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UPPER AND LOWER BOUNDS FOR RIEMANN TYPE
QUANTUM INTEGRALS OF PREINVEX AND PREINVEX
DOMINATED FUNCTIONS

by M. U. Awan', G. Cristescu?, M. A. Noor® and L. Riahi*

In this paper, we obtain some new upper and lower bounds for Riemann-
type quantum quadratures of preinvex functions of Mititelu type. Some general-
ized classes of preinvexities and corresponding boundary properties that involve
Riemann-type q-integral are approached. The class of preinvexr dominated func-
tions s introduced and some quantum Hermite-Hadamard type integral estima-
tions are derived in this framework.
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1. Introduction and preliminaries
A function f: I C R — R is said to be convex, if
f(A =tz +ty) < (A —t)f(z) +tf(y), Vae,yel,tel01]

If the above inequality is reversed, then, we say that f is concave on I. A function
f: I CR — R is convex if and only if it satisfies the following double inequality:

f<a+b> = blaa/bf(:n)dm<f(“)+Jf(b),

2 2

known as Hermite-Hadamard’s inequality, from the names of its authors.

In recent years, numerous new generalizations of convex sets and convex functions
have been proposed, see [3, 10, 20]. Many authors gave generalized forms of Hermite-
Hadamard’s inequality, see [2, 4, 14, 15, 17, 21]. Recently many authors have used
the concepts of quantum calculus to obtain more generalized forms of classical in-
equalities, see [12, 17, 18, 19]. The aim of this article is to establish some new
g-analogues of Hermite-Hadamard type inequalities within the class of the preinvex
functions. We also discuss some special cases of generalized preinvexity classes.
Hanson [7] has introduced the class of differentiable invex functions, without call-
ing them by this word, in connection with their special global optimum behaviour.
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In the same year, Craven [1] introduced the term ”invex” for calling this class of
functions, due to their property described as ”invariance by convexity”. Mititelu [8]
defined the concept of invex set, as follows.

Let K be a nonempty set in R. Let f : K — R be a continuous function and let
7n:R xR — R be a continuous function.

Definition 1.1 ([8]). A set K € R is said to be invex with respect to n, if
r+itn(y,x) € K, Va,ye K,tel0,1]. (1.1)
The concept of invex set K is sometimes referred to as n-connected set.

Remark 1.1. Ifn(y,z) = y — x, then invexity of set K reduces to convexity. Thus,
it is true that every convex set is also an invex set with respect to n(y,x) = y—x, but
the converse is not necessarily true. More properties of invex sets are in [10, 11, 22]
and the references therein.

Mititelu [9] introduced a general concept of invex and preinvex functions at a
point and on open sets. He extended it to arbitrary sets in [10] and discussed the
cases in which the two concepts coincide. The following definition is the version of
Mititelu’s definition that is reduced to the context of this paper. Suppose that K is
an invex set with respect ton, p € R and 6 : R x R — R is a continuous function.

Definition 1.2 (]9]). A function f: K — R is said to be p-preinvex with respect to
functions n and 0, if:

fla+tn(y,z) < (L=t)f(x) +tfly) — ptld(y, 2)]>, Va,ye K,te[0,1]. (12)

If p > 0 then f is called strongly p-preinvex with respect to n and 6;

If p =0 then f is called p-preinvexr with respect to n;

If p < 0 then f is called weakly p-preinvex with respect to n and 6;

If the above inequality is strict for all x,y € K, x # y and for all t € (0,1) then
f is called strictly p-preinvex with respect to n and 6.

— — — —

(1
(2
(3
(4

A function f is said to be preincave if and only if —f is preinvex. For
n(y,x) =y —x and p = 0 in Definition 1.2 a preinvex function reduces to a convex
function in the classical sense.

Remark 1.2. In this paper function n: RxR — R is supposed to have the following
property:

77(3/ + tln(xay)’y + tQU(x’ y)) = (tl - t2)77(l‘a y)a \V/tlatQ S [07 1]at1 < to. (13)

In this case the following consequences hold:

(1) Ifty =to = 0 then (1.3) implies that n(y,y) = 0 for all y € R.

(2) If t1 = 0 and to =t > 0 then n(y,y + tn(z,y)) = —tn(z,y) for all x,y € R.
This is the first requirement of Condition C introduced in [11].

(3) If n(x,y) > 0 for some (x,y) € R then n(y,y + tn(z,y)) < 0 for all t € [0,1].
It means that property (1.3) implies that function n has not constant sign on
R x R.
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Definition 1.3 ([6]). The Jackson integral of f(x) is defined as

[ H@hiz = (1= Y d (o). (1.4)
j=0
Definition 1.4. Let 0 < a < b. The definite gq-integral is defined as
b oo
[ H@daz = 1= a3 d 1@, (15)
0 J=0
provided the sum converges absolutely. Also,
b b a
[ 1@z = [ 1@t - [ 1@ (1.6)
a 0 0
In this paper we use the Riemann type g-integrals introduced in [16] as:
Ry(f;0,0) = (b—a)(1—q) Y _ fla+ (b~ a)d")q". (1.7)
k=0

This integral was used in [18] as:

b
2 &
e /f(x)d‘f:c

:(1_q)§<f <a—2|—b+qk <b;a>> +f<a—2|—b_qk <b;a>>>qk. (1.8)

By means of the ¢g-Jackson integral, one has

b 1 1
2 n 1—t 1+t 1+t 1-t
a —1

) (1.9)

2. Bounds of the Riemann ¢-integral within classes of preinvex func-
tions

Throughout this section we suppose that n: RxR — R and § : RxR — R are
continuous functions, p € R and K C R is an invex set with respect to 1. Denote by
Q) = [—1,1]. First of all, we derive a g-analogue of Hermite-Hadamard’s inequality
for functions that are p-preinvex with respect to n and 6.

Theorem 2.1. Let f : K — R be a p-preinvexr with respect to n and 0. If function
n satisfies (1.3), then

a+n(b,a)
f (2@—|—’r](b, a)> 4 P’ a) /a n [e(gc’za_x-f-’l?(by G))]Qd;jSU

2 2n(b
9 a P
SO f@)dfz < === = S0, a))?, (2.1)
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Proof. Since it is given that f is a p-preinvex function with respect to n and 6,

p <2x +727(y,:n)> < f(x) ;F f(y) o g[g(y,x)]l

Let us change the variables, by letting z = a + %n(b, a)and y = a + %n(b, a).
Using (1.3), one gets

1—¢ 1+¢
(ot 5 0004 T 00) =~

Then the preinvexity inequality becomes

r(PR) < (o 00 4 £ (04 H5 000 |

_Pg2 1-¢ 1+t
% (a+ Lntba)a+ (b)),

g-integrating the above inequality, with respect to t on {2, one has
a+n(b,a)

2f (2a+727(b,a)) Sn(lia) / f(@)dx

a

a+n(b,a)
2 _ %
b.a) 0°(x,2a — x +n(b,a))d, . (2.2)

a

On another hand, by the p-preinvexity of f with respect to 7 and 6 one can write
that

o h0a) < (50 0+ (1) 10 -0 (51 0

g-integrating the above inequality, with respect to t on €1, one gets

5 a+n(b,a)
dZx < b) — p02(b, a). 2.
[ @< @)+ 1) = 020 (23)
The two inequalities (2.2) and (2.3) complete the proof. O

Corollary 2.1. Let f : K — R be a p-preinvex with respect ton and 6(x,y) = z—y.
If function n satisfies (1.3), then

/ (2a+727(ba a)> + 2[§]q[77(b, a)]?

a+n(b,a)
fla)dy < LD EIO) Po—a?. (2.4)

If p = 0 then Theorem 2.1 leads to the following result referring to preinvex
functions with respect to 7.
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Theorem 2.2. Let f: K — R be a preinvexr function with respect to n. If function
n satisfies (1.3), then

a+n(b,a)

a

Remark 2.1. Many authors use Condition C from [11] to prove inequalities within
invexity and preinvexity framework. As one can see, condition (1.3) is useful enough
to prove the inequalities in the previous theorems. Condition (1.8) is not equivalent
to Condition C, as discussed in [23]. In fact, many inequalities derived in literature
need (1.3) only (see for example [?, 12, 13, 18, 19]).

Remark 2.2. In the particular case n(b,a) = b — a, then Theorem 2.2 reduces to
Theorem 2.1 from [18].

Theorem 2.3. Let f,g : K — R be two preinvex functions with respect to n. If
function n satisfies (1.3), then

o (22550 ) g (225000 - @r(a) - Kal)N (oD

2
) a+n(b,a)
5 f(@)g(@)dZa,
where
Kl = S Rt = P

M(a,b) = f(a)g(a) + f(b)g(b), (2.6)

N(a,b) = f(a)g(b) + f(b)g(a), (2.7)
respectively.

Proof. Since f and g are preinvex functions, then

p <2m +727(y,:n)> . <2:c+ Z(%SE))

1

< 1 W @)g(@) + f(y)ay) + f(2)g(y) + f(y)g(2)]-

Let v = a4+ 1n(b,a) and y = a + 15tn(b,a) and keeping in mind that 7 satisfies
(1.3), one computes

; <2a—|—n(b,a)> , <2a+77(b, a)>

2 2

<5 (o S a)a o+ ) 4 5ok S 000 o+ 5 000

+f (a + %n(bv a))g<a + %n(bv a)) + f(a + %n(b, a))g(a + %n(b, a))}
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fla-+ %n(b, a))g(a + %n(b, a)) + f(a + g77(b, a))g(a + 1%77(b a))

2
e (o (5

( o) + (1;)9«))}
(50 (5w (5t (5 )0 |

= % f(a + %n(h, a))g(a + %n(b, a)) + f(a + %n(b, a))g(a + %n(b, a))

g-integrating above inequality with respect to ¢t over {2, one gets

of <2a+n(b,a)> , (2a+n(b,a)>

2 2
e e 3], — 1 3], +1
2 _
<ilmm / f(@)g(a)da + ([g]q )M(a, b+ ( o >N<a,b>
This completes the proof. O

Note that when ¢ — 1, one gets a previously known result from [2] and [14].
If n(b,a) = b — a, the following new result for convex functions occurs.

Corollary 2.2. Let f,g: K — R be two convex functions. Then

27 (457 ) 0 (57) - KaloMa.0) - Ko@) ah) < 1 /b F)gla)d s

where M(a,b) and N(a,b) are given by (2.6) and (2.7) respectively and

Blg —1 Blg +1
Ki(g) =7  Kag)= -
4[3]q 4[3]q
Theorem 2.4. If f,g: K — R are two preinvex functions with respect to 7, then
a+n(b,a)

f(@)g(a)d)w < K3(q)M(a,b) + Ki(q)N(a,b),

1
(b, a)
where M(a,b) and N(a,b) are given by (2.6) and (2.7) respectively and

Ksla) = § (1 ; Bl]q) C Kig) = [3}[3]‘:.

Proof. Since f and g are two preinvex functions with respect to 1, then
1+t

( + 717 (b a)) ( + ?n(b, a))

<

(1 =) f(a)g(a) + (1 + 1) f(b)g(b) + (1 = t*){f(a)g(b) + F(b)g(a)}] .

a

a
1
4
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g-integrating both sides of above inequality with respect to ¢ over €2, one obtains

() U@+ gy

This completes the proof. ]

If ¢ — 1 in Theorem 2.4, then the previously known result from [14] is ob-
tained. If n(b,a) = b — a in Theorem 2.4, then following new result holds.

Corollary 2.3. Let f,g: K; — R be two convex functions, then

1
b—a

b
[ 1@ < Ka@M(@.h) + Ka@N(a.b)
where all the constants are defined in Theorem 2.4.

3. Cases of generalized preinvexity properties

Many authors have extended the concept of preinvexity in various directions
that are approached in nowadays literature. In this section we derive results on the
boundaries of the Riemann ¢-integrals of some recently identified classes of extended
preinvexities.

Definition 3.1 ([13]). Let h: J — R where (0,1) C J is an interval in R. Let K
be an invex set with respect to n. A function f : K — R is called h-preinvex with
respect to n, if

fle+in(y,x)) <h(1=1)f(x) + ) f(y), zyeK,te(01).  (31)

Remark 3.1. For various suitable choices of function h, we have other classes of
preinvex functions. More details are in [13]. Here we focus on the case h(t) = t°,
with s € (0,1], which lead us to the s-invexity with respect to n of a function f,
defined by means of the inequality

flx+tn(y,z) <A —-1)°f(z) +t°f(y), Vo,ye K, tel0,1] (3.2)

Definition 3.2 ([21]). . Let K be an invex set with respect to n and o € (0,1]. A
function f: K — R is said to be a-preinvex with respect to n if for every x,y € K
and t € [0,1],

flx+tn(y,x) <tf(z) + (1 —t%) f(y). (3.3)

Using essentially the analysis of Theorem 2.3 and Theorem 2.4 one can obtain
new bounds for other classes of preinvex functions, such as s-preinvex functions,
h-preinvex functions and a-preinvex functions etc. The next result is a more gener-
alized form of the previous theorems.
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Theorem 3.1. Let h: J — R where (0,1) C J is an interval in R. Let f : K, = R
be a h-preinvexr function with respect to n. If function n satisfies (1.3) then, for
h(%) # 0, one has

a+n(b,a) 1
1 2a+n(b,a)> 1 P P
s’ ) < / f@dges O/” Ddgt 34

Proof. We start by using the hypothesis that f is a h-preinvex function. As in
the above proofs we change the variables by letting z = a + %n(b, a) and y =
a+ tn(b,a). By means of (1.3), one gets

f <2a+2’7(b“)> < h(%) [f <a+ %n(b, a)> f <a+ %n(b, a))] .

g-integrating above inequality, with respect to ¢ on €2, the following inequality holds

a+n(b,a)

f (W) < h(%) ?7(52, 3 / f(x)d;?a: (3.5)

a

On another hand,

o+ taea) <n (A50) @ +n (150 s

g-integrating above inequality, with respect to ¢ on () one obtains

a+n(b,a) 1
2 g
A7z < ( h(t)d/t. 3.6
[t £0) [ e (3.6
a 0
The two inequalities (3.5) and (3.6) complete the proof. O

If n(b,a) = b — a in Theorem 3.1 then one has Theorem 2.4 from [18]. If
h(t) = t* in Theorem 3.1 then one gets the following result involving functions that
are s-preinvex with respect to 7.

Theorem 3.2. Suppose that s € (0,1]. Let f : K — R be a s-preinvex function with
respect to n. If function n satisfies (1.3), then

a+n(b,a)
/ <2a e a)> < | < I00@ 0,

a

where

o= Ut Bl=1+e

Proof. The proof follows the same steps as the general case from Theorem 3.1. [

Note that, if n(b,a) = b — a, then Theorem 3.2 reduces to Theorem 2.2 from
[18]. Also if s =1 in Theorem 3.2, then one gets Theorem 2.2.
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Theorem 3.3. Let f: K, = R be a-preinvex function. If function n satisfies (1.3)
then the following inequality holds

a+n(b,a)
1. (2a+mn(ba) 1 .,
X < 2 > = ) a/ f@)dfz < (g)f(a) + (1= @(q)) f (D),
where st g
(q) == pzlmgq

Proof. Using the hypothesis that f is a a-preinvex function with respect to 7, by
letting = = a + tn(b,a) and y = a + 15y (b, a) and using (1.3), one gets

f (W) < %f <a+ e, a)> v (1) <a+ 12_%(1;,@)) .

g-integrating above inequality, with respect to ¢ on €2, we have

a+n(b,a

; (2@4-2(57 a)) < n(li 3 a/ )f(q;)dffa;. (3.7)

Referring to the upper bound, the a-preinvexity gives

o+ w0 < (0) s+ (1- (55) ) 100

g-integrating above inequality, with respect to ¢ on €2, one has

a+n(b,a)
2
s [ @ < el f@) + (1 - @) 0) (39
n(b, a)
The two inequalities (3.7) and (3.8) complete the proof. O

4. Preinvex dominated functions

Throughout this section we assume that n: RxR — Rand §: RxR — R are
continuous functions, p € R and K C R is an invex set with respect to 7. Denote by
Q) =[—1,1]. Let us suppose that function g : K — R is a p-preinvex function with
respect to 1 and 6. In this section, we consider a new class of functions, which are
called as p-preinvex with respect to n and 6 dominated functions by control function

g.

Definition 4.1. Function f : K — R is said to be a p-preinvex with respect to n
and 0 dominated function by g, if

(1 =t)f(z) +tf(y) — f(z+tn(y,z))] (4.1)
< (1—t)g(z) +tg(y) — g(x + tn(y, ) — pt[8(y, z))*,
forallz,y € K and t € [0,1].

Remark 4.1. Note that when n(y,x) = y — x and either p = 0 or 6 = 0, then
Definition 4.1 reduces to the definition of g-convex dominated functions, considered
in [5].
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We now derive some more bounds of the Riemann-type g-integrals within the
class of p-preinvex with respect to n and # dominated function by g.

Theorem 4.1. Let g : K — R be a p-preinvexr function with respect to n and 0,
and f: K — R be a p-preinvex with respect to n and 0 dominated function by g. If

function n satisfies (1.3) then
a+n(b,a

)
b S @ - p (Regee)

a+n(b,a)
% a b,a a b,a 7
= 77(;7@) { g(x)dqjm -9 (2 —H;( )) o 2n(ll);,a) fa e 92(0’7 2a —x + n(ba a))d;]jxv

I.

a+n(b,a)

b,a)
a)+f(b 7
f( )2f( ) n(bl,a) ({ f(x)dq]l'

n(
<l [ g(a)dfz—pl0(b, a)?

n(b,a)

Proof. 1. Using the hypothesis of the theorem and Definition 4.1 we have

‘f(fv)—;f(y) oy <2$+77(y,x))‘ < 9@) +9(v) Ly <2x+n(y,w)) p

: : W) L,

%fg)x = a+1¥n(b,a) and y = a+ 15Ln(b, a) and keeping in my mind that 7 satisfies
.3), one gets

flat i) +f (0t robo) <2+n<b>>‘

2 2

<

g(a+1n(b,a) +g(a+ Fn(b,a)) 2a + n(b,a)
: ~o(5)

P 1—t 1+t
—510(a+ ——n(b,a),a + ——n(b,a))].

2 2 2

Now g-integrating both sides of above inequality with respect to ¢ over Q = [—1, 1],

after a convenient substitution one derives

1 e % 2a + (b, a)
o | St (B)

1 e p 2a + (b, a)
<qia | owaie-a (B

a+n(b,a)
P 2 4
—277(1)70/)/(1 ‘9 (a,2a—x+77(b,a))dq xT.

I1I. Now we prove the second part of the theorem. Again by Definition 4.1 one has

<12_t) fla) + <12+t) fb)—f (a + #ﬂ(’% a)>

< (15) s+ () s - (a5 ra00) - 2 .0
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g-integrating both sides of the above inequality with respect to t over €2, one derives

f@+re 1 P
a — T %x
2 06 a) / f(@)d,

a+n(b,a)

] 1
<HZi s [ e e [ e

a

which gives the required inequality. ([l

Remark 4.2. For n(y,z) =y —x and p =0 in Theorem 4.1 one gets the following
new quantum Hermite-Hadamard type inequality for g-convexr dominated functions:

b )
wa | f@)dfa = f ()| < fg ~9(%%).
b b
1IL. f(a) % f dj < 9(0)‘2"9(1)) _ ﬁ fg(x)d;?m

Remark 4.3. For n(y,x) =y —x and p = 0 in Theorem 4.1 as ¢ — 1 the above
derived inequalities reduce to the case of convexr dominated functions in the classical
sense, which is discussed in [5].

5. Acknowledgements

The authors are grateful to editor and anonymous referee for his/her valuable
comments and suggestions. Authors are pleased to acknowledge the ”support of
Distinguished Scientist Fellowship Program (DSFP), King Saud University, Riyadh,
Saudi Arabia”.

REFERENCES

[1] B.D. Craven, Duality for generalized convex fractional programs, in S. Schaible and T. Ziemba
(eds.), Generalized Convezity in Optimization and Economics, Academic Press, 1981, 473-489.

[2] G. Cristescu, Improved Integral Inequalities for Products of Convex Functions, Jour-
nal of Inequalities in Pure and Applied Mathematics, 6(2), (2005) [On line:
http://www.emis.de/journals/JIPAM/article504.html?sid=504]

[3] G. Cristescu, L. Lupsa, Non-connected Convezities and Applications, Kluwer Academic Pub-
lishers, Dordrecht, Holland, 2002.

[4] S.S. Dragomir, C.E.M. Pearce, Selected Topics on Hermite-Hadamard Inequalities and Appli-
cations, Victoria University Australia, 2000.

[5] S. S. Dragomir, N. M. Ionescu, On some inequalities for convexdominated functions, Anal.
Num. Théor. Approx. 19 (1990), 21-28.

[6] F.H. Jackson, On a g-definite integrals, Quarterly J. Pure Appl. Math. 41 (1910) 193-203.

[7] M.A. Hanson, On Sufficiency of the Kuhn-Tucker Conditions, J. Math. Anal. Appl. 80(1981),
545-550.

[8] S. Mititelu, Invex Sets, Stud. Cerc. Mat., 46(5) (1994), 529-532.

[9] S. Mititelu, Generalized invexities and global minimum properties, Balkan J. Geometry Appl.,
2(1997), 1, 61-72.

[10] S. Mititelu, Generalized Convexzities, Fair Partners Publishers, Bucharest, 2011.



44 M. U. Awan, G. Cristescu, M. A. Noor, L. Riahi

[11] S.R. Mohan, S.K. Neogy, On invex sets and preinvex functions, J. Math. Anal. Appl. 189(1995),
901-908.

[12] M.A. Noor, K.I. Noor, M.U. Awan, Some quantum integral inequalities via preinvex functions,
Appl. Math. Comput. 269(2015) 242-251.

[13] M.A. Noor, K.I. Noor, M.U. Awan, J. Li, On Hermite-Hadamard inequalities for h-preinvex
functions, Filomat, 28(7), (2014), 1463-1474.

[14] B.G., Pachpatte, On some inequalities for convex functions, RGMIA Research Report Collec-
tion, 6(E) (2003), [Online: http://rgmia.vu.edu.au/v6(E).html].

[15] B.G. Pachpatte, Analytic inequalities: Recent Advances, Atlantic Press, Amsterdam-Paris,
2012.

[16] P.M. Rajkovic, M. S. Stankovic, S. D. Marinkovic, The zeros of polynomials orthogonal with
respect to g-integral on several intervals in the complex plane, in .M. Mladenov and A.C.
Hirshfeld (eds.), Fifth International Conference on Geometry, Integrability and Quantization
June 5-12, 2003, Varna, Bulgaria, Softex, Sofia, 2004, 178-188.

[17] W. Sudsutad, S.K. Ntouyas, J. Tariboon, Quantum integral inequalities for convex functions,
J. Math. Inequal. 9(3) (2015), 781-793.

[18] S. Taf, K. Brahim, L. Riahi, Some results for Hadamard-type inequalities in quantum calculus,
LE MATEMATICHE LXIX(II) (2014), 243-258.

[19] J. Tariboon, S.K. Ntouyas, Quantum integral inequalities on fi-
nite intervals, J. Inequal. App. (2014), 2014:121, [On line:
http://www.journalofinequalitiesandapplications.com/content,/2014/1/121] .

[20] S. Varosanec, On h-convexity, J. Math. Anal. Appl. 326(2007), 303-311

[21] Y. Wang, M.-M. Zheng, F. Qi, Integral inequalities of Hermite-Hadamard type for
functions whose derivatives are a-preinvex, J. Inequal. Appl. (2014) 2014:97 [On line:
http://www.journalofinequalitiesandapplications.com/content /2014/1/97].

[22] T. Weir, B. Mond, Preinvex functions in multiobjective optimization, J. Math. Anal. Appl.
136(1988), 29-38.

[23] C. Zalinescu, A critical view on invexity, [www.math.uaic.ro/~ zalinesc/papers3.php?file=invexity.pdf].



