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MODIFIED ISHIKAWA ITERATION PROCESS FOR TWO
NONEXPANSIVE SEMIGROUPS IN CAT(0) SPACESS

M. Eslamian', S. Dhompongsa?

In this paper, we introduce modified Ishikawa iteration process for two
nonexpansive semigroups in CAT(0) spaces. Then, we prove strong and /\-conver-
gence theorems for such iterative process in CAT(0) spaces. Moreover, we present
A-convergence theorems of Ishikawa iteration process for a family of nonexpansive
mappings in CAT(0) spaces. The results obtained in this paper extend and improve
some recent known results.
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1. Introduction

A mapping T of X into itself is said to be nonexpansive if d(Tz, Ty) < d(z,y)
for each z,y € X . We denote by F(T) the set of fixed point of T" . Fixed point
theory in CAT(0) spaces (the initials of term ”CAT” are in honor of E. Cartan, A.D.
Alexanderov and V.A. Toponogov) was first studied by Kirk [!1]. Since then the fixed
point theory for nonexpansive mappings in CAT(0) spaces has been rapidly devel-
oped and many of papers have appeared (see e.g., [2-11] and the references therein).
It is worth mentioning that fixed point theorems in CAT(0) spaces (specially in R -
trees) can be applied to graph theory, biology, and computer science (see e.g., 12-17).

The Mann iterative process [18] is defined in a CAT(0) space by

Tpt1 = apxp & (1 —ap)Txy, Yn >0
where {a,} is a sequence in [0,1]. The Ishikawa iterative sequence [19] is defined by
Yn = anZn ® (1 —ap)Txy, Yn >0

Tnt1 = anZn ® (1 —an)Tyn, Yn>0
where {a,} and {b,} are sequences in [0,1]. In [7], Dhompongsa and Panyanak
obtained A-convergence theorems for the Mann and Ishikawa iterations for a non-
expansive single valued mappings in CAT(0) spaces.
A family T := {T'(s) : 0 < s < oo} of mappings on a closed convex subset D
of a CAT(0) space X is called a nonexpansive semigroup if it satisfies the following
conditions:
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(i) T(0)z = x for all z € D;
(ii) T(s+t) =T(s)IT'(t) for all s,t > 0;
(iii) d(Tz,Ty) < d(z,y) for all x,y € D and s > 0;

(v) for allz € D, s — T'(s)x is continuous.

We use F(T) to denote the common fixed point set of the semigroup T, i.e., F(T) =
{r € D:T(s)x =x,Vs > 0}. In [20], Suzuki introduced an iterative process {z,}
for nonexpansive semigroup on D, where D is a compact and convex subset of a
Banach space X defined by x; € D and

Tpt1 = AT (tn)zn + (1 — Ny,

where A € (0,1) and {¢,} C [0,00). Then the author proved that {z,} converges
strongly to a common fixed point of {T'(¢) : ¢ > 0}. Recently Cho , Ciric and Wang
[9] generalized the result of Suzuki for CAT(0) spaces. In this paper, we introduce
modified Ishikawa iteration process for two nonexpansive semigroups in CAT(0)
spaces, and then prove strong and A-convergence theorems for such iterative process
in CAT(0) spaces. Moreover, we present a convergence theorem for a sequence of
nonexpansive mappings in CAT(0) spaces. Our results generalized some recent
known results.

2. Preliminaries

Let (X,d) be a metric space. A geodesic path joining x € X and y € X is
a map c from a closed interval [0,7] C R to X such that ¢(0) = z, ¢(r) = y and
d(c(t),c(s)) = |t — s| for all s,t € [0,7]. In particular, the mapping c is an isometry
and d(z,y) = r. The image of ¢ is called a geodesic segment joining = and y which
when unique is denoted by [z,y]. For any z,y € X, we denote the point z € [x,y]
such that d(z,z) = ad(z,y) by z = (1 — a)x @ ay, where 0 < a < 1. The space
(X, d) is called a geodesic space if any two points of X are joined by a geodesic, and
X is said to be uniquely geodesic if there is exactly one geodesic joining x and y
for each z,y € X. A subset D of X is called convex if D includes every geodesic
segment joining any two points of itself.
A geodesic triangle A(z1, z2,z3) in a geodesic metric space (X, d) consists of three
points in X (the vertices of A) and a geodesic segment between each pair of points
(the edges of A). A comparison triangle for A(zy,z9,z3) in (X,d) is a triangle
A(x1,79,23) := A(T1,73,73) in the Euclidean plane R? such that dp2 (3, z;) =
d(z;, z;) for i,j € {1,2,3}.
A geodesic metric space X is called a CAT(0) space if all geodesic triangles of
appropriate size satisfy the following comparison axiom:
Let A be a geodesic triangle in X and let A be its comparison triangle in R?. Then
A is said to satisfy the CAT(0) inequality if for all z,y € A and all comparison
points Z,7 € A, d(z,y) < dp2(T, 7).
Let {x,} be a bounded sequence in a CAT(0) space X. For z € X, we set

r(z,{x,}) = limsup d(zy,, z).

n——oo



Iteration process for nonexpansive semigroups in CAT(0) Spaces 101

The asymptotic radius r({x,}) of {z,} is given by

r({zn}) = inf{r(z,{z,}) : = € X},
and the asymptotic center A({z,}) of {z,} is the set

A({zn}) ={z € X : r(z,{zn}) = r({za})}.
It is known that in a CAT(0) space, A({z,})) consists of exactly one point [2]. A
sequence {z,} in a CAT(0) space X is said to be A-convergent to x € X if = is the
unique asymptotic center of every subsequence of {x,}.

Lemma 2.1. ([5]). Every bounded sequence in a complete CAT(0) space has a
A-convergent subsequence.

Lemma 2.2. ([6]). If D is a closed convex subset of a complete CAT(0) space and
if {xn} is a bounded sequence in D, then the asymptotic center of {x,} is in D.

Lemma 2.3. ([7]). If {zn} is a bounded sequence in complete CAT(0) space X
with A({zn}) = {z} and {u,} is a subsequence of {xy,} with A({un}) = {u}and the
sequence {d(zn,u)} converges, then x = u.

Lemma 2.4. ([7]). Let X be a CAT(0) space. Then for all z,y,z € X and all
t €10,1] we have

(ii) d((1 —t)z @ ty, 2)* < (1= t)d(w,2)? + td(y, 2)* — t(1 — t)d(=, y)*.
Lemma 2.5. ([7]). Let D be a nonempty closed convex subset of a complete CAT(0)

space X, and T : D — D be a nonexpansive mapping. If {x,} is a sequence in D
such that im, oo d(zp, Txy) =0 and A — lim,—,o0 ,, = v, then v = T.

3. Main Result

In this section we present some strong and A-convergent theorems of Ishikawa
iterative process for two nonexpansive semigroups in a CAT(0) space.

Theorem 3.1. Let D be a nonempty closed convex subset of a complete CAT(0)
space X. Let T := {T(t) : t > 0} and S := {S(t) : t > 0} be two nonexpansive
semigroups. Assume that F = F(T)NF(S) # 0. Let {x,} be sequence generated the
following algorithm:

Yn = (1 - an)xn S anT(tn)xnv

Tpy1 = (1 = bn)2n © by S(tn)Yn,
where {an},{bn} and {t,} satisfy the following conditions:

(i) an,by € la,b] C (0,1)

(ii) ¢, >0, liminf, o t, =0, limsup,,__, t, > 0, lim,—,o0 tp41 — t, = 0.
Then for t > 0 we have limy,—ood(xn, T (t)xy) = limp—ood(n, S(t)x,) = 0 and
lim,, 00 d(2p, p) exists for all p € F.

Proof. Let p € F, then by using Lemma 2.4 we have

d(ymp) = d((l - an)xn S anT(tn)xnyp)
< (1 = ap)d(zn, p) + and(T(tn)xn, p)
< (1 - an)d(xmp) + and(xmp> = d(.%'n,p)
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and

d(xnt1,p) = d((1 = bn)xn © bpS(tn)yn, p)
< (1 —-b ) (xn,p) + bnd(s(tn)ynap)

< (1 = bp)d(zn, p) + bpd(yn, p) = d(xn, p).

Hence lim,,—,~ d(z,, p) exists, and therefore {z,} is bounded. Also by Lemma 2.4
we have

d(yn,p)* = d((1 = ap)zn @ anT (t)xn, p)*
< (1 = ap)d(n, p)? + and(T(tn) 20, p)* — an(1 — ap)d(zn, T(tn)zn)?
< (1= ap)d(xn, p)* + and(n, p)? — an(1 — an)d(wn, T(t,)x,)?
< d(xn, p)? = an(1 — an)d(zn, T(tn),)?

and

d(xp41,p)° = d((1 = bn)2n ® b S(tn)yn, p)°
< (1= bp)d(2n, ) + bpd(S(tn)yn, p)* = bu(1 = bp)d(2n, S (tn)yn)?
< (1= b)d(2, ) + bpd(yn, p)* = bu(1 = bp)d(@n, S(tn)yn)?
< d(xy,p)? = bpan(1 — an)d(xn, T(tn)xn)? — bu(1 = by)d(2zn, S(tn)yn)?.

—~ o~

Thus we have
(1 —b)d(zn, T (tn)xn)z < bpan(l - an)d(me(tn)xn)Q < d(a:n,p)z - d(xm-lap)Q,
since lim,_ o d(zy, p) exists, by taking Limit in above inequality we obtain that
nli_r)rloo d(xp, T (ty)zy) = 0.
By a similar argument we obtain

lim d(zy, S(tn)yn) = 0.

n—:aoo

Also we have

d(mm yn) = d(l'm (1 - an)xn @ anT(tn)xn) < and(xm T(tn)xn) —0 n—o00
and hence

d(xn, S(tn)rn) < d(@n, S(tn)yn) + d(S(tn)yn, S(tn)Tn)

< d(zpn, S(tp)yn) + d(Yn, 1) — 0 n — oo.
Now we show that for a fixed ¢ > 0
nh_)rnoo d(xn, T(t)xy) = nh_I)noo d(xy, S(t)zy,) = 0.

With the same proof, we only show that lim,,_,. d(xy,, T'(t)x,) = 0, without loss of

generality, as in [21] we can assume that

lim ¢, = lim —d(xn,T(tn)xn)

n—>o00 n—so00 tn

=0.
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[]-1
d(wn, T(t)en) < Y d(T((k+1)tn)xn,T(ktn)xn)+d(T([ti]tn)xn,T(t)xn)

k=0 "
< [ti]d(T(tn):vn, 20) + d(T(t — [ti]tn)xn, zn)
< tid(T(tn)xn,xn) + maz{d(T(s)xp,xn) : 0 < s <t}

Now by continuity of the mapping t — T'(t)z,x € D and lim,,— o0 d(p, T'(tn)xy) =
0, we obtain that lim,, . d(zy, T'(t)z,) = 0. O

Theorem 3.2. Let D be a nonempty closed convex subset of a complete CAT(0)
space X. Let T := {T(t) : t > 0} and S := {S(t) : t > 0} be two nonexpansive
semigroups. Assume that F = F(T)NF(S) # (. Let {xz,,} be sequence generated the
following algorithm:
Yn = (1 - an)xn S anT(tn)xna
Tn+l = (1 - bn)xn ) bnS(tn)yn’
where {an},{bn} and {t,} satisfy the following conditions:
(i) an,by € Ja,b] C (0,1)
(i) t, > 0, liminf, o t, =0, limsup,,__,o t, > 0, lim,,— oo tpnt1 — tn, = 0.

Then the sequence {x,}, /A-converges to an element of F.
Proof. Tt follows from Theorem 3.1 that
nhinw d(T(t)xn, ) = nliﬂmoo d(S(t)xn,zn) =0

for each t > 0. Now we let Wy, (z,,) := UA({uy}) where the union is taken over all
subsequences {uy} of {z,}. We claim that Wy, (z,) C F. Let u € Wy(zy), then
there exists a subsequence {u,} of {z,} such that A({u,}) = {u}. By Lemmas 2.1
and 2.2 there exists a subsequence {v,} of {u,} such that A —lim, v, =v € D. We
show that v € F, indeed

d(vn, T(t)v) < d(vp, T(t)vy,) + d(T(t)vn, T (t)v)
< d(vy, T(t)vy) + d(vp,v)
hence
lim sup d(vy,, T'(t)v) < limsup d(vy, v).

n—aoo n——~oo
By uniqueness of the asymptotic center we obtain that T'(t)v = v for all ¢ > 0 and
hence v € F(T). Similarly we obtain v € F(S) and hence v € F. By Theorem 3.1
the limit lim,_ o d(zy,v) exists . Hence by Lemma 2.3, w = v € F . This shows
that Wy, (x,) C F. Next we show that W, (z,) consists of exactly one point. Let
{un} be a subsequence of {z,} with A({u,}) = {u} and let A({z,}) = {z}. Since
u € Wy(zy,) C F and d(zp,v) converges, by Lemma 2.3 we have x = u. O

Theorem 3.3. Let D be a nonempty compact convex subset of a complete CAT(0)
space X. Let T := {T'(t) : t > 0} and S := {S(t) : t > 0} be two nonexpansive
semigroups. Assume that F = F(T)NF(S) # 0. Let {xy,} be sequence generated the
following algorithm.:

Yn = (1 — an)xn © anT(tn) 2y,
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Tn+l1 = (1 - bn)xn @ bns(tn)ynp

where {an},{bn} and {t,} satisfy the following conditions:

(i) an,by € la,b] C (0,1)

(i) t, > 0, liminf, o t, =0, imsup,,__, t, > 0, lim,, 0 tpt1 — tp, = 0.
Then the sequence {xy}, converges strongly to an element of F.
Proof. 1t follows from Theorem 3.1 that

nli_r}rloo d(T(t)xn, ) = nh—1>noo d(S(t)xn,zn) =0

for each ¢ > 0. By compactness of D, there exists a subsequence {xy,} of {z,} such
that x,, — w. We shall show that w € F, indeed for all ¢ > 0 we have

d(w7 T(t>w) S d(wv xnz) + d(xmaT(t)@’m) + d(T(t)mnm T(t)w)

< 2d(w, xp,) + d(zpn,, T(t)xn,) — 0 n — 00,

hence we have w = T'(t)w, i.e., w € F(T). Similarly we have

< 2d(w, zp,) + d(zp,;, S(t)zn,) — 0 n — o0,
thus w € F(S), and hence w € F. Since lim,, o d(z,,w) exists we obtain the

result. O

Definition 3.4. Let D be a nonempty closed convex subset of a CAT(0) space
X and T,, : D — D, where n € N. Then the family {7} is called uniformly
asymptotically regular on D, if for all ¢ € N and any bounded subset K of D we
have

lim sup d(T;(Tz), Thz) =0

n—aoo reK

Theorem 3.5. Let D be a nonempty closed convex subset of a complete CAT(0)
space X. Let T, : D — D be uniformly asymptotically regular and nonexpan-
sive mappings such that F = (", F(T,,) # 0. Let {xy,} be sequence generated the
following algorithm:

Yn = (1 - an)xn ® anTnrn,

Tn+1 = (1 - bn>$n ® bnTnyn,
where an, by, € [a,b] C (0,1). Then the sequence {x,}, A-converges to an element of

F.
Proof. Let p € F. Then by Lemma 2.4 we have

d(yn,p) < d((1 = an)tn ® anTpn, p)
< (1 = ap)d(zp,p) + and(Thzn, p)
S (1 - an)d(xmp) + and(xmp) = d(mn,p),

and
d(zni1,p) < d((1 = bp)zn & bnTpyn, p)
< (1 — bn)d(ZEn,p) + bnd(Tnynap)
< (1 - bn)d($mp) + bnd(yn’p) < d(l’n,p).
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Hence we have d(zp4+1,p) < d(zp,p), this shows that the limit lim,, . d(z,,p)
exists. Applying Lemma 2.4 we have

d(yn,p)2 <d((1 = ap)x, ® anTna:n,p)2
< (1 = an)d(@n, p)? + and(Tnzn, p)? — an(l — ap)d(zpn, Tnzn)?
< (1 = ap)d(2n, p) + and(zn, p) — an(l — ap)d(2n, Tpiy,)?
= d(zp,p) — an(1 — an)d(zy, Tpz,)?

d(@n+1,p)* < d((1 = b))z @ b Ty, p)*
1 —by)d(2n, p)* + bpd(Tryn, p)* — bu(1 — by)d(xy, Ty )?
<(1- bn)d(mmp)Z + bnd(yn,p)Z — bn(1 = bn)d(zn, Tnyn)Q
< d(:/cn,p)2 —bp(1 —by)d(zp, Tnyn)2 — bpan(l —ap)d(z,, Tnajn)Z.

So we have

> @’ (1= b)d(@n, Tozn)? < anba(l = an)d(@n, Than)
n=1 n=1

< Y d(wn,p)? = d(was1,p)* < d(w1,p)? < o0
n=1

this implies that
lim d(x,, Thx,) = 0.

n—r-=o0
Similarly we obtain
lim d(xp, Thyn) = 0.

n—-oo
Also we have d(zp41,n) < bpd(zpn, Thyn) — 0 and thus

d(Xpt1, Thzy) < d(xpi1,xn) + d(xn, Thna,) — 0.

Now, by our assumption, for each ¢ € N we have

d(l'n—&-la T’ixn—i-l) < d(xn—i-l, Tnxn) + d(Tnxna E(Tnﬂjn)) + d(Tz (Tnxn)u ITi-Tn—i-l)

<2d(zp+1, Thxn) + sup d(Thu,T;(Thu)) — 0 n — oo.
u€{zn}
We let Wy, (x,,) := UA({uy}) where the union is taken over all subsequences {u,} of
{zn}. We claim that W, (z,) C F. Let u € Wy, (zy,), then there exists a subsequence
{un} of {z,} such that A({u,}) = {u}. By Lemmas 2.1 and 2.2 there exists a
subsequence {v,} of {u,} such that A — lim,v, = v € D. By Lemma 2.5 we
have v € F, and hence the limit lim,_ o d(x,,v) exists . Hence by Lemma 2.3,
u=wv € F . This shows that Wy, (z,) C F. Next we show that W, (x,) consists of
exactly one point. Let {u,} be a subsequence of {z,} with A({u,}) = {u} and let
A({zn}) = {z}. Since u € Wy, (x,) C F and d(x,,v) converges, by Lemma 2.3 we
have x = u. O

Remark: Theorem 3.5, improves and extends Theorem 3.4 in [9], indeed, we remove
an extra condition in Theorem 3.4 in [9].
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