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COMPARATIVE STUDY OF METHODS FOR 
CALCULATING THE AERODYNAMIC LIFTING SURFACES 
IN SUBSONIC REGIME UNDER CHORD AND INCIDENCE 

CHANGES 

Corneliu BERBENTE1, Marwan ISBER2, Daniel CRUNTEANU3  

Articolul prezintă trei metode pentru calculul aerodinamic asupra unui aripi cu 
anvergura finită în regim incompresibil şi nevascos insistand asupra unui metode orginale 
dezvoltate în anii 70 care este utilizată si acum. Metodele clasice cu panouri, (lattice vortex  
method) cu inele de vârtej si cu potcoave de vârtej sunt prezentate şi folosite pentru 
calculul a patru configuraţii de aripă. Rrezultatele obtinute cu aceste două metode sunt 
comparate cu rezultatele metodei semi-analitice şi interpretarea rezultatelor este 
prezentată în capitolul de concluzii.  

The paper presents three methods to compute the incompressible non-viscous flow 
for wings with arbitrary plan-form, insisting on an original method, developed in the 70’s, 
currently under usage. The classical methods of vortex lattice methods (panels) in two 
variants, namely ring and horseshoe, are presented and used to compute four wing 
configurations. Further, results obtained with these two methods are compared with the 
semi-analytical method. The findings are presented in the conclusion. 

 
Incidence = angle of atack  
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1. Introduction 

The paper presents classical VLM methods developed and employed in 
[6], [9], [12] and [13], as well as an original method presented in [1]. Results 
obtained with these ring-vortex and horseshoe VLM methods are compared with 
results from the original semi-analytical method in [1]. 

The purpose of this work is to compare these methods for two classes of 
wings: low aspect ratio ( 2=λ ) and moderate aspect ratio ( 6=λ ) and identify 
the trust areas for each method. 
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Chapter 2 presents the ring VLM method (MIV), Chapter 3 the horseshoe 
VLM (MPV), Chapter 4 the semi-analytical method (MSA). Results are presented 
in Chapter 5 and conclusions in Chapter 6. 

 
2. Lifting surface method which using rings vortices 
 
The flow is considered potential, incompressible. The potential can be 

deduced, using the Green function as: 
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 intensity of distributed sources 

intμ = Φ −Φ        intensity distribution 
         Φ               velocity potential near the surface  
         intΦ             velocity potential inside the body  

 
Fig. 1 Global wing paneling [7] Fig. 2 Modeling the wing with ring vortices [7] 

 
The ring vortex ( Fig. 2) induces a velocity : 
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Fig. 3 Induced velocity of a vortex line [7] 
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In order to obtain the intensities of the ring vortices ,i jΓ  one takes into 
account that the total velocity of point P  is tangent to the lifting surface: 

( )( ) ( )( ), , , ,, ,1 1 1 1

wMM N N

ind P i j w P i j P Pi j i ji j i j
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= = = =
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where: M is the number of panels in the chord-wise , N is the number of panels  in 
span-wise and Mw is the number of rings in each subdivision of the wake. The 
wake surface length is equal to three wing spans.  

The Biot-Savart formula for calculation of the induced velocity leads to 
singularity when the distance between collocation and vortex line tends to zero. 
This leads to unrealistic big induced velocity, having some consequences: 
disturbed local angle of attack, overestimated induced velocities near wingtips. 
Therefore we obtain a numerically  unrealistic solution. In order to avoid these 
numerical disturbances, a finite radius vortex core has been used. The flow field 
generated by this vortex corresponds to a solid body rotation, referring to the 
tangential velocity. Fig. 4 contains the formulation and representation of the 
tangential velocity. 
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Fig. 4 Dimensionless tangential velocity profile[7] 

 
Setting n →∞ , the Rankine velocity profile is obtained and this model is 

used in our approach. 
The core radius is proportional to 410 A− ⋅ ,  where A is panel area.  
By using the Kutta-Jukovski  theorem, we obtain the lifting force acting on 

the current panel: ( ) 1,,,1,, >ΔΓ−Γ=Δ −∞ iyVP jijijiji ρ  (6), while for the leading 
edge panel we obtain 1, 1, 1,j j jP V yρ ∞Δ = Γ Δ  (7). 
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The pressure difference between the panel surfaces will be given by
   ,

,
,

i j
i j
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P
p
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Δ

Δ =  (8), where S is the panel area. 

To compute the induced drag, we use: 
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where the velocity component 
,i jindw  must be locally calculated. 

The unitary coefficients of lift and drag are: 
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3. Lifting surface method using horseshoe vortex 
 
This simplified model is used in order to have an additional model to 

compare with lifting surface method using ring vortices and with semi-analytical 
method. 

The model is described by the fact that each panel has a horseshoe 
assigned, as in Fig. 5. The finite segment of the horseshoe is placed at ¼ of the 
panel’s chord and the collocation point at ¾. The infinite segments of the 
horseshoe are parallel to the free-stream velocity. 

 

 
Fig. 5 Lifting surface method which using horseshoe vortex model 

 
As presented before, in the case of ring vortices method, the lifting force 

acting on the current panel is jijiji yVP ,,, ΔΓ=Δ ∞ρ . 
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 The pressure difference for the panel is: 
ji

ji
ji S

P
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,

,
,

Δ
=Δ  where S is the 

panel area. 
The induced drag of the panel is jijiindji ywR

ji ,,, ,
ΔΓ−=Δ ρ  and the unitary 

coefficients are the same as in the case of ring vortices method.  
All the above are used to perform the calculations in the tests chosen for 

methods comparisons. 
 
4. The semi-analytical method 
 
The Prandtl’s integral-differential equation 
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where c is the local chord, is solved starting with  a Fourier development of the 
circulation 
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[0, ]θ π∈ , where b is the wing span, having as result an infinite system of 
linear equations. 

Our method has some advantages like:  a) the  integrals can be calculeted 
exactly for current cases, b) the process of calculating the coeffiecients is based on 
successive iteration and c) the first approximation is obtained with an explicit 
formulation; 

One obtains the circulation coefficients from: 
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equation that comes from introducing the Fourier development of circulation in 
the Prandtl equation, where, 

/(2 )kc bμ =  π)9,0...85,0(=k . 
Multiplying Eq. 13 with )sin( θn  and integrating from 0 to π, we get  
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After solving for An 
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where npδ is the Kronecker symbol 

1,
0,np

n p
n p

δ
=⎧

= ⎨ ≠⎩ . 
The integrals In and Hn can be calculated directly, whatever complicated 

distribution would be  in chord or incidence, without the necessity of developing 
them in Fourier series. 

The wing is symmetrical and therefore 
( ) ( ); 0npHμ θ μ π θ= − =                                            (17) 

 “n+p” being an odd number. 
This allows a separation in the An coefficients calculation ,after the parity 

of the index. We note with:  

2n nnL nHπ
= +

                                                               (18) 
The system is decomposed into two systems: 
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To find the coefficients A2m-1 or A2m, the following series of successive 
approximations are used: 

a) in the first approximation we neglect the term A2m+3 and the next terms, 
when computing A2m-1                           

b) in the approximation with the order 2s ≥  we calculate the terminal  
A2m-1 taking in the consideration all the calculated terms in the previous 
approximations, including A2m+4s-3 .       

The first approximation is: 
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where we have: 
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Approximations with rank 2s ≥  will use: 
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For the even index coefficients 2mA , we apply a similar procedure.  

Since coefficients nA  decrease rapidly, the process is rapidly convergent; 
even the first approximation gives a good accuracy. 

Assuming a picewise linear chord and angle of attack distribution between 
sections yi and yi+1, 
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then the integrals I and H will have the  form 
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where 01 =θ  , 2
πθ =ns  and ns – number of computing sections. 

 
5. Numerical results 
In order to test the methods, some calculations have been performed on 

two types of trapezoidal wings (zero degrees for the ¼ chord line), considering 
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aspect ratios 2=λ  and 6=λ . Free-stream velocity is 100m/s and density 
1.225Kg/m3. The trapezoidal shape coefficient is 01 /eq c c= − . 
Small aspect ratio wing 22, 2 , 2b m S mλ = = =  
Case 1. 0

00, 1 , 4eq c c m α= = = =  

Fig.6 Discretized wing with 15 x 29 panels for (MPV and MIV) 

 
Fig.7 Lift distribution MSA 

(semi-analytical method) 
Fig.8 Lift distribution MIV (vortex rings) 

 
Fig. 9 Lift curves, lift and drag curves for rectangular wing, 2=λ  

 
Case 2. 0

00.5, 1.333 , 0.667 , 4eq c m c m α= = = =  
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Fig.10 Discretized  wing with 15 x 29 panels for(MPV and MIV) 
 

 
Fig.11 Lift distribution MSA Fig.12 Lift distribution MIV 

 

 
Fig. 13 Lift curves, lift and drag curves for trapezoidal wing, 2=λ  

 
Moderate aspect ratio wing 26, 6 , 6b m S mλ = = =  
 Case 1. 0

00, 1 , 4eq c c m α= = = =  
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Fig.14 Discretized wing with 15 x 29 panels for (MPV and MIV) 

 

  
Fig.15 Lift distribution MSA Fig.16 Lift distribution MIV 

 

 
Fig. 17 Lift curves,  lift and drag curves for rectangular wing, 6=λ  

Case 2. 0
00.5, 1.333 , 0.667 , 4eq c m c m α= = = =  

 
Fig.18 Discretized wing with 15 x 29 panels for (MPV and MIV) 
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Fig.19 Lift distribution MSA Fig.20 Lift distribution MIV 

 
Fig. 21 Lift curves, lift and drag curves for trapezoidal wing, 6=λ  

Table 1 
Small aspect ratio wing results 

Table 2 
Moderate aspect ratio wing results 

 
6. Conclusions 
 
For the wings with  small aspect ratio 2=λ , all three methods give good 

results for lifting coeficients Cz, while there is a difference in the induced drag 

λ=2, α=40 Cz Cx,i 
q MSA MPV MIV MSA MPV MIV 
0 0.2011 0.1938 0.1828 0.006516 0.01351 0.01280 
0.5 0.2069 0.1930 0.1858 0.006828 0.01346 0.01299 

λ=6, α=40 Cz Cx,i 
q MSA MPV MIV MSA MPV MIV 
0 0.2942 0.3051 0.3070 0.004833 0.02125 0.02147 
0.5 0.3023 0.3121 0.3159 0.004920 0.02172 0.02292 
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prediction. Panel methods (MPV and MIV) oversestimate the value of drag 
coefficient, the presented semi-analytical method MSA being a good alternative 
for small aspect ratios. MSA can be further applied for different kind of vehicles: 
rockets and missile low aspect ratio wings at low velocity, helicopter wings and 
tail, with better resolution than normal VLM tools. 

For the wings  with moderate aspect ratio 6=λ , all three methods give 
more or less the same coefficients. 

The lift and drag coefficients do not change significatly with the 
trapezoidality coefficient q. 

Two problems will be the goals of future work: the implementation of 
these methods in compressible, viscous flows and their coupling with more 
advansed methods for the preliminary design phase when aerodynamic 
configuration is under consistent geometric changes. 
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