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ON THE PROJECTIVE COVARIANT REPRESENTATIONS
OF C∗-DYNAMICAL SYSTEMS ASSOCIATED WITH

COMPLETELY MULTI-POSITIVE PROJECTIVE
u-COVARIANT MAPS

Tania-Luminiţa Costache1

In această lucrare demonstrăm că o aplicaţie liniară complet multi-
pozitivă proiectivă u-covariantă ρ de la A ı̂n LB(E) relativ la C∗-sistemul
dinamic (G,A, α) induce o reprezentare proiectivă covariantă
(Φρ, v

ρ, Eρ) a lui (G,A, α) pe un C∗-modul Hilbert peste B. Apoi vom
arăta că o aplicaţie liniară complet multi-pozitivă proiectivă u-covariantă
nedegenerată de la o C∗-algebră A pe un C∗-modul Hilbert E peste o C∗-
algebră B poate fi extinsă la o aplicaţie liniară complet multi-pozitivă pe
twist-cross-produsul A ×ωα G. Ca un corolar demonstrăm că reprezentarea
lui A ×ωα G indusă de aplicaţia liniară complet multi-pozitivă proiectivă u-
covariantă ρ este unitar echivalentă cu reprezentarea lui A×ωα G indusă de
(Φρ, v

ρ, Eρ).

In this paper we prove that a completely multi-positive projective
u-covariant linear map ρ from A to LB(E) relative to the C∗-dynamical
system (G,A, α) induces a projective covariant representation (Φρ, v

ρ, Eρ)
of (G,A, α) on a Hilbert C∗-module over B. Then we show that a completely
multi-positive projective u-covariant non-degenerate linear map from a C∗-
algebra A on a Hilbert C∗-module E over a C∗-algebra B can be extended to
a completely multi-positive linear map on the twisted crossed product A×ωαG.
As a corollary we prove that the representation of A ×ωα G induced by the
completely multi-positive projective u-covariant linear map ρ is unitarily
equivalent with the representation of A×ωα G induced by (Φρ, v

ρ, Eρ).

Keywords: Hilbert C∗-modules, C∗-algebras, C∗-dynamical systems, pro-
jective covariant representations, projective u-covariant completely multi-
positive linear maps, twisted crossed products.
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1. Introduction

To every positive linear functional on a C∗-algebra A can be associated a
cyclic representation on a Hilbert space H by GNS (Gel’fand-Naimark-Segal)
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construction. In [12], Stinespring extended this theorem for a completely posi-
tive linear map from A into B(H), the C∗-algebra of linear bounded operators
on a Hilbert space H, in order to obtain a representation of A on another
Hilbert space K. On the other hand, Paschke [11] (respectively, Kasparov
[8]) showed that a completely positive linear map from A to another C∗-
algebra of all adjointable operators on the Hilbert C∗-module HB) induces
a ∗-representation of A on a Hilbert B-module. Kaplan introduced in [7] the
notion of multi-positive (or n-positive) linear functional on a C∗-algebra A, an
n×n matrix of linear map from Mn(A) (the algebra of all n×n matrices over
A) to Mn(C) and proved that a multi-positive linear functional on a C∗-algebra
induces a ∗-representation of this C∗-algebra on a Hilbert space in terms of
the GNS construction. Representations on Hilbert spaces are naturally gener-
alized to representations on Hilbert C∗-modules. Heo, combined in [2] these
two constructions to obtain a representation of A on a Hilbert C∗-module for
completely multi-positive linear maps from A to another C∗-algebra. Using
this, he obtained a representation on a Hilbert C∗-module associated with
completely bounded linear maps.

By KSGNS (Kasparov-Stinespring-Gel’fand-Naimark-Segal) construction
[9], to a strictly completely positive map ρ from a C∗-algebra A on a Hilbert
C∗-module F over a C∗-algebra B can be associated a triple (Fρ, πρ, vρ) con-
sisting of a Hilbert B-module Fρ, a ∗-homomorphism πρ : A → LB(Fρ) and
an adjointable operator vρ : F → Fρ which is unique up to a unitary equiva-
lence. If F = B = C, then the KSGNS construction reduces to the classical
GNS construction. If B = C (so F is a Hilbert space), then we get the Stine-
spring construction. In the context of Hilbert C∗-modules the construction
was given by Kasparov. In [4], Joiţa extended KSGNS construction for strict
continuous completely multi-positive linear maps from a locally C∗-algebra
A to LB(E), the C∗-algebra of all adjointable B-module morphisms from E
into E, and showed in Theorem 4.3, [4] a covariant version of this construc-
tion. In Theorem 2.1 we prove a projective generalization of this construction.
Given a C∗-dynamical system (G,A, α), a completely multi-positive projective
u-covariant non-degenerate linear map from A to LB(E) induces a projective
covariant non-degenerate representation of (G,A, α) on a Hilbert B-module
which is unique up to a unitary equivalence. In Theorem 2.2 we prove that a
completely multi-positive projective u-covariant linear map ρ from A to LB(E)
relative to the dynamical system (G,A, α) induces a projective covariant rep-
resentation (Φρ, v

ρ, Eρ) of (G,A, α) on a Hilbert C∗-module over B.
In Proposition 3.1 we show that a completely multi-positive projective

u-covariant non-degenerate linear map from a C∗-algebra A on a Hilbert C∗-
module E over a C∗-algebra B can be extended to a completely multi-positive
linear map on the twisted crossed product A×ωαG, as a generalization of Propo-
sition 4.5, [4]. By Theorem 2.2 and Proposition 3.1 we prove in Corollary 3.2
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that the representation of A×ωαG induced by the completely multi-positive pro-
jective u-covariant linear map ρ is unitarily equivalent with the representation
of A×ωα G induced by (Φρ, v

ρ, Eρ).

2. The projective covariant representation of a C∗-dynamical
system on a Hilbert C∗-module induced by a completely multi-
positive projective u-covariant linear map

We remind some definitions and notations that will be used throughout
the paper.

A completely multi-positive linear map from a C∗-algebra A into a
C∗-algebra B is an n× n matrix, [ρij]

n
i,j=1, of linear maps from A into B such

that the map ρ : Mn(A) → Mn(B) defined by ρ([aij]
n
i,j=1) = [ρij(aij)]

n
i,j=1 is

completely positive.
Let (G,A, α) be a C∗-dynamical system and let u be a projective unitary

representation of G on a Hilbert B-module E with the multiplier ω. We
say that a completely positive linear map ρ : A → LB(E) is projective u-
covariant relative to the C∗- dynamical system (G,A, α) if

ρ(αg(a)) = ugρ(a)u∗g for all a ∈ A and g ∈ G.

Let u be a projective unitary representation u : G → U(B) with the
multiplier ω and let ρ = [ρij]

n
i,j=1 be a multi-positive linear map from A

into B. The map ρ may be considered as a map from Mn(A) into Mn(B).
Let ũg be the diagonal matrix with all the diagonal entries ug. If the map
ρ : Mn(A) → Mn(B) is projective ũ-covariant with respect to the dynamical
system (Mn(A), G, α̃), where the action α̃ : G → Aut(Mn(A)) is induced by
the action α : G→ Aut(A) and defined by

α̃g([aij]
n
i,j=1) = [αg(aij)]

n
i,j=1, [aij]

n
i,j=1 ∈Mn(A),

we say that ρ is a projective u-covariant multi-positive linear map from
A into B. We note that a multi-positive linear map ρ = [ρij]

n
i,j=1 is projective

u-covariant if and only if ρij(αg(aij))) = ugρij(aij)u
∗
g, i, j = 1, . . . , n for each

[aij]
n
i,j=1 ∈Mn(A) and g ∈ G.

A projective covariant representation of a C∗- dynamical system
(G,A, α) on a Hilbert B-module E is a triple (Φ, v, E), where Φ is a ∗-
representation of A on E, v is a projetive unitary representation of G on
E with the multiplier ω and Φ(αg(a)) = vgΦ(a)v∗g , for all g ∈ G and a ∈ A.

Theorem 2.1. Let (G,A, α) be a C∗-dynamical system, let u be a projective
unitary representation of G on a Hilbert module E over a C∗-algebra B with
the multiplier ω and let ρ = [ρij]

n
i,j=1 be a completely multi-positive projective

u-covariant non-degenerate linear map from A to LB(E).
1. Then there is a projective covariant non-degenerate representation

(Φρ, v
ρ, Eρ) of (G,A, α), where vρ is a projective unitary representation with

the multiplier ω and n elements Vρ,i, i = 1, 2, . . . , n in LB(E,Eρ) such that
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(a) ρij(a) = V ∗ρ,iΦρ(a)Vρ,i, for all a ∈ A and i, j = 1, 2, . . . , n;

(b)
{

Φρ(a)Vρ,iξ; a ∈ A, ξ ∈ E, i = 1, 2, . . . , n
}

spans a dense submodule of
Eρ;

(c) vρgVρ,i = Vρ,iug for all g ∈ G and i = 1, 2, . . . , n.

2. If F is a Hilbert B-module, (Φ, v, F ) is a projective covariant non-
degenerate representation of (G,A, α), where v is a projective unitary represen-
tation with the multiplier ω and Wi, i = 1, 2, . . . , n are n elements in LB(E,F )
such that

(a) ρij(a) = W ∗
i Φ(a)Wj, for all a ∈ A and i, j = 1, 2, . . . , n;

(b)
{

Φ(a)Wiξ; a ∈ A, ξ ∈ F, i = 1, 2, . . . , n
}
spans a dense submodule of F ;

(c) vgWi = Wiug for all g ∈ G and i, j = 1, 2, . . . , n,
then there is a unitary operator U in LB(Eρ, F ) such that

(i) Φ(a)U = UΦρ(a), for all a ∈ A;
(ii) vgU = Uvρg , for all g ∈ G;

(iii) Wi = UVρ,i, for all i = 1, 2, . . . , n.

Proof. 1. Let (Φρ, Vρ, Eρ) be the KSGNS construction associated with ρ given
by Theorem 3.4, [4] which satisfies 1 (a) and 1 (b).

Following the proof of Theorem 4.3, [4], we define for each g ∈ G, a linear

map vρg from (A⊗algE)n to (A⊗algE)n by vρg(
n⊕
i=1

(ai⊗ξi)) =
n⊕
i=1

(αg(ai)⊗ugξi).

Using the fact that [ρij]
n
i,j=1 is projective u-covariant, it is not difficult to check

that vρg extends to a bounded linear map vρg from Eρ to Eρ and since〈
vρg(

n⊕
i=1

(ai ⊗ ξi) + N),
n⊕
i=1

(bi ⊗ ηi) + N

〉
=〈

n⊕
i=1

(ai ⊗ ξi) + N, vρg−1(
n⊕
i=1

(bi ⊗ ηi) + N)

〉

for all
n⊕
i=1

(ai ⊗ ξi),
n⊕
i=1

(bi ⊗ ηi) ∈ (A ⊗alg E)n, vρg ∈ LB(Eρ) and moreover,

(vρg)
∗ = vρg−1 . Also it is easy to check that the map g 7−→ vρg is a unitary

representation of G on Eρ.
We prove that vρg is a projective representation with the multiplier ω.

Let g1, g2 ∈ G and
n⊕
i=1

(ai ⊗ ξi) ∈ (A⊗alg E)n. We have

ω(g1, g2)vρg1v
ρ
g2

(
n⊕
i=1

(ai ⊗ ξi)) = ω(g1, g2)vρg1(
n⊕
i=1

(αg2(ai)⊗ ug2ξi)) =

ω(g1, g2)(
n⊕
i=1

(αg1(αg2(ai))⊗ ug1ug2ξi)) =
n⊕
i=1

(αg1g2(ai)⊗ ω(g1, g2)ug1ug2ξi) =
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n⊕
i=1

(αg1g2(ai)⊗ ug1g2ξi) = vρg1g2(
n⊕
i=1

(ai ⊗ ξi)).

To show that (Φρ, vρ, Eρ) is a covariant projective representation of (G,A, α)
it remains to prove that Φρ(αg(a)) = vρgΦρ(a)vρg−1 for all g ∈ G and a ∈ A.

Let g ∈ G and a ∈ A. We have

(vρgΦρ(a)vρg−1)(
n⊕
i=1

(ai ⊗ ξi) + N) = (vρgΦρ(a))(
n⊕
i=1

(αg−1(ai)⊗ ug−1ξi + N) =

vρg(
n⊕
i=1

(aαg−1(ai)⊗ ug−1ξi + N) =
n⊕
i=1

(αg(aαg−1(ai))⊗ ugug−1ξi + N) =

n⊕
i=1

αg(a)αg(αg−1(ai))⊗ ugug∗ξi + N =
n⊕
i=1

αg(a)ai ⊗ ξi + N =

Φρ(αg(a))(
n⊕
i=1

(ai ⊗ ξi) + N)

for all
n⊕
i=1

(ai⊗ξi) ∈ (A⊗algE)n. Hence Φρ(αg(a)) = vρgΦρ(a)vρg−1 = vρgΦρ(a)(vρg)
∗,

so (Φρ, v
ρ, Eρ) is a covariant representation.

To show that condition (c) is verified, let ξ ∈ E, g ∈ G and i = 1, . . . , n.
Then we have

‖vρgVρ,iξ − Vρ,iugξ‖2 = lim
λ
‖vρgξλi − Vρ,iugξ‖2 =

lim
λ
‖
〈
ξ, ρii(e

2
λ)ξ
〉

+ 〈ξ, ξ〉 − 〈ρii(αg(eλ))ugξ, ugξ〉 − 〈ugξ, ρii(αg(eλ))ugξ〉 ‖ ≤

lim
λ
‖ 〈ξ, ρii(eλ)ξ〉+〈ξ, ξ〉−〈ρii(eλ)ξ, ξ〉−〈ξ, ρii(eλ)ξ〉 ‖ = lim

λ
‖ 〈ξ − ρii(eλ)ξ, ξ〉 ‖ = 0.

Hence condition (c) is also verified.
2. Using the fact that ρij(a) = V ∗ρ,iΦρ(a)Vρ,j = W ∗

i Φ(a)Wj for all a ∈ A

and i, j = 1, . . . , n, it is not difficult to check that ‖
m∑
s=1

n∑
i=1

αiΦρ(as)Vρ,iξs‖ =

‖
m∑
s=1

n∑
i=1

αiΦ(as)Wiξs‖ for all α1, . . . , αn ∈ C, a1, . . . , am ∈ A and ξ1, . . . , ξm ∈

E. Therefore, the linear map Φρ(a)Vρξ 7−→ Φ(a)Wξ from the submodule of
Eρ generated by

{
Φρ(a)Vρ,iξ; a ∈ A, ξ ∈ E, i = 1, . . . , n

}
to the submodule of

F generated by
{

Φ(a)Wiξ; a ∈ A, ξ ∈ E, i = 1, . . . , n
}

extends to a surjective
isometric B-linear map U from Eρ onto F . Then, by Theorem 3.5, [9], U is
unitary. We define this unitary operator U in L(Eρ, E) by

U(
m∑
s=1

αΦρ(as)Vρ,iξs) =
m∑
s=1

αΦ(as)Wiξs,∀a1, . . . , am ∈ A, ∀ξ1, . . . , ξm ∈ E.
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Let a ∈ A. From

Φ(a)U(Φρ(b)Vρ,iξ) = Φ(a)Φ(b)Wiξ = Φ(ab)Wiξ =

U(Φρ(ab)Vρ,iξ) = UΦρ(a)(Φρ(b)Vρ,iξ)

for all b ∈ A, ξ ∈ E and i = 1, 2, . . . , n, we conclude that Φ(a)U = UΦρ(a).
Since Φ and Φρ are non-degenerate, by Proposition 4.2, [3], we have

UVρ,iξ = lim
λ
UΦρ(eλ)Vρ,iξ = lim

λ
Φ(eλ)Wiξ = Wiξ for all ξ ∈ E and i =

1, 2, . . . , n. Therefore Wi = UVρ,i.
Let g ∈ G, a ∈ A, ξ ∈ E, i = 1, 2, . . . , n. We have

(vgU)(Φρ(a)Vρ,iξ) = vg(Φ(a)UVρ,iξ)vg(Φ(a)Wiξ) = Φ(a)vgWiξ =

Φ(a)Wiugξ = U(Φρ(a)Vρ,iugξ) = U(Φρ(a)vρgVρ,iξ) = (Uvρg)(Φρ(a)Vρ,iξ).

This implies that vgU = Uvρg and thus the assertion 2 is proved. �

Let E be a Hilbert C∗-module over a C∗-algebra B. The algebraic tensor
product E ⊗alg B∗∗, where B∗∗ is the enveloping W ∗-algebra of B, becomes a
right B∗∗-module ([10], [11], [13]) if one defines

(ξ ⊗ b)c = ξ ⊗ bc, for ξ ∈ Eand b, c ∈ B∗∗.

The map [·, ·] : (E ⊗alg B∗∗)× (E ⊗alg B∗∗)→ B∗∗ defined by[
n∑
i=1

ξi ⊗ bi,
m∑
j=1

ηj ⊗ cj

]
=

n∑
i=1

m∑
j=1

b∗i 〈ξi, ηj〉 cj

is a B∗∗-valued inner-product on E ⊗alg B∗∗ and the quotient module E ⊗alg
B∗∗/NE, where NE =

{
ζ ∈ E ⊗alg B∗∗; [ζ, ζ] = 0

}
, becomes a pre-Hilbert B∗∗-

module. The Hilbert C∗-module E ⊗alg B∗∗/NE obtained by the completion
of E⊗algB∗∗/NE with respect to the norm induced by the inner product [·, ·] is
called the extension of E by the C∗-algebra B∗∗. Moreover, E can be regarded
as a B-submodule of E ⊗alg B∗∗/NE, since the map ξ −→ ξ⊗1B∗∗ +NE from E

to E ⊗alg B∗∗/NE is an isometric inclusion. The self-dual Hilbert B∗∗-module

(E ⊗alg B∗∗/NE)] is denoted by Ẽ and we can consider E as embedded in Ẽ
without making distinction.

For an element T ∈ LB∗∗(Ẽ) we denote by T |E the restriction of the map
T on E.

We denote by SCP u,p(A,LB(E)) the set of all strict completely positive
projective u-covariant linear maps from A to LB(E) and by CP u,p the set of
all completely positive projective u-covariant linear maps from A to LB(E).

Let ρ ∈ SCP u,p(A,LB(E)). We denote by Cp(ρ) the C∗-subalgebra of

LB∗∗(Ẽρ) generated by{
T ∈ LB∗∗(Ẽρ);T Φ̃ρ(a) = Φ̃ρ(a)T, T ṽρg = ṽρgT, Ṽρ

∗
T Φ̃ρ(a)Ṽρ|E ∈ LB(E), ∀a ∈ A

}
.
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Theorem 2.2. Let (G,A, α) be C∗-dynamical system, let u be a projective
unitary representation of G on a Hilbert module E over a C∗-algebra B with
the multiplier ω, let ρ = [ρij]

n
i,j=1 be a completely multi-positive projective u-

covariant linear map with respect to the dynamical system (G,A, α) from A to
LB(E).

(1) Then there is (Φρ, v
ρ, Eρ) a projective covariant representation of (G,A, α)

on a Hilbert C∗-module Eρ over B, where vρ is a projective unitary
representation with the multiplier ω, an isometry Vρ : E → Eρ and

[T ρij]
n
i,j=1 ∈Mn(Φ̃ρ(A)′ ∩ ṽρ(G)′) such that

(a) Ṽρ
∗
T ρijΦ̃ρ(a)Ṽρ |E ∈ LB(E) for all a ∈ A and for all i, j = 1, 2, ...n,[

Ṽρ
∗
T ρijṼρ |E

]n
i,j=1

is a positive element inMn (LB(E)) and
n∑
k=1

T ρkk =

nI
LB∗∗ (Ẽρ);

(b) {Φρ(a)Vρξ; a ∈ A, ξ ∈ E} is dense in Eρ ;

(c) ρij(a) = Ṽρ
∗
T ρijΦ̃ρ(a)Ṽρ |E for all a ∈ A and i, j = 1, n;

(d) vρgVρ = Vρug for all g ∈ G.
(2) If (Ψ, w, F ) is another projective covariant representation of (G,A, α)

on a Hilbert C∗-module F over B, where w is a projective unitary rep-
resentation with the multiplier ω, W : E → F is an isometry and

[Sij]
n
i,j=1 ∈Mn(Ψ̃(A)′ ∩ w̃(G)′) such that

(a) W̃ ∗SijΨ̃(a)W̃ |E ∈ LB(E) for all a ∈ A and for all i, j = 1, 2, ...n,[
W̃ ∗SijW̃ |E

]n
i,j=1

is a positive element inMn (LB(E)) , and
n∑
k=1

Skk =

nILB∗∗ (F̃ );

(b) {Ψ(a)Wξ; a ∈ A, ξ ∈ E} is dense in F ;

(c) ρij(a) = W̃ ∗SijΨ̃(a)W̃ |E for all a ∈ A and i, j = 1, 2, ..., n,
(d) wgW = Wug for all g ∈ G

then there is a unitary operator U : Eρ → F such that

(i) Ψ (a) = UΦρ(a)U∗ for all a ∈ A;
(ii) W = UVρ;

(iii) Sij = UT ρijU
∗ for all i, j = 1, 2, ...n.

(iv) wg = UvρgU
∗ for all g ∈ G.

Proof. Setting ρ = 1
n

n∑
i=1

ρii, the map ρ is completely positive projective u-

covariant. Then, by Theorem 2.1, there is a projective covariant representation
(Φρ, v

ρ, Eρ) of (G,A, α), where vρ is a projective unitary representation with
the multiplier ω and Vρ ∈ LB(E,Eρ) such that

(a) ρ(a) = V ∗ρ Φρ(a)Vρ, for all a ∈ A;

(b)
{

Φρ(a)Vρξ; a ∈ A, ξ ∈ E
}

spans a dense submodule of Eρ;
(c) vρgVρ = Vρug for all g ∈ G.
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For i 6= j by the proof of Theorem 2.2, [6], the maps 1
2

(
ρ− 2

n
Reρij

)
and

1
2

(
ρ− 2

n
Imρij

)
are completely positive and 1

2

(
ρ− 2

n
Reρij

)
≤ ρ, 1

2

(
ρ− 2

n
Imρij

)
≤

ρ. On the other hand, the maps 1
2

(
ρ− 2

n
Reρij

)
and 1

2

(
ρ− 2

n
Imρij

)
are projec-

tive u-covariant, because ρij are projective u- covariant. Hence 1
2

(
ρ− 2

n
Reρij

)
,

1
2

(
ρ− 2

n
Imρij

)
∈ [0, ρ], where [0, ρ] =

{
θ ∈ CP u,p| θ ≤ ρ

}
with θ ≤ ρ meaning

that ρ − θ ∈ CP u,p. Applying Theorem 2.2, [5], there is a unique positive

T ρij ∈ Cp(ρ) such that ρij(a) = Ṽ ∗ρ T
ρ
ijΦ̃ρ(a)Ṽρ|E for all a ∈ A.

For each i = 1, 2, . . . , n, clearly 1
n
ρii ≤ ρ and by the proof of Theorem 2.2,

[5], there is a unique element T 0
ij ∈ Cp(ρ) such that 1

n
ρii(a) = Ṽ ∗ρ T

0
iiΦ̃ρ(a)Ṽρ|E

for all a ∈ A. Let T ρii = nT 0
ii. Then T ρii ∈ Cp(ρ) and ρii(a) = Ṽ ∗ρ T

ρ
iiΦ̃ρ(a)Ṽρ |E

for all a ∈ A. From

ρ (a) =
1

n

n∑
k=1

ρkk (a) =
1

n

n∑
k=1

Ṽ ∗ρ T
ρ
kkΦ̃ρ(a)Ṽρ |E = Ṽ ∗ρ

n∑
k=1

1

n
T ρkkΦ̃ρ(a)Ṽρ |E

for all a ∈ A and by the proof of Theorem 2.2, [5], we deduce that
n∑
k=1

1

n
Tkk =

ILB∗∗ (F̃ ).

Following the proof of Theorem 2.2, [6], we show that
[
Ṽ ∗ρ TijṼρ |E

]n
i,j=1

is a positive element in Mn (LB(E)). Let a ∈ A and ξk ∈ E, k = 1, 2, ..., n. We
have

n∑
i,j=1

[Tij (Φρ(ai)Vρξi) ,Φρ(aj)Vρξj] =
n∑

i,j=1

[
Ṽ ∗ρ TijΦ̃ρ(a

∗
jai)Ṽρξi, ξj

]
=

n∑
i,j=1

〈
Ṽ ∗ρ TijΦ̃ρ(a

∗
jai)Ṽρξi, ξj

〉
=

n∑
i,j=1

〈
ρij
(
a∗jai

)
ξi, ξj

〉
≥ 0

since [ρij]
n
i,j=1 is completely multi-positive. From this and taking into consid-

eration that the subspace generated by {Φρ(a)Vρξ; a ∈ A, ξ ∈ E} is dense in

Eρ, we deduce that
n∑

i,j=1

[Tij (ηi) , ηj] ≥ 0 for all η1, ..., ηn ∈ E and then

n∑
i,j=1

〈
Ṽ ∗ρ TijṼρξi, ξj

〉
=

n∑
i,j=1

[
Ṽ ∗ρ TijṼρξi, ξj

]
=

n∑
i,j=1

[
TijṼρξi, Ṽρξj

]
≥ 0

for all ξ1, ..., ξn ∈ E. So we showed that
[
Ṽ ∗ρ TijṼρ |E

]n
i,j=1

is a positive element

in Mn (LB(E)) .
Assertion 2. (a), (b), (c) results from the proof of Theorem 2.2, [6].
We consider the linear map

U : sp{Φρ(a)Vρξ; a ∈ A, ξ ∈ E} → sp{Ψ(a)Wξ; a ∈ A, ξ ∈ E}
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defined by

U (Φρ(a)Vρξ) = Ψ(a)Wξ.

From

〈U (Φρ(a)Vρξ) , U (Φρ(a)Vρξ)〉 = 〈Ψ(a)Wξ,Ψ(a)Wξ〉 = 〈W ∗Ψ (a∗a)Wξ, ξ〉 =〈
W̃ ∗I

L(F̃)Ψ̃(a∗a)W̃ ξ, ξ
〉

=
n∑
k=1

1

n

〈
W̃ ∗SkkΨ̃(a∗a)W̃ ξ, ξ

〉
=

n∑
k=1

1

n
〈ρkk(a∗a)ξ, ξ〉 =

n∑
k=1

1

n

〈
Ṽ ∗ρ TkkΦ̃ρ(a

∗a)Ṽρξ, ξ
〉

=

〈
Ṽ ∗ρ IL(Ẽρ)Φ̃ρ(a

∗a)Ṽρξ, ξ
〉

= 〈Φρ(a)Vρξ,Φρ(a)Vρξ〉

for all a ∈ A and ξ ∈ E and taking into account that {Φρ(a)Vρξ; a ∈ A, ξ ∈ E}
is dense in Eρ and {Ψ(a)Wξ; a ∈ A, ξ ∈ E} is dense in F , we deduce that U
extends to an unitary operator from Eρ to F . It can be easily verified that
UΦρ (a) = Ψ (a)U for all a ∈ A and UVρ = W.

Obviously, Ũ∗SijŨ ∈ Cp (ρ) for all i, j = 1, 2, ..., n. From

ρij (a) = W̃ ∗SijΨ̃(a)W̃ |E = Ṽ ∗ρ Ũ
∗SijΨ̃(a)Ũ Ṽρ |E = Ṽ ∗ρ (Ũ∗SijŨ)Φ̃ρ (a) Ṽρ |E

for all a ∈ A and i, j = 1, 2, ..., n, and from the uniqueness of the operators

Tij ∈ Cp(ρ) such that ρij (a) = Ṽ ∗ρ TijΦ̃ρ (a) Ṽρ |E for all a ∈ A, we deduce that

Tij = Ũ∗SijŨ for all i, j = 1, 2, ..., n,.
Let g ∈ G and a ∈ A. Then

wgU(Φρ(a)Vρξ) = wgΨ(a)Wξ = wgUΦρ(a)U∗UVρξ = UvρgΦρ(a)Vρξ.

So wgU = Uvρg for all g ∈ G, because {Φρ(a)Vρξ; a ∈ A, ξ ∈ E} is dense in Eρ.
Let g ∈ G. We have wgW = wgUVρ = UvρgVρ = UVρug = Wug. �

3. Extension on the twisted crossed product A ×ωα G of a com-
pletely multi-positive projective u-covariant linear map

Proposition 3.1. Let (G,A, α) be a unital C∗-dynamical system, let E be a
Hilbert module over a C∗-algebra B and let u be a projective unitary represen-
tation of G on E with the multiplier ω. If ρ = [ρij]

n
i,j=1 is a completely multi-

positive projective u-covariant non-degenerate linear map from A to LB(E),
then there is a completely multi-positive linear map [ϕij]

n
i,j=1 from A ×ωα G to

LB(E) uniquely given by

ϕij(f) =

∫
G

ρij(f(g))ugdµ, for all f ∈ Cc(G,A) and i, j = 1, 2, . . . , n,

where Cc(G,A) is the set of continuous functions from G to A with compact
supports. Moreover, [ϕij]

n
i,j=1 is non-degenerate.
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Proof. By Theorem 2.1, there are a projective covariant non-degenerate repre-
sentation (Φρ, v

ρ, Eρ) of (G,A, α) and n elements Vρ,i, i = 1, . . . , n in LB(E,Eρ)
such that ρij(a) = V ∗ρ,iΦρ(a)Vρ,i and vρgVρ,i = Vρ,iug, for all a ∈ A and g ∈ G
and for all i, j = 1, . . . , n.

Let Φρ× vρ be the representation of A×ωα G associated with (Φρ, v
ρ, Eρ)

(Theorem 3.3, [1]). For all i, j = 1, . . . , n we define ϕij : A ×ωα G → LB(E)
by ϕij(f) = V ∗ρ,i(Φρ × vρ)(f)Vρ,i. It is clear that [ϕij]

n
i,j=1 is a completely

multi-positive linear map from A×ωα G into LB(E).
Let

{
eλ
}
λ∈Λ

be an approximate unit for A and let ξ ∈ E. Then, since
Φρ × vρ and ρ are non-degenerate,

lim
λ
ϕii(eλ)ξ = lim

λ
V ∗ρ,i(Φρ × vρ)(eλ)Vρ,i = V ∗ρ,iVρ,iξ = ξ

for all i = 1, . . . , n. So [ϕij]
n
i,j=1 is non-degenerate.

If f ∈ Cc(G,A), then

ϕij(f) = V ∗ρ,i(Φρ × vρ)(f)Vρ,i =

∫
G

V ∗ρ,iΦρ(f(g))vρgVρ,idg =∫
G

V ∗ρ,iΦρ(f(g))Vρ,iugdg =

∫
G

ρij(f(g))ugdg

and since Cc(G,A) is dense in A×ωα G, [ϕij]
n
i,j=1 is unique. �

Corollary 3.2. Let ρ = [ρij]
n
i,j=1 be a completely multi-positive projective u-

covariant non-degenerate linear map and let ϕ = [ϕij]
n
i,j=1 be the unique com-

pletely multi-positive linear map from A×ωαG into LB(E) given by Proposition
3.1. Then (Φϕ, Eϕ, Vϕ, [T

ϕ
ij ]
n
i,j=1) and (Φρ × vρ, Eρ, Vρ, [T

ρ
ij]
n
i,j=1) are unitarily

equivalent.

Proof. We show that (Φρ×vρ, Eρ, Vρ, [T ρij]ni,j=1) verifies statement 2 in Theorem
2.2.

We must prove that (Φρ×vρ, vρ, Eρ) is a projective covariant representa-

tion, Vρ : E → Eρ is an isometry and [T ρij]
n
i,j=1 ∈Mn(Φ̃ρ × vρ(A×ωαG)′∩ ṽρ(G)′)

that verifies (a)− (d) in Theorem 2.2.

By Theorem 2.2, [T ρij]
n
i,j=1 ∈Mn(Φ̃ρ(A)′ ∩ ṽρ(G)′), so

T ρij(Φ̃ρ × vρ)(f) = T ρij

∫
G

Φ̃ρ(f(g))ṽρgdg =

∫
G

T ρijΦ̃ρ(f(g))ṽρgdg =∫
G

Φ̃ρ(f(g))T ρij ṽ
ρ
gdg =

∫
G

Φ̃ρ(f(g))ṽρgT
ρ
ijdg =(∫

G

Φ̃ρ(f(g))ṽρgdg

)
T ρij = (Φ̃ρ × vρ)(f)T ρij,

which means that [T ρij]
n
i,j=1 ∈Mn(Φ̃ρ × vρ(A×ωα G)′ ∩ ṽρ(G)′).

By Theorem 2.2, applied to ρ, results that Vρ is an isometry.
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We verify condition 2.(a) in Theorem 2.2:

Ṽ ∗ρ T
ρ
ij(Φ̃ρ × vρ)(f)Ṽρξ = Ṽ ∗ρ T

ρ
ij

(∫
G

Φ̃ρ(f(g))ṽρgdgVρξ

)
=(∫

G

Ṽ ∗ρ T
ρ
ijΦ̃ρ(f(g))ṽρgVρdg

)
ξ =

(∫
G

Ṽ ∗ρ T
ρ
ijΦ̃ρ(f(g))ṽρg Ṽρdg

)
ξ,

for all ξ ∈ E.[
Ṽ ∗ρ

(∫
G

T ρijΦ̃ρ(f(g))ṽρgdg

)
Ṽρξ, η

]
=

∫
G

[
Ṽ ∗ρ T

ρ
ijΦ̃ρ(f(g))ṽρg Ṽρξ, η

]
dg =∫

G

[
(Ṽ ∗ρ T

ρ
ijΦ̃ρ(f(g))ṽρg Ṽρ)ξ, η

]
dg =

∫
G

[
(Ṽ ∗ρ T

ρ
ijΦ̃ρ(f(g))ṽρg Ṽρ)|Eξ, η

]
dg =[∫

G

(Ṽ ∗ρ T
ρ
ijΦ̃ρ(f(g))ṽρg Ṽρ)|Edgξ, η

]
,

for all ξ ∈ E, η ∈ Ẽ.

For an arbitrary η ∈ Ẽ, we have

Ṽ ∗ρ

(∫
G

T ρijΦ̃ρ(f(g))ṽρgdg

)
Ṽρξ =

∫
G

(Ṽ ∗ρ T
ρ
ijΦ̃ρ(f(g))ṽρg Ṽρ)|Edgξ,

for all ξ ∈ E. So Ṽ ∗ρ

(∫
G
T ρijΦ̃ρ(f(g))ṽρgdg

)
ṼρE ⊆ E.

But
(
Ṽ ∗ρ

(∫
G
T ρijΦ̃ρ(f(g))ṽρgdg

)
Ṽρ

)
|E is a B-module morphism, thus(

Ṽ ∗ρ

(∫
G
T ρijΦ̃ρ(f(g))ṽρgdg

)
Ṽρ

)
|E =

∫
G

(
Ṽ ∗ρ T

ρ
ijΦ̃ρ(f(g))ṽρg Ṽρ

)
|Edg ∈ LB(E).

The rest of the condition 2.(a) is verified by applying Theorem 2.2 to ρ.
Conditions 2.(b) and 2.(d) are obviously satisfied by Theorem 2.2 applied

to ρ.
We verify condition 2.(c):

(Ṽ ∗ρ T
ρ
ij(Φ̃ρ × vρ)(f)Ṽρ)|E = Ṽ ∗ρ |ET

ρ
ij(Φ̃ρ × vρ)(f)|EṼρ|E =

Ṽ ∗ρ |E
[
T ρij

∫
G

Φ̃ρ(f(g))ṽρgdg

]
|EṼρ|E = Ṽ ∗ρ |E

(∫
G

T ρijΦ̃ρ(f(g))ṽρgdg

)
|EṼρ|E =

Ṽ ∗ρ |E
∫
G

(T ρijΦ̃ρ(f(g))ṽρg |EdgṼρ)|E =

∫
G

Ṽ ∗ρ |E(T ρijΦ̃ρ(f(g))ṽρg)|EṼρ|Edg =∫
G

(Ṽ ∗ρ T
ρ
ijΦ̃ρ(f(g))ṽρg Ṽρ)|Edg.

For ξ ∈ E we have

(Ṽ ∗ρ T
ρ
ij(Φ̃ρ × vρ)(f)Ṽρ)|Eξ =

[∫
G

(Ṽ ∗ρ T
ρ
ijΦ̃ρ(f(g))ṽρg Ṽρ)|Edg

]
ξ =

=

[∫
G

(Ṽ ∗ρ T
ρ
ijΦ̃ρ(f(g))Ṽρũg)|Edg

]
ξ =

[∫
G

(Ṽ ∗ρ T
ρ
ijΦ̃ρ(f(g))Ṽρ)|Eugdg

]
ξ =
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G

ρij(f(g))ugdg

]
ξ = ϕij(f)ξ.

Thus, by Theorem 2.2, we obtain that (Φϕ, Eϕ, Vϕ, [T
ϕ
ij ]
n
i,j=1) and

(Φρ × vρ, Eρ, Vρ, [T ρij]ni,j=1) are unitarily equivalent. �
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