l-i-l, = 1,Nu=|u|p72u.
p D

Wol’p () is uniform convex ([3], IV, 4.5), and hence also reflexive ([3], I,

3.2) with the property (H), with its norm Gateaux differentiable ([3], IV, above
4.5) and hence smooth ([3], I, 1.2). It is compact embedded in LP(Q) ([3], IV, 3.6).
Concerning N, it is the duality map on LP relative to the weight  — (P~
(see in the following Proposition 10), consequently N is a homeomorphism of LP
on L ([3],1V, 1.2), odd and (p — 1)-homogeneous.
So being, we apply Proposition 8 in order to obtain
Proposition 9. Let p be from (1, + ) and L #0. If
M=Apu) = [ul’ *u (21)
has not a nonzero solution in Wol’p (Q), then for any h from W~ 7' (Q), the
equation
M-=Apu) = |uf 2u+h (22)
has solution in W, (Q) in the sense of W~ "' (Q)".

* All the terms from the first relationship from (21) are considered as elements of W~ 7" (Q).
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Explanation. The term |ul’ ~? u from (21) and (22) is considered to be its
image through a compact embedding of Lp’(Q) in w7 (Q) (use the Schauder
theorem).

Remark. This result is own to the author.

Proposition 10. The duality map on LP(Q), p € (1, + o), with the weight
o(t)=1t""tis

Jou=1ul"" "sgnu, u e L°(Q),

ie.
Jou, hy= [|u [P~ (sgnuyhdx ¥ h e L(Q).
Q
1 HuHO,p
Proof. Let ¥: Y(u) = ; || u ||§p. As Y(u) = I@(t) dt, we have (see [3], I,
0
1.1, 3%

Jo (1) = 0¥ (u).
But W(u)(h) = [|ulP~! (sgnwhdx ¥ h from L°(Q) ([12]), and then the
Q

conclusion. []
Remark. The proof of this statement is own to the author.
Proposition 11. /n the statement of the Proposition 9, if p € [2, + ®), then

— Ay can be replaced by —X,,.

Proof. We take in the Proposition 8 (X, || - ||) = (Wol’p (), 1 - 11, p) (see at

the beginning), (Z, | - [l2) = (L"), | - llop). N : LY(Q) —> me),%% 1, Nu=

lu| * = % u, and we take into account IV, 5.7 from [3] and the Corollary of
Proposition 5 (the compact embedding of W01°p in L is given by the equivalence

of the norms | - |1pand || - [|i,,). [

4.2. Another application for p-Laplacian
Here we take in the Proposition 8 (X, || - [x) = (Wy” (Q), || - |, p), © an
open bounded of the C' class set in R, N> 2, (Z, || - |l2) = (L" (Q), || - llop), N: LP

N N

. . . ou
°1 - 1., is equivalent with the norm [uf, ,: = Z o . ou <Nl , <
i=1|O%; P =l axi 1P (Q)
N
NZ Ou, .But|- | ,is equivalent with || - |||, as [[ull;,, < [ul;, p < N [Jul];,p.
= Ox; @)
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Q) > LP (Q), —+— =1, Nu=Nru/, f: Q x R - R Carathéodory function

1
pV

SR

which verifies

1°)/(, ) <crls|” " +Bx) VseR, VxeQ\d, uA) -0, where ¢; >
0,pell;

2° f'is odd and (p — 1)-homogeneous in the second variable. Then N is
odd, (»p — 1)-homogeneous and continuous ([3], IV, 5.13). Apply Proposition 8
(see also the previous section) and we obtain the following

Proposition 12. Let p be from (1,+ o) and A # 0. If

M=Apu) = Nru
has no nonzero solution in Wol’p (Q) in the sense of W~ Ly (Q), then, for any h
from WP (Q), the equation
M=Apu)=f(-,u(-))+hxeQ

has a solution in W, (Q) in the sense of W~ "7 (Q).

Remark. This statement own to the author can be compared with
Proposition 10 from [5].

6. Conclusions

An original solution for some problems of partial differential equations is
given in this paper starting from some propositions of the Fredholm Alternative
type.

The introductive results concerning the p-Laplacian and the pseudo-
Laplacian are improved by the author.

The main result the “Alternative Fredholm” is given with weakened
condition. Another result of this type (Proposition 8) is own to the author.

Other novel results are developed in order to characterize weak solutions
involving the p-Laplacian and the pseudo-Laplacian.

We can compare these results for the p-Laplacian and for the pseudo-
Laplacian with the characterizations of the solutions for the problems of partial
differential equations involving the p-Laplacian and for the pseudo-Laplacian
from [4], [5] and [3].
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