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ON WEAK  -STATISTICAL CONVERGENCE OF ORDER    

Sinan ERCAN1, Yavuz ALTIN2 and Çiğdem A. BEKTAŞ3   

In the present paper, we give the concept of weak  -statistical convergence 

of order   and weakly [ , ]V  -summability of order  . Some relations between of 

these concepts and also some relations between weak  -statistical convergence of 

order   and strong  -statistical convergence of order   are examined. 
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1. Introduction 

Zygmund [1] introduced the idea of statistical convergence in the first 

edition of his monograph published in Warsaw in 1935. The notion of statistical 

convergence of sequences of real numbers was introduced by Steinhaus [2] and 

Fast [3]. Later Schoenberg [4] introduced the concept of statistical convergence, 

independently. In past years, different authors studied properties of statistical 

convergence and applied this concept in various areas such as number theory, 

ergodic theory, Fourier analysis, measure theory, trigonometric series, Fuzzy set 

theory, interval analysis etc. 

The statistical convergence depends on density of subsets of . The 

natural density of K   is defined by  

( )  
1

lim :
n

K k n k K
n


→

=    

where  :k n k K   denotes the number of elements of K  not exceeding n  

[5]. Any finite subset of  have zero natural density and ( ) ( )1cK K = − .  

A sequence ( )kx x=  of numbers is said to be statistically convergent to a 

number l  provided that for every 0  ,  

 
1

lim : 0.k
n

k n x l
n


→

 −  =  

In this case, we write lim k
k

S x l− = . 
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Leinder [6] introduced ( , )V  -summability with the help of sequence ( )n =  as 

follows: Let ( )n =  be a non-decreasing sequence of positive numbers tending 

to   with 
1 1n n +  + , 

1 1 = . The generalized de la Vallee-Poussin mean is 

defined by  

( )
1

n

n k

k In

t x x
 

=   

where [ 1, ]n nI n n= − + . A sequence ( )kx x=  of numbers is said to be ( , )V  -

summable to a number l  if ( )nt x l→  as n→ .  

( )
1

1
[ ,1] : R, lim 0

n

k k
n

k

C x x l x l
n→

=

 
= =   − = 
 

  

and  

( )
1

[ , ] : R, lim 0
n

k k
n

k In

V x x l x l
→



  
= =   − = 
  

  

denotes the sets of sequences ( )kx x=  which are strongly Cesáro summable and 

strongly ( , )V  -summable to l . It is being noted that for n n = , ( ),V  -

summability reduces to ( ),1C -summability.  

Mursaleen [7] introduced the  -density of K   is defined by  

( )  
1

lim 1 :n
n

n

K n k n k K 
→

= − +     

and  -statistical convergence as follows:  

A sequence ( )kx x=  of numbers is said to be  -statistically convergent to 

a number l  provided that for every 0  , 

 
1

lim 1 : 0.n k
n

n

n k n x l 
→

− +   −  =  

In this case, the number l  is called  -statistical limit of the sequence 

( )kx x= .  

  The statistical convergence with degree 0 1   was introduced by 

Gadjiev and Orhan in [8]. Then the statistical convergence of order   and strong 

p -Cesàro summability of order   were studied by Çolak in [9]. Also Çolak and 

Bektaş introduced  - statistical convergence of order   in [10], as follows:  
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Let the sequence ( )n =  of real numbers be defined as above and 

0 1  . The sequence ( )kx x w=   is said to be  -statistically convergent of 

order   if there is a complex number l  such that  

 
1

lim : 0,n k
n

n

k I x l



→

 −  =  

where [ 1, ]n nI n n= − + . n

  denote the  th power ( )n


  of 

n , that is, 

( ) ( )1 2, ,..., ,...n n

        = = . 

 A sequence ( )kx  in a normed space X  is said to be weakly convergent to 

l X  provided that ( )lim 0k
k

x l
→

− =  for each X  , the continuous dual of X . 

In this case, we write lim k
k

W x l− = .  

Et et al. introduced the concept Ŝ

 -statistical convergence of order   in 

[11]. Connor et al. introduced weak statistical convergence and used it to give 

description of Banach spaces with seperable duals in [12].      

A sequence ( )kx  in a normed space X  is said to be weakly statistically 

convergent to l X  provided that, for each 0  , 

( ) ( ): 0kk n x l   −  =  for each X  , the continuous dual of X . In 

this case, we write lim k
k

WS x l− = . The set of all weak statisically convergent 

sequences is denoted by WS .  

Bhardwaj et al. defined weak statistical Cauchy sequences in a normed 

space X  and studied weak statistical convergence in pl  spaces in [13]. Meenakshi 

et al. studied weak  - statistical convergence, weak  -statistically Cauchy and 

weak ( ),V  - summability in a normed space X  in [14]. Throughout this paper 

we denote the class of all decreasing sequence of positive real numbers tending to 

  such that 1 1n n +  + , 1 1 =  by  . Also, unless stated otherwise, by "for all 

0
Nnn " we mean "for all Nn  except finite numbers of positive integers" 

where  
0 0 0 0N , 1, 2,...n n n n= + +  for some 0 N {1,2,3,...}n  = .    

2. Main Results 

In this section we give the main results of the paper. X  will denote a 

normed linear space; X   its continuous dual and by a sequence ( )n =  we mean 

a non-decrasing sequence tending to   with 1 1n n +  + , 1 1 = .  
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Definition 2.1. A sequence ( )kx  in X  is said to be weakly [ , ]V  -summable of 

order   to l X  provided that  

( )
1

lim 0,
n

k
n

k In

x l



→



− =  

for each X   where (0,1]  . In this case, we write [ , ] lim k
k

W V x l  − = . The 

set of all weakly [ , ]V  -summable of order   sequences will be denoted by 

[ , ]W V  . 

Definition 2.2. Let the sequence ( )n =  of real numbers be defined as above 

and 0 1   be given. The sequence ( )kx x w=   is said to be weakly  -

statistically convergent of order   if there is l X  if for every 0   

( ) 
1

lim : 0,n k
n

n

k I x l


 
→

 −  =  

where  1,n nI n n= − +  and for every X  . In this case we write 

lim k
k

WS x l

 − = . The set of all weakly  - statistically convergent of order   

sequences will be denoted by WS

 .   

The weakly  -statistically convergence of order   is same with the 

weakly  -statistically convergence, that is WS WS

 =  for 1 = . 

Definition 2.3. A sequence ( )kx  in X  is said to be strongly  -statistically 

convergent of order   to l X  if for every 0  ,  

 
1

lim : 0n k
n

n

k I x l



→

 −  =  

where (0,1]  . In this case, we write lim k
k

S x l

 − =  or 
S

kx l




→ . The set of all 

strongly  -statistically convergent of order   sequences will be denoted by S

 . 

Theorem 2.4. Let 0 1   and ( )kx x= , ( )ky y=  be sequences of complex 

numbers.  

( )i  For any sequence ( )kx  in X , if lim kWS x l

 − = , then l  must be unique.  

( )ii If 0lim kWS x l

 − =  and c being a scalar, then 0lim kWS cx cl

 − = .   

( )iii  If 0lim kWS x l

 − =  and 1lim kWS y l

 − = , then 0 1lim( )k kWS x y l l

 − + = + . 

Theorem 2.5. Let ( )n =  and ( )n =  belong to   such that n n   for all 

0
Nnn  and let   and   be such that 0 1    . 
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( )i  If  

 liminf 0n

n
n







→
                                                 (1) 

then WS WS 

  , 

( )ii  If  

lim 1 and lim 1n n

n n
n n



 

 

 → →
= =                               (2) 

then WS WS 

 = . 

 

Proof. ( )i  Let n n   for all 
0

Nnn  and let (1) be satisfied. Since n nI J , for 

given 0   we have  

( )  ( ) : :n k n kk J x l k I x l    −    −   

and so  

( )  ( ) 
1 1

: . :n
n k n k

n n n

k J x l k I x l


  


   

  
 −    −   

for all 
0

Nnn , where [ 1, ]n nJ n n= − + . By (1) as n→  we get WS WS 

  . 

( )ii  Let ( )kx WS

  and (2) hold. Since 
n nI J , for 0   we have  

( )  ( ) 

( ) 

( ) 

( ) 

( ) 

1 1
: 1 :

1
:

1
:

1
:

1
:

n k n n k

n n

n k

n

n n
n k

n n

n n
n k

n n

n n
n k

n n n

k J x l n k n x l

k I x l

k I x l

k I x l

k I x l

 



 



 



  

     
 

 


 
 

 

 
 

 

 
 

  

 −  = − +   − − 

+  − 

 −
 +  −  
 

 −
 +  −  
 

 
 − +  −  
 

 

for all 
0

Nnn . Since lim 1n

nn





=  and lim 1n

nn








=  by (2) right hand side of last 

inequality tend to 0  as n→  ( 0n n

n n



 

 

 
−   for all 

0nn ). This means that 

WS WS 

  . Since (2) implies (1) we have WS WS 

 = . 
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Theorem 2.6. Let ( )n =  , (0,1]   be any real number and 

liminf / 0n n
n

    holds. If there exists a set  1 2 ...K k k=     such that 

( ) 1K =  and ( )lim 0k
k K

x l


− =  for each X  , then ( )kx  in X  is WS

 -

convergent to l . 

Proof. It can be seen following similar way in Theorem 2.3 in [14] by taking 

advantage of Theorem 2.5 ( )i . 

While 0 1   the weakly  -statistically convergence of order   is well 

defined. But while 1   it is not well defined in general. Consider the functional 

defined on X  by ( ) 0.x   Then both  

( ) 
 

0

1
lim : lim 0

n

n k
n n

n n

k I x l
 


 

 → →
 −  = =  

and  

( ) 
 

1

1
lim : lim 0

n

n k
n n

n n

k I x l
 


 

 → →
 −  = =  

for 1  , such that ( )kx x=  WS

 -convergent both to 
0l  and 

1l . This is 

impossible. 

Note that if we take n n =  for 0 1  , then WS WS 

 . Also if n n =  with  

1 =  then WS WS WS

 = = . 

Theorem 2.7. Let ( )n =  , (0,1]   be any real number. For any sequence 

in X , if  

lim inf / 0n
n

n
→

                                               (3) 

holds and lim k
k

W x l− =  then lim k
k

WS x l

 − = , however, the converse implication 

need not be true. 
Proof. By Theorem 2.4 in [14] we have that every weak convergence sequence is 

WS -convergence. Using Theorem 2.5 ( )i  we obtain desired result. The converse 

implication need not be true in general. It is clearly following example. 

Example 2.8. Let (3) holds and ( )n px   with 1 p    be defined by  

( )

2

2

21

2

,   ;

0,   ;

,   ;

0,   ;

n

n
n

nn

n

n j I and n m

j I and n m
x j

j I and n m

j I and n m

  =


 =
= 

 
  
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where [ 1, ]n nI n n= − + . Let  2:K n n m=   , then by Theorem 2.6 we can 

say that ( )kx  is WS

 -convergent to 0 . For cn K , let define the functional by 

( ) ( )j x x j =  where ( )n px x=  . Clearly, ( ) ( )j n nx x j n = = →  as n→ . 

Hence lim 0n
n

W x−  . 

 

We have the following results from Theorem 2.5. 

 

Corollary 2.9. Let ( )n =  and ( )n =  belong to   such that 
n n   for all 

0
Nnn  and (1) holds. Then the following statements hold: 

 ( )i  If  = , then WS WS 

   for each (0,1]  . 

 ( )ii  If 1 = , then WS WS

   for each (0,1]  . 

Corollary 2.10. Let ( )n =  and ( )n =  belong to   such that n n   for all 

0
Nnn  and (2) holds. Then the following statements hold: 

 ( )i  If  = , then WS WS 

   for each (0,1]  , 

 ( )ii  If 1 = , then WS WS

   for each (0,1]  . 

 

Theorem 2.11. S

 -convergence implies WS

 -convergence with same limit in X   

but the converse implication need not be true. 

Proof. Let ( )kx  in X , be a sequence such that 
S

kx l




→ . Then for evey 0  , 

 
1

: 0.n k

n

k I x l





 −  =  

Now, for every 0   and each X  , the expression 

( )   
1 1

: :

1
: ,

n k n k

n n

n k

n

k I x l k I x l

k I x l

 



   
 



 

 −    − 

  
=  −  

  

 

means S

 -convergence implies WS

 -convergence with same limit. We give an 

example to show that the converse implication of the above result is not true in 

general. 
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Example 2.12. Let consider the space ( )1,1pL −  for 1p   and (3) holds. Then 

define ( ): 1,1 Rnx − →  by  

( )
1/ 1,   [0, ]

0, .

p

n
n

n if x
x

otherwise


 
= 


 

Then we have 0
w

nx →  in ( )1,1pL −  [15]. By Theorem 2.7 we have 0
WS

nx




→ . Next 

we show that 0
S

kx




→  does not hold. For 0 1  , since 
( )1,1

1
p

k L
x

−
=  we have  

 
1

lim : 0 0.n k
n

n

k I x



→

 −    

Hence 0
S

kx




→  does not hold. 

 

Theorem 2.13. Let 0 1    . Then the inclusion WS WS 

   is strict for 

some   and   such that   . 

 

Proof. If 0 1    , clearly  

 

( )  ( ) 
1 1

: :n k n k

n n

k I x l k I x l
 

   
 

 −    −   

 

for every 0  , which gives that WS WS 

  . To show this inclusion is strict we 

give the following example. 

 

Example 2.14. Let take n n =  and consider the sequence ( )kx x=  defined by 

2

2

,
1, 2,...  .

0,
k

k k m
x m

k m

 =
= =


 

Since 0
S

x




→ , we have lim 0kWS x

 − = , i.e., x WS 

  for 1
2

1  . But since 

x S

 , x WS

  for 1
2

0   . This means the inclusion WS WS 

   is strict for 

, (0,1]   , such that 1
2

(0, ]   and 1
2

( ,1]  . 

 

Corollary 2.15. If a sequence is weak  -statistical convergent of order   to l , 

then it is weak  -statistical convergent to l , that is, WS WS

   is strict for each 

(0,1]  . 
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Corollary 2.16.  ( )i  WS WS 

 =  if and only if  = . 

 ( )ii WS WS

 =  if and only if 1 = . 

 

Theorem 2.17. Given for ( )n = , ( )n =   suppose that 
n n   for all 

0
Nnn  and let 0 1    . Then the following statements hold: 

 ( )i  If (1) holds, then [ , ] [ , ]W V W V   , 

 ( )ii  If (2) holds, then [ , ] [ , ]W V W V  = . 

 

Proof. ( )i  Suppose that 
n n   for all 

0
Nnn . Then 

n nI J  so that we may 

write  

( ) ( )
1 1

n n

k k

k J k In n

x l x l
 

 
  

−  −   

for all 
0

Nnn . This gives that  

( ) ( )
1 1

.
n n

n
k k

k J k In n n

x l x l


  


 

   

−  −   

 

As n→  by (1) we have [ , ] [ , ]W V W V   . 

 

( )ii  Let ( ) [ , ]kx x W V =   and suppose that (2) holds. Since   is bounded there 

exists some 0M   such that ( )kx l M −   for all k . Now, since 
n n   and so 

that 1 1

n n
  
 , and n nI J  for each 

0
Nnn , we have  

( ) ( ) ( )

( )

( )

( )

1 1 1

1

1

1

n n n n

n

n

n

k k k

k J k J I k In n n

n n
k

k In n

n n
k

k In n

n n
k

k In n n

x l x l x l

M x l

M x l

M x l

  

 



 



  

  
  

 


 

 


 

 


  

  − 







− = − + −

 −
 + − 
 

 −
 + − 
 

 
 − + − 
 

  






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for every 
0

Nnn . Therefore [ , ] [ , ]W V W V   . Since (2) implies (1) we have 

the equality [ , ] [ , ]W V W V  = . 

 

Corollary 2.18. Let ( )n =  and ( )n =  belong to   such that 
n n   for all 

0
Nnn  and (1) holds. Then the following statements hold: 

 ( )i  If   = , then [ , ] [ , ]W V W V    for each (0,1]  , 

 ( )ii  If 1 = , then [ , ] [ , ]W V W V   for each (0,1]  . 

 

Corollary 2.19. Let ( )n =  and ( )n =  belong to   such that 
n n   for all 

0
Nnn  and (2) holds. Then the following statements hold: 

 ( )i  If  = , then [ , ] [ , ]W V W V    for each (0,1]  , 

 ( )ii  If 1 = , then [ , ] [ , ]W V W V    for each (0,1]  . 

 

Theorem 2.20. Let , (0,1]    be real numbers such that   , and ( )n = , 

( )n =   such that 
n n   for all 

0
Nnn . 

( )i  Let (1) holds, then if a sequence is  [ , ]W    -summable of order  , to l , 

then it is  WS

 -statistically convergent of order   , to  l , 

( )ii  Let (2) holds, then if a sequence is WS

 -statistically convergent of order   , 

to l , then it is [ , ]W V  -summable of order  , to l . 

 

Proof. ( )i  For any sequence ( )kx x=  and 0  , we have  

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( ) : .

n n n

k k

n n

k k

n

k

k k k

k J k J k J

x l x l

k k

k I k I

x l x l

k

k I

x l

n k

x l x l x l

x l x l

x l

k I x l

   

   

 

  

 



  

  

−  − 

 

−  − 



− 

− = − + −

 − + −

 −

  − 

  

 



 

and so that  
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( ) ( ) 

( ) 

1 1
: .

1
: . .

n

k n k

k Jn n

n
n k

n n

x l k I x l

k I x l

 



 

   
 


  

 



−   − 

  − 


 

Since (1) holds it follows that if ( )kx x=  is [ , ]W V  -summable of order  , to 

l , then it is WS

 -statistically convergent of order  , to l . 

( )ii  Suppose that lim kWS x l

 − = . Since   is bounded there exists some 0M   

such that ( )kx l M −   for all k , then for every 0   we have  

( ) ( ) ( )

( )

( )

( )

( )

( )

( )

1 1 1

1

1

1 1

n n n n

n

n

n n

k k

k k k

k J k J I k In n n

n n
k

k In n

n n
k

k In n

n n
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k I k In n n n
x l x l
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M x l

M x l

M x l x l

M
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

 



   

   



  

  
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 


 

 


 

 
 

   

 

  

  − 





 

−  − 

− = − + −

 −
 + − 
 

 −
 + − 
 

 
= − + − + − 
 

 
 − + 
 

  





 

( ) : n
n k

n

I x l



  


 −  +

 

for all 
0

Nnn . Using (2) we obtain that [ , ] lim kW V x l  − = , whenever 

lim kWS x l

 − = . 

Corollary 2.21. Let ( )n =  and ( )n =  belong to   such that 
n n   for 

all
0

Nnn  and (1) holds. Then the following statements hold: 

 ( )i  If  = , then [ , ]W V WS 

   for each (0,1]  , 

 ( )ii  If 1 = , then [ , ]W V WS

   for each (0,1]  . 

 

Corollary 2.22. Let ( )n =  and ( )n =  belong to   such that n n   for all 

0
Nnn  and (2) holds. Then the following statements hold: 

 ( )i  If  = , then [ , ]WS W V 

   for each (0,1]  , 

 ( )ii  If 1 = , then [ , ]WS W V

   for each (0,1]  . 
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