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ON THE PROJECTIVE COVARIANT REPRESENTATIONS
OF C*-DYNAMICAL SYSTEMS ASSOCIATED WITH
COMPLETELY MULTI-POSITIVE PROJECTIVE
u-COVARIANT MAPS

Tania-Luminita Costache!

In aceasta lucrare demonstram ca o aplicatie liniarda complet multi-
pozitiva proiectivd u-covariantd p de la A in Lp(E) relativ la C*-sistemul
dinamic (G, A, ) induce o reprezentare proiectivd covariantd
(®,,v°,E,) a lui (G, A, «) pe un C*-modul Hilbert peste B. Apoi vom
ardta ca o aplicatie liniara complet multi-pozitiva proiectivd u-covariantd
nedegeneratd de la o C*-algebra A pe un C*-modul Hilbert E peste o C*-
algebra B poate fi extinsa la o aplicatie liniard complet multi-pozitiva pe
twist-cross-produsul A x¥ G. Ca un corolar demonstram cd reprezentarea
lui A x¥ G indusd de aplicatia liniara complet multi-pozitiva proiectivd -
covariantd p este unitar echivalenta cu reprezentarea lui A x% G indusa de
(®,, 07, E,).

In this paper we prove that a completely multi-positive projective
u-covariant linear map p from A to Lp(FE) relative to the C*-dynamical
system (G, A, ) induces a projective covariant representation (®,,v°, E,)
of (G, A, @) on a Hilbert C*-module over B. Then we show that a completely
multi-positive projective u-covariant non-degenerate linear map from a C*-
algebra A on a Hilbert C*-module E over a C*-algebra B can be extended to
a completely multi-positive linear map on the twisted crossed product Ax%G.
As a corollary we prove that the representation of A x% G induced by the
completely multi-positive projective u-covariant linear map p is unitarily
equivalent with the representation of A x% G induced by (®,,v", E,).

Keywords: Hilbert C*-modules, C*-algebras, C*-dynamical systems, pro-
jective covariant representations, projective u-covariant completely multi-
positive linear maps, twisted crossed products.
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1. Introduction

To every positive linear functional on a C*-algebra A can be associated a
cyclic representation on a Hilbert space H by GNS (Gel’fand-Naimark-Segal)
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construction. In [12], Stinespring extended this theorem for a completely posi-
tive linear map from A into B(H), the C*-algebra of linear bounded operators
on a Hilbert space H, in order to obtain a representation of A on another
Hilbert space K. On the other hand, Paschke [11] (respectively, Kasparov
[8]) showed that a completely positive linear map from A to another C*-
algebra of all adjointable operators on the Hilbert C*-module Hg) induces
a *-representation of A on a Hilbert B-module. Kaplan introduced in [7] the
notion of multi-positive (or n-positive) linear functional on a C*-algebra A, an
n x n matrix of linear map from M,,(A) (the algebra of all n x n matrices over
A) to M,,(C) and proved that a multi-positive linear functional on a C*-algebra
induces a *-representation of this C*-algebra on a Hilbert space in terms of
the GNS construction. Representations on Hilbert spaces are naturally gener-
alized to representations on Hilbert C*-modules. Heo, combined in [2] these
two constructions to obtain a representation of A on a Hilbert C*-module for
completely multi-positive linear maps from A to another C*-algebra. Using
this, he obtained a representation on a Hilbert C*-module associated with
completely bounded linear maps.

By KSGNS (Kasparov-Stinespring-Gel’fand-Naimark-Segal) construction
[9], to a strictly completely positive map p from a C*-algebra A on a Hilbert
C*-module F over a C*-algebra B can be associated a triple (F},m,,v,) con-
sisting of a Hilbert B-module F},, a *-homomorphism 7,: A — Lp(F),) and
an adjointable operator v,: F' — F, which is unique up to a unitary equiva-
lence. If FF = B = C, then the KSGNS construction reduces to the classical
GNS construction. If B = C (so F' is a Hilbert space), then we get the Stine-
spring construction. In the context of Hilbert C*-modules the construction
was given by Kasparov. In [4], Joita extended KSGNS construction for strict
continuous completely multi-positive linear maps from a locally C*-algebra
A to Lp(E), the C*-algebra of all adjointable B-module morphisms from E
into E, and showed in Theorem 4.3, [4] a covariant version of this construc-
tion. In Theorem 2.1 we prove a projective generalization of this construction.
Given a C*-dynamical system (G, A, ), a completely multi-positive projective
u-covariant non-degenerate linear map from A to Lg(F) induces a projective
covariant non-degenerate representation of (G, A, «) on a Hilbert B-module
which is unique up to a unitary equivalence. In Theorem 2.2 we prove that a
completely multi-positive projective u-covariant linear map p from A to Lg(F)
relative to the dynamical system (G, A, a) induces a projective covariant rep-
resentation (®,,v”, E,) of (G, A, ) on a Hilbert C*-module over B.

In Proposition 3.1 we show that a completely multi-positive projective
u-covariant non-degenerate linear map from a C*-algebra A on a Hilbert C*-
module F over a C*-algebra B can be extended to a completely multi-positive
linear map on the twisted crossed product A x¥ G, as a generalization of Propo-
sition 4.5, [4]. By Theorem 2.2 and Proposition 3.1 we prove in Corollary 3.2
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that the representation of Ax%G induced by the completely multi-positive pro-
jective u-covariant linear map p is unitarily equivalent with the representation

of A x¥ G induced by (®,,v”, E,).

2. The projective covariant representation of a C*-dynamical
system on a Hilbert C*-module induced by a completely multi-
positive projective u-covariant linear map

We remind some definitions and notations that will be used throughout
the paper.

A completely multi-positive linear map from a C*-algebra A into a
C*-algebra B is an n x n matrix, [py]};_;, of linear maps from A into B such
that the map p: M, (A) — M,(B) defined by p(lay]i';=1) = [pij(ai)]ij=1 18
completely positive.

Let (G, A, &) be a C*-dynamical system and let u be a projective unitary
representation of G on a Hilbert B-module E with the multiplier w. We
say that a completely positive linear map p: A — Lp(F) is projective u-
covariant relative to the C*- dynamical system (G, A, a) if

plag(a)) = ugp(a)u; for all a € A and g € G.

Let u be a projective unitary representation u: G — U(B) with the
multiplier w and let p = [p;;]i;=; be a multi-positive linear map from A
into B. The map p may be considered as a map from M, (A) into M, (B).
Let ug4 be the diagonal matrix with all the diagonal entries wu,. If the map
p: M,(A) — M,(B) is projective u-covariant with respect to the dynamical
system (M, (A),G,a), where the action a: G — Aut(M,(A)) is induced by
the action a: G — Aut(A) and defined by

ag(lailii—1) = loglaig)]i i1, laili =1 € Mn(A),
we say that p is a projective u-covariant multi-positive linear map from
Ainto B. We note that a multi-positive linear map p = [p;]},—, is projective
u-covariant if and only if pi;(ag(ai;))) = ugpij(ai)uy,i,j = 1,...,n for each
i)} =1 € Mn(A) and g € G.

A projective covariant representation of a C*- dynamical system
(G,A,a) on a Hilbert B-module F is a triple (®,v, E), where ® is a x-
representation of A on E, v is a projetive unitary representation of G' on
E with the multiplier w and ®(ay(a)) = v,®(a)vy, for all g € G and a € A.

Theorem 2.1. Let (G, A, «) be a C*-dynamical system, let u be a projective
unitary representation of G on a Hilbert module E over a C*-algebra B with
the multiplier w and let p = [pij]zjzl be a completely multi-positive projective
u-covariant non-degenerate linear map from A to Lg(FE).

1. Then there 1s a projective covariant non-degenerate representation
(®,,v°, E,) of (G, A, ), where v* is a projective unitary representation with
the multiplier w and n elements V,;, i =1,2,...,n in Lp(E, E,) such that



188 Tania-Luminita Costache

(a) pij(a) =V, ®@,(a)V,i, for alla € A and i,j =1,2,...,n;
(b) {q)p(a)me;a e A e B,i=1,2,... ,n} spans a dense submodule of
E,;

(¢) V0V, =Vyuy forallg € G andi=1,2,... n.

2. If F is a Hilbert B-module, (®,v,F) is a projective covariant non-
degenerate representation of (G, A, ), where v is a projective unitary represen-
tation with the multiplier w and W;, i = 1,2,...,n aren elements in Lp(E, F)
such that

(a) pij(a) = WiP(a)W;, for alla € A andi,j=1,2,...,n;
(b) {(IJ(a)Wif; acAelFi=12,... ,n} spans a dense submodule of F';
(c) v,W; = Wy, for allg € G andi,j =1,2,...,n,
then there is a unitary operator U in Lg(E,, F) such that
(i) ©(a)U =UP,(a), for all a € A;
(ii) v,U = Uvnf, for all g € G;
(ili) W; =UV,,, for alli=1,2,... n.

Proof. 1. Let (®,,V,, E,) be the KSGNS construction associated with p given
by Theorem 3.4, [4] which satisfies 1 (a) and 1 (b).
Following the proof of Theorem 4.3, [4], we define for each g € G, a linear

map vf from (A®qay £)" to (A®ay E)" by vgp(@(ai@)&)) = @(ag(ai)@)ugéi).
i=1 i=1

Using the fact that [p;;]}';—; is projective u-covariant, it is not difficult to check

that vf extends to a bounded linear map v{ from E, to E, and since

<”5(€B(ai ® &) +N), @(bz- ®n;) + N> _

i=1 =1

<@(ai ® &) + N,/ (D @ m) + N)>

i=1 i=1
n

for all @(ai ® fi),@(bi ®@ 1) € (AR®qy E)", vh € Lp(E,) and moreover,

i=1 i=1
() = vg,l. Also it is easy to check that the map g —— v/ is a unitary
representation of G on E,.

We prove that v/ is a projective representation with the multiplier w.

Let g1,9> € G and @(ai ® &) € (AQuy E)". We have

1=1
w(gr, 92)?151@52(@(% ® &) = wlgi, 92)051(@(%2(%) ® ug,&i)) =
i=1 =1

w(g1, 92)(@(0491@‘92 (@) @ ug,ug,&)) = @(O‘glgz (a;) ® w(g1, ga)ug, ug,&i) =

i=1 i=1
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@(0‘9192 (@) ® ug,,&) = v, (@(ai ®&))-
i=1 =1
To show that (®,,v,, E,) is a covariant projective representation of (G, A, o)
it remains to prove that ®,(ay(a)) = vj®,(a)v!, for all g € G and a € A.
Let g € G and a € A. We have

(vﬁ@p(a)v;’fl)(@(ai ®&)+N) = (ngDp(a))(@(agfl(ai) ® ug1& +N) =
Ug(@(aag—l(ai) Q@ ug-1& +N) = @(ag(aagq(ai)) ® ugug1& +N) =

GBO‘Q a)og(ag-1(a;)) @ ugug-& + N = EBOég Ja; ® & +N =
=1

®(ag(@) (@@ ® &) +N)

=1
for all @ ;0 € (AQayE)". Hence ®,(ay(a)) = vf®,(a)v?-, = vi®,(a)(vh)",

so (®,,v”, E,) is a covariant representation.
To show that condition (c) is verified, let £ € E, g€ Gandi=1,...,n
Then we have

[V V6 — Viiugll* = 1i§n||v§5iA — Vyugl® =

[ (€, pii()€) + (€,€) = (pii(ag(ex))ugl, ug) — (ugs, pii(ag(ex))ugé) || <
hinH (€, pii(ex)€)+(&, &) —(pii(en)§, §)— (&, pulea)§) || = li/r\nH (€ = pi(ex)&, ) || =

Hence condition (c) is also verified.
2. Using the fact that p;;(a) = V,;®@,(a)V,; = W*CI)( JW; for all a € A

1

and 7,7 = 1,...,n, it is not difficult to check that ||ZZ@, (as)V,:&sll =

s=11i=1

HZZ%@(GS)WZ&H for all ay,...,a, € C, ay,...,a,, € Aand &, ..., &, €
s=1 i=1

E. Therefore, the linear map ®,(a)V,{ — ®(a)W¢ from the submodule of

E, generated by {<I>p(a)Vp7,~§; a€AEeFEi=1,... ,n} to the submodule of

F generated by {@(a)Wif; ac AEeFEi=1,... ,n} extends to a surjective

isometric B-linear map U from E, onto F. Then, by Theorem 3.5, [9], U is

unitary. We define this unitary operator U in L(E,, E) by

U a®,(a)V,i€) = Y _a®(a) Wik, Vay, ... an € AV, ..., & € E.

s=1
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Let a € A. From
(@)U (D, (5)V,i€) = B(a)D(B) Wi — D(ab) Wik —

U(®,(ab)V, &) = UP,(a)(P,(b)V,.:€)
forallbe A, (£ € Fandi=1,2,...,n, we conclude that ®(a)U = U®,(a).
Since ¢ and ®, are non-degenerate, by Proposition 4.2, [3], we have
UV, = liian)p(e,\)Vmg = liinfb(e,\)l/l/iﬁ = Wi for all £ € F and i =
1,2,...,n. Therefore W; = UV, ;.
Let ge G,ace A, € Eyi=1,2,...,n. We have

(UgU)(@p(a)Vp,if) = Ug(cb(a)UV}»,iﬁ)Ug(@(a)Wif) = Cb(@)ngif =

(a)Wiugs = U(®y(a)Vpiugs) = U(Py(a)vgV,i) = (Uvg)(Pp(a)V,i€).
This implies that v,U = Uvf and thus the assertion 2 is proved. U

Let E be a Hilbert C*-module over a C*-algebra B. The algebraic tensor
product F ®q4 B*™, where B** is the enveloping W*-algebra of B, becomes a
right B**-module ([10], [11], [13]) if one defines

(E@bc=ER@be, for € € Band b,c € B*™.
The map [, ]: (E ®qy B**) X (E ®qy B**) — B** defined by

[Z&z & bi7 an & Ci| = Zzb: <£Z7 77]> Gy
i=1 j=1

i=1 j=1
is a B**-valued inner-product on £ ®q, B** and the quotient module £ ®,
B** /N, where Np = {C € E®qqy B*™;[(, (] = 0}, becomes a pre-Hilbert B**-
module. The Hilbert C*-module £ ®,, B**/Ng obtained by the completion
of E®aqyB**/Ng with respect to the norm induced by the inner product [-, -] is
called the extension of E by the C*-algebra B**. Moreover, E can be regarded
as a B-submodule of E ®,, B**/Ng, since the map £ — {®1p«+ Ng from £
to E ®qy B** /N is an isometric inclusion. The self-dual Hilbert B**-module
(E ®ay B*/Ng)* is denoted by E and we can consider E as embedded in E
without making distinction.

For an element T € L g« (E) we denote by T'|g the restriction of the map
T on b.

We denote by SCP*P(A, Lg(E)) the set of all strict completely positive
projective u-covariant linear maps from A to Lg(F) and by C'P“? the set of
all completely positive projective u-covariant linear maps from A to Lg(FE).

Let p € SCP"P(A,Lp(E)). We denote by CP(p) the C*-subalgebra of

L« (E,) generated by

{T € Lp(E,); TD,(a) = ®y(a)T, T0] = vfT,V, T, (a)V,|ic € Lp(E),Ya € A}.
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Theorem 2.2. Let (G, A,«a) be C*-dynamical system, let u be a projective
unitary representation of G on a Hilbert module E over a C*-algebra B with
the multiplier w, let p = [pij];szl be a completely multi-positive projective u-
covariant linear map with respect to the dynamical system (G, A, «) from A to
Lp(E).
(1) Then there is (®,,v”, E,) a projective covariant representation of (G, A, «)
on a Hilbert C*-module E, over B, where v’ is a projective unitary
representation with the multiplier w, an isometry V, : E — E, and

(TR =1 € My (®,(A) Nv?(G)) such that
(a) V, TpCID Na)V,|p € Lp(E) for alla € A and for all i,j = 1,2, ..n,
[V T4 V |E} is a positive element in M, (Lp(E)) and Y Tf, =
i,j=1 k=1
ILB**(E:?);
(b) {®,(a )Vpég €Al €~E} is dense in E, ;
(c) pijla) =V, TL®,(a)V, |k forallaEAandi,jzl,_n;
(d )UV VugforallgEG
(2) If (V,w, F) is another projective covariant representation of (G, A, «)
on a Hilbert C*-module F' over B, where w is a projective unitary rep-
resentation with the multiplier w, W : E — F is an isometry and
[Sij]t =1 € Mn(W(A) Nw(G)') such that
(a) W*Sijlf'(a)w |l € Lp(FE) for alla € A and for alli,j = 1,2,...n,
[W*SUW |E} " isa positive element in M, (Lp(E)), and Y Skx =
,j=1 k=1
nle, ..
(b) {¥(a )W§ a €A €L} isdensein I ;
(c) pij(a) = W*SZJ\I/( )W |g for alla e A and i,j=1,2,..
(d) w,W =Wuy forallge G
then there is a unitary operator U : E, — F' such that
(i) VU (a) =UP,(a)U* for all a € A;
(i) W =UV,;
(iii) S = UTpU* foralli,j=1,2,..n.
(iv) wy, = Ung* forall g € G.

'7n7

Proof. Setting p = %Zpii, the map p is completely positive projective u-
i=1

covariant. Then, by Theorem 2.1, there is a projective covariant representation

(®,,v7, E,) of (G, A, «), where v” is a projective unitary representation with

the multiplier w and V,, € Lp(E, E,) such that

(a) pla) =Vy®,(a)V,, for all a € A;

{CD Vf a€ A€ E} spans a dense submodule of F,;
()v”V V,u, for all g € G.
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For i # j by the proof of Theorem 2.2, [6], the maps %(p— 2Rep;;) and
(,0 — 2Impw) are completely positive and 2 ( Repij) <p 3 (p — —Impw) <
p- On the other hand, the maps 5 (p — 2Repw) and 1 (p — —Impw) are projec-
tive u-covariant, because p;; are projective u- covarlant Hence 1 (,0 — fLRep,])
L (p— 2Imp;;) € [0, p], where [0, p] = {§ € CP"?| 6§ < p} with 0 < p meaning
that p — 0 € CP“?. Applying Theorem 2.2, [5], there is a unique positive
Tf, € C?(p) such that py(a) = %*ﬂ?(fp(a)r/p@ for all a € A.
Foreach:=1,2,...,n, clearly %pii < p and by the proof of Theorem 2.2,
[5], there is a unique element T3} € CP(p) such that *p;;(a) = V;,*TS(P (a )X7p| E
for all a € A. Let T, = nT{. Then T% € C?(p) and py(a) = V;TE®,(a)V, |p
for all a € A. From

1S 0= LS = 3
k=1

1
for all @ € A and by the proof of Theorem 2.2, [5], we deduce that Z—T Kk =
n
k=1
I, e (F)
Following the proof of Theorem 2.2, [6], we show that [\Aip*Tijf/p | E]z -

is a positive element in M, (Lp(E)). Leta € Aand §, € E, k=1,2,...,n. We
have

n

Z (T3 (®,(a)V,6), ®,(a;)V,&;] = Z [V ola’ &i)vpfz',fj] =

i,j=1 1,j=1

S (UL &) = 3 (o (@) €.6) > 0

i,j=1 1,j=1
since [pij]ijl is completely multi-positive. From this and taking into consid-
eration that the subspace generated by {®,(a)V,{;a € A, & € E} is dense in
n

E,, we deduce that Z (T3 (m;) ,mj] > 0 for all ny,...,m, € E and then

ij=1
i <‘7,0*Tij‘7:0£i7€j> = i [{Z)*Ejf/pfmfj} = i [ﬂjvp@,ffp@} >0
=1 ij=1 ij=1

for all &, ...,&, € E. So we showed that [V V | E} ~is a positive element

7,7=1
in M, (Lp(E)).
Assertion 2. (a), (b), (¢) results from the proof of Theorem 2.2, [6].
We consider the linear map

U:sp{®,(a)V,&;a € A€ E} = sp{V(a)WEa€ A € E}
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defined by
U(®y(a)V,€) = ¥(a)WE.

From

(U (B,(a)V,6) U (@,(a)V,) = (W@WE W(@WE) = (W"F (a"a) WE,E) =
(W Ly B e) =300 (W sublwaie.e) =
S (a0l &) =

3

1 /~ —_— ~
1 o <V;)*Tkkq)p(a'*a)‘/p€a §> =

(Vi L) Bola’ ) V,6,€) = (@,(a)V6, @, ()V;)

for all @ € A and £ € E and taking into account that {®,(a)V,&;a € A € € E}
is dense in E, and {U(a)W¢;a € A, € E} is dense in I, we deduce that U
extends to an unitary operator from E, to F'. It can be easily verified that
Ud,(a) =V (a)U for all a € A and UV, = W.

Obviously, ﬁ*Sijﬁ € CP(p) for alli,j =1,2,...,n. From

pij (@) = WSy W ()W |5 = VIU*S;¥(a)UV, |g = VI(U*S;0)®, (a) V, |s

for all a € A and i,j = 1,2,...,n, and from the uniqueness of the operators
Ti; € CP(p) such that py; (a) = V;T;;®,(a)V,|r for all a € A, we deduce that
TZL']' = [7*5”& for all Z,j = 1,2, L n,.

Let g € G and a € A. Then

waU(®,(a)V,§) = wyV(a)WE = wUP,(a)U UV,E = Uvi®,(a)V,E.

So w,U = Uvf for all g € G, because {®,(a)V,{;a € A,§ € E} is dense in E,,.
Let g € G. We have w,W = w,UV, = UvlV, = UV,u;, = Wu,. O

3. Extension on the twisted crossed product A x¥ G of a com-
pletely multi-positive projective u-covariant linear map

Proposition 3.1. Let (G, A, «) be a unital C*-dynamical system, let E be a
Hilbert module over a C*-algebra B and let u be a projective unitary represen-
tation of G on E with the multiplier w. If p = [py]} ;= is a completely multi-
positive projective u-covariant non-degenerate linear map from A to Lp(E),
then there is a completely multi-positive linear map [gpij]zjzl from A x£ G to
Lp(FE) uniquely given by

QDZJ(f) = /szj<f(g))ugdp“7 fO’I“ all f S Cc(GaA) and Z:] = 1727 sy T

where C.(G, A) is the set of continuous functions from G to A with compact
supports. Moreover, [py]},_, is non-degenerate.
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Proof. By Theorem 2.1, there are a projective covariant non—degenerate repre-
sentation (®,,v”, E,) of (G,A,a)andnelements V,;,i =1,...,nin Lp(E, E,)
such that pi;(a) = V,;®,(a )VM and v/V,; = V,u,, for all a € Aand g € G
and for alli,j=1,...,n

Let @, x v” be the representation of A x¥ G associated with (®,,v”, E,)
(Theorem 3.3, [1]). For all 4,5 = 1,...,n we define ¢;;: A x¥ G — Lp(E)
by @ij(f) = V5i(®, x v°)(f)V,i It is clear that [p4]7,_; is a completely
multi-positive linear map from A x¥ G into Lp(E).

Let {eA} xea D€ an approximate unit for A and let £ € E. Then, since
®, x v” and p are non-degenerate,

hin%'i(@A)ﬁ = hinV:z‘(‘bp x v)(ex)Vpi =V, Vi€ =&

foralli=1,...,n. So [pi]};—; is non-degenerate.
If feC.(G,A), then

i (f) = VEs(®, x ) (f)Vps = /G V2, (£(9)08Vedg =

| Vi@ Wostads = | ps(r(a))uda
and since C,(G, A) is dense in A x& G, [} =, is unique. O

Corollary 3.2. Let p = [pij|i';—; be a completely multi-positive projective u-
covariant non-degenerate linear map and let o = [py]7,_, be the unique com-
pletely multi-positive linear map from A X% G into Lg(F) given by Proposition
8.1. Then (®y, By, Vo, [T]121) and (P, x vP, B, V), [T{]}_,) are unitarily

ij ij
equivalent.

Proof. We show that (&, xv?, E,, V,, [T{]i";—,) verifies statement 2 in Theorem
2.2.

We must prove that (¢, x v”,v,, E,) is a projective covariant representa-
tion, V,: E' — E, is an isometry and [T]]]?,_; € M, (<I> X vP(AXYG) NP (G))
that verifies (a) — (d) in Theorem 2.2.

By Theorem 2.2, [T]]},_, € M, (D,(A) NTP(G)), s

TE(S, X v)(f) = T2 /G 3,(f(g))7dg = /G T2®,(1(g))0dg =

/G &, (f(9)TET0dg = /G &, (f(g))TLdg =

O,(f(9)dg | TL = (@, x v°)(f)TL,
(fBurom)

which means that [T}]}',_, € M, (CI) x vP(A x¥ G) NP(G)).
By Theorem 2.2, applied to p, results that V, is an isometry.
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We verify condition 2.(a) in Theorem 2.2:

VITO(®, x ve)(f)V,€ = VT, ( /G éi(f(g))ﬁsdgvp&) —

(/G Z*E?@(f(g))'%%dg) §= (/G ‘7,)*T£<T>p(f(g))i7§‘7pdg> 3
for all £ € F.

[v; (/GTi?&)p(f (9”'?75‘59) foﬂ?] - /G (V5  ((0))7V,6.m] dg =
Lo n] do = [ {020,050 7lst 0] do =

[T )T st
foralleE,nGE. N
For an arbitrary n € E, we have

7 ([ o) Ve = [ (T 0657 ledsc

for all € € E. So V* (fG T3, (f(g ))aﬂdg> V,ECE.
But (V* (fG TPCI> (f(g ))v”dg) V) |g is a B-module morphism, thus
(Vi (Jo 000 £(0))5dg) ¥, ) 1 = fi (Vi TE8,(£(9))5V,) lidg € £(E).
The rest of the condition 2.(a) is verified by applying Theorem 2.2 to p.
Conditions 2.(b) and 2.(d) are obviously satisfied by Theorem 2.2 applied

to p.
We verify condition 2.(c):

(VyT5(@, x 0) (V)6 = Vi |BTG(®, X 0)(H)] £Vl =

7ele [T{} /| @(f(g»”ﬁgdg] 55 = V1 ( / n§@<f<g>>5gdg) Vs =

Ve /G (TED,(f(9)08] £dgV,) s = /G VA p(TE8,(f(9))30)| 5V, | pdg =
/G (VT2 (1(9)T V) g,

For £ € F we have

(VT8(®, X o0) (f rEs—[ [ >>65V;>1Edg}s=

= | [T eds | € = | [Tz, T leuds | € -
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[/G pij(f(g))ugdg] £ =i
Thus, by Theorem 2.2, we obtain that (®,, £y, V,, [T}7]};=,) and
(@, x v*, E,,V,,[T{]} ;=) are unitarily equivalent. O
REFERENCES
[1] R. C. Busby, H. A. Smith, Representations of twisted group algebras, Trans. Amer.

Math. Soc., Vol. 149 (1970), 503-537.

J. Heo, Completely multi-positive linear maps and representations on Hilbert C*-
modules, J. Operator Theory 41 (1999), 3-22.

M. Joita, Strict completely positive maps between locally C*-algebras and representa-
tions on Hilbert modules, J. London Math. Soc. (2), 66 (2002), 421-432.

M. Joita, Completely multi-positive linear maps between locally C*-algebras and rep-
resentations on Hilbert modules, Studia Math. 172 (2006), 181-196.

M. Joita, T.-L. Costache, M. Zamfir, Covariant representations associated with covari-
ant completely n-positive linear maps between C*-algebras, III Workshop on Coverings,
Selections and Games in Topology, April 25-29, 2007, Vrnjacka Banja, Serbia.

M. Joita, T.-L. Costache, M. Zamfir, Representations associated with completely n-
positive linear maps between C*-algebras, Stud. Cercet. Stiint. Ser. Mat. 16 (2006),
Supplement Proceedings of ICMI 45, Bacau, Sept. 18-20, 2006, 111-122.

A. Kaplan, Covariant completely positive maps and liftings, Rocky Mountain J. Math.,
vol.23, No. 3 (1993), 939-946.

G. G. Kasparov, Hilbert C*-modules: theorems of Stinespring and Voiculescu, J. Op-
erator Theory 4 (1980), 133-150.

E. C. Lance, Hilbert C*-modules. A toolkit for operator algebraists, London Math. Soc.
Lect. Notes Ser. 210, Cambridge University Press, Cambridge (1995).

H. Lin, Bounded module maps and pure completely positive maps, J. Operator Theory,
26 (1991), 121-139.

W. L. Paschke, Inner product modules over B*-algebras, Trans. Amer. Math. Soc., 182
(1973), 443-468.

W. F. Stinespring, Positive functions on C*-algebras, Proc. Amer. Math. Soc. 6 (1955),
211-216.

S. K. Tsui, Completely positive module maps and completely positive extreme maps,
Proc. Amer. Math. Soc. 124 (1996), 437-445.



