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CONTINUOUS FRAMES AND CAUCHY DUAL OF CLOSED RANGE
OPERATORS

Salah Eddine.Oustani', Azadeh Alijani?

Frames are basis-like systems that reconstruct elements of a vector space
with different coefficients. This paper is concerned with the construction of continu-
ous K-frames by Cauchy dual of some closed-range operators in Hilbert spaces. Also,
some continuous K-frames are presented by the combinations of operators with special
conditions.
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1. Introduction

The concept of discrete frame in Hilbert spaces was first introduced by Duffin and
Schaeffer in 1952 to deal with the nonharmonic Fourier series [7] even though, it was raised
on the mathematical and physical scene in 1986 with the work of Daubechies, Grossmann,
Meyer because of their use in wavelet analysis [4].

Nowadays, frames have been used as a powerful alternative to Hilbert bases because
of their redundancy and flexibility. They are also very useful tools in the characterization
of function spaces and fields of applications, such as coding and communications [22], signal
processing [9], and so on.

The continuous frames were defined by Antoine and Gazeau [2] and later, indepen-
dently by Kaiser [13]. These kinds of frames are the first generalization frames to family
indexed by some locally compact space endowed with a Radon measure. The reader can
refer to [17, 16].

Mainly in [10], L. Gavruta introduced the notion of K-frames as a generalization of
discrete frames due to some potential applications in sampling theory.

The paper is organized in two sections. Section 2 contains some definitions and
properties of Cauchy duals of operators and EP operators that are used in the presented
results. The main goal of this paper is illustrated in Section 3. Some classes of generalized
continuous frames are constructed by the Cauchy dual of closed-range operators in Hilbert
spaces and EP operators.

2. Preliminaries of Special Operators

The important collections of operators in the operator theory are the Cauchy dual
of closed-range operators and EP operators. Their properties help to construct classes of
continuous frames in this manuscript. In this section, we introduce the Cauchy dual of
closed-range operators and EP operators and review some properties.
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In this manuscript, 3 is a Hilbert space , B (3) denotes the Banach algebra of all
bounded linear operators on H and I is the identity operator. Let GL (H) be the set of
all bounded linear operators with the bounded inverse. As usual, for £ C H, Pg is the
orthogonal projection on E. Also, {T'}’ is the set of all of the elements of B (H) which
commute with every element of T’

(TY ={B e B(H): BA= AB, forall AT}

A useful equivalency relation between the range of two operators and their norms is needed
that is presented as follows.

Lemma 2.1. [6] Let A and B be two elements of B (). Then the following statements are
equivalent.

1. R(4) C R(B);

2. a|| A*z ||’<|| B*z ||?, for some a > 0.

The Moore-Penrose inverse of a closed range operator A € B (H) is defined as the
unique operator AT € B (H) with the following property.

AAtz =z, for every x € R(A).

In the following, some properties related to Moore-Penrose inverses are presented. For
further information, we refer to [11].

Proposition 2.1. For a closed range operator A € B (H), the following statements are
holding.

1. AAT = Pp(ay, ATA = Pria+y;

2. R(AT) = R(A*) = N(A)";

3. N (A1) = N (4*) = R(A)".

4. For B € B(H), if A and B commute with each other, then AT and B commute too.

In [23], S. Shimorin introduced the Cauchy dual of left-invertible operators as a pow-
erful tool in the model theory of left-invertible operators. Recently, H. Ezzahraoui [8] intro-
duced the notion of Cauchy dual for a closed range operator as follows; the Cauchy dual of
a closed range operator A is defined by w(A) := A (A*A)T . For example of a Cauchy dual
operator, assume that A € B (H) such that A2 = A. Then w (A4) = Pp(a)Ppr(a+) because

Al = ATAAT = ATAAAT = PrayPra-).-
Now, we review some properties of the Cauchy dual of a closed range operator.

Proposition 2.2. [8] Let A € B (H) be a closed range operator. Then the following asser-
tations valid.

1. w(A) = A*;

2. w(w(A4)) =A;

3. w (A) A* = PR(A)S

4. If B € B (H) is unitary, then w (BAB*) = Bw (A) B*.

Furthermore, the concept of EP matrix, as an extension of normal matrices, was
introduced by Schwerdtfeger [19] and was extended by Campbell and Meyer [21] to closed
range operators on a Hilbert space. The operator A € B (H) is called to be an EP operator
if R(A) is closed and R(A) = R(A*). (See [14]) Equivalently, A is an EP operator if and
only if AAT = ATA. For seeing an example for an EP operator, considering A € B (12 (C))

be defined by:
A ((wj)j21) = ((yj)jzl) ’
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where
o o +xy ifj=3
N if 7 # 3.
Now, some families of EP operators that will be needed in this study, are introduced.

Theorem 2.1. [20] Let A € B (H) be a closed range operator. Then the following statements
are satisfying.
1. If A is normal, then A is an EP operator. [12]
2. For a closed range operator B (H) that AB = BA and R(A*)NR(B*) = R(AB), the
operator AB is an EP operator.

3. Constructing Some Continuous K-frames

Cauchy duals obtain some new classes of continuous K-frames. In this section, the
new continuous K-frames are constructed in two parts by Cauchy duals. Firstly, some closed
range operators K € B (H) are considered that construct a continuous K-frame. And, in
the second part, we characterize some properties for operator A that generates a continuous
AK-frame.

Throughout this section, the operator K € B (H) is a closed range operator. In 2006,
Rahimi and at. introduced Continuous frames for a Hilbert space H and a measure space
(2, 1) as a mapping F : Q — 3 with the following properties.

1. F is weakly-measurable, i.e., for all z € H, the mapping : t — (z, F' (t)) is a measur-
able function on 2.
2. There exist positive constants o and [ such that

allz ||2§/Q| (@, F @) P du(t) <Bll |

After, in [10], this concept is generalized to K-frames as a generalization of discrete frames
due to some potential applications in sampling theory.
A mapping F : Q — H is called a continuous K- frame with respect to a measure
space (0, p), if
1. F is weakly-measurable, i.e., for all € H, the mapping : t — (z, F' (t)) is a measur-
able function on 2.
2. There exist positive constants a and [ such that

aIIK*tzé/QH%F(t» Pdu(t) <Bllall?, Vo€l

In the following, we see an example of continuous K- frames.

Example 3.1. Let K € B (C?) be defined as follows.
0 O
K = [1 \/?ZJ .

F : R — C2
to— (O;e_(2+i)t2).

And, assume

For x = (x1,22) € C?, we have

and
| Kz |P=4 ] *.
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Consequently, for x € C3, we obtain the follwing inequalities.

VT
SN P [ R P du) <l e |
Therefore, F is a continuous K -frames for C3.

To continue, we need to know about some properties of measurable functions that the
following lemma illustrates.

Lemma 3.1. [24] Let (2, 1) be a measure space, g € B (H) be a bounded linear operator and
f:8Q — H be a measurable function. Then gf is a measurable function and the following

equality holds.
g/ fdu=/gfdu-
Q Q

At first, we see that the classes of continuous K-frames and continuous w(K)-frames
are the same.

Theorem 3.1. Let K be a closed range operator and let F be a continuous K -frame for .
Then the following conditions are equivalent.

1. Fis a continuous K-frame for H.
2. Fis a continuous w (K)-frame for 3.

Before, the relation between the ranges of a closed range operator and its Cauchy
duals is considered.

Lemma 3.2. Let K € B (H) be closed range. Then

R(w(K)) = R(K).
Proof. By the properties of the Moore-Penrose inverse, the following equalities hold.

R(w(K)) = R(K™) = N (K")" = N(K")* = R(K).

This complete the proof. O
Proof. of Theorem 3.1 1 = 2: By Lemma 3.2, we have

R(w(K)) = R(K).
Using Lemma 2.1, there exists a > 0 such that for x € J,

allw(K) @ |P<|| K|

Since F is a continuous K-frame for J, there exist positive constants o’ and [ such that
for x € K,

o || Krx < /Q |, F (1) 2 dp(t) < B |7,

and this implies
ad [|w(K) = ||2§/ [ (2, F (1) P du(t) < B ||« Voedt.
Q

Therefore, F' is an w (K )-continuous frames for K.
2 = 1: The converse is valid by w (w (K)) = K in Proposition 2.2. O

Corollary 3.1. Let F' be a continuous K-frame for H. Then F' is a continuous Pr(f)-frame
for J.
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Proof. For x € H, we have
| (w (K) K*) 2 |P<|| K ||| w(K) 2 ||

Since F' is a continuous K-frame for H, for some positive constants o and 3, one obtaines
allw(K) =z |P< /Q|<x,F<t>> Pdu() < Bllal? Vredt.
Hence
all K172 (w (K) K*) x |P< /Q | (2, F (1)) | du(t) < B ||z |]?, Vo € I

By Proposition 2.2, we have K*w (K) = Pk, and this completes the proof. O

Now, we study EP operators for constructing continuous K-frames. The following the-
orem presents some equivalent conditions for continuous K-frames, continuous K*-frames,
and continuous K f-frames.

Theorem 3.2. Let K be an EP operator. Then the following statements are equivalent.

1. F is a continuous K-frame for H;
2. F is a continuous K*-frame for H;
3. F is a continuous K'-frame for 3.

Proof. 1 = 2. Assume that K is an EP operator. Then
R(K)=R(K™").
By Lemma 2.1, there are positive constants o and 8 such that
ol Ko |’<|| K*z |[P< B || Kz ||?, Va € 3.

Since I is a continuous K-frame for H, the following inequalities are valid for positive
constants o’ and 3'.

O/IIK*:UIFS/ |z, F () P du(t) < B ||z |]?, Yz e,
Q
and
aa’l\KxIFS/ | (z, F () P du(t) < B' || = |]*, VoeX
Q

Therefore, F' is a continuous K*-frame for H.
Other parts of the theorem are given by R (K') = R(K*) = R(K) and a similar technique.
U

Here, we can construct new continuous K-frames by an EP operator and its combi-
nations.

Theorem 3.3. Let A be an EP operator and let F' be a continuous K -frame for H such
that KA* = A*K. Then w(A) F is a continuous K -frame for R (A).

Proof. Since F is a continuous K-frame for H, the following result is given for positive
constants a and f.

a| K*Alz ||2S/ | (Ala, F(2)) [* dp(t) < B || ATz 2.
Q

For z € R(A), we have
w(A)w (A)" = Priuay) = Preay.
and also one obtains that K A*" = A*T K by Proposition 2.1. Therefore,

K(x) =K (w (A)w (A)f x) = Kw(A) (A*z) = (w(A) K) (A*z), Vz e K.
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On the other hand, A is an EP operator, so A*z € R (A*) = R(A), for every z € H. Now,
by Lemma 2.1, there exists o > 0 such that the following statement is satisfying.

o || K*a |[P<]] (@ (A) K)* o |2,
and

o || Kz []P< /Q | {w,w (A)F (1) [ du(t) < B || = |,

which o = aa’ and ' = 3 || AT ||2. Lemma 3.1 gives that w (A) F is weakly-measurable
and this completes the proof. |

Corollary 3.2. Assume F' is a continuous K-frame for H. The following statements are

valid.

1. If A and B are arbitrary elements of B(H) such that R(A*) N R(B*) = R(AB),
AB = BA and K € {A*, B*}, then w (AB) F is a K-continuous frame for R (AB).

2. If A € B(K) is a normal and closed range such that KA* = A*K. Then w (A) F is a
continuous K -frame for R (A).

Proof. The proof of 1 is obtained from Theorem 2.1 and Theorem 3.3, and the second
statement follows from Theorem 2.1 and Theorem 3.3. O

In the following example, we see samples of continuous K-frames that are constructed
by an EP operator and its Cauchy dual.

Example 3.2. Let {e1, ez} be an orthonormal basis of C2. Consider the operators K and
Aof B ((CQ) as follows.
1= _[r o0
K‘{ 0 0}”4_[1 e]

where i = —1. Obviously, we have A3 = I and then At = A2, Consequently, A is an EP
operator and we can easily show that

» 1 e%s
W(A):A2:|:O e4z:|.

“5

Now, set
(1+1d)t?
F:R—C? t— |e 2 ;0

For x = (x1,22) € C%, we have

L 1@ PO du® = [ 1w (@) F©) P dut) = V7o
On the other hand, for x = (x1,72) € C%, one obtaines that the following equality.
| K |P=4]a .
Then, the main result is given by the above relations as follows.
FIE P [ 1@ POy Pt < Vr o
Therefore, F and w (A) F are continuous K -frames for H .

The unitary operators also generate a family of continuous K-frames. The following
theorem illustrates this fact.

Theorem 3.4. Let U be a unitary operator and let F' be a continuous K-frame for H. Then
UF is a continuous (Uw (K) U*)-frame for H.
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Proof. For x € H, we have
| (UKU") z [P<|| K Uz |7

Therefore, there exist positive constants « and § such that the following statemets are valid
for z € H.

a |l (UKU*)*xIIQS/QH%UF(t» Pdu(t) <BIUIP[l2]*.

On the other hand, UF' is weakly-measurable by Lemma 3.1. Then UF is a continuous
(UKU*)-frame for H. Moreover, Proposition 2.2 and Theorem 3.1 conclude that UF is also
a continuous (Uw (K) U*)-frame for H. O

In the final part, we present another family of continuous K-frame by the combinations
of operator K and some operators of B (H) and see some samples of this family in the next
example.

Theorem 3.5. Let F be a continuous K -frame for H and L € B (H) such that KLK = K.
Then (KL) F is a continuous K-frame for H.

Proof. By the property of F, there are positive constants « and 8 such that for all z € H,
the following inequalities hold.

o | K |P< [ [P @) Fan() < B e
Now, let L be a bounded operator on H such that KLK = K. Then
al| K*L*K*z ||*’< /Q<L*K*:1:,Fw> < B L*K*z |]?, Vo€
By taking 8’ = 3 || KL ||?, we obtain
o | K2 < [ [ (KD F@©) P< A ol Vo e

Also, Lemma 3.1 concludes that (K L) F is weakly-measurable. So {(KXL)x;};ey is a con-
tinuous K-frame for H.
O

Example 3.3. Assume that z € C and the operators K and L are defined on B ((CQ) as

follows.
e'Lz e—iz e—iz 0
(o )= 0)

Consider F : R — C?; t+—— <i67t2,0> , where i2 = —1. For x = (x1,22) € C, we have

| K =2 o [ and [ |G @) F dn) =[5 Lo P

31 K0P [ 1 ) P < VR o |

1 0
-3 )

the following inequalities are obtained for x € C.

1 *

3 I Kz []*< /R | {2, (KL)F (1)) P du(t) < V[ | .
Therefore, (KL) F is a continuous K-frames for C.

Then

Since
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