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MORE RESULTS ON VAGUE GRAPHS

R. A. Borzooei! , Hossein Rashmanlou?

The main purpose of this paper is to show the rationality of some
operations, defined or to be defined, on vague graphs. Three kinds of new
product operations (called direct product, lexicographic product, and strong
product) of vague graphs are defined, and rationality of these notions and
some defined important notions on vague graphs, such as vague graph, vague
complete graph, cartesian product of vague graphs and union of vague graphs
are demonstrated by characterizing these notions by their level counterparts
graphs.
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1. Introduction

The major role of graph theory in computer applications is the
development of graph algorithms. A number of algorithms are used to solve
problems that are modeled in the form of graphs. These algorithms are used
to solve the corresponding computer science application problems. In 1965,
Zadeh [26] first proposed the theory of fuzzy sets. The most important feature
of a fuzzy set is that a fuzzy set A is a class of objects that satisfy a certain
(or several) property. Gau and Buehrer [9] proposed the concept of vague
set in 1993, by replacing the value of an element in a set with a subinterval
of [0,1]. Namely, a true-membership function ¢,(z) and a false-membership
function f,(z) are used to describe the boundaries of the membership degree.
These two boundaries form a subinterval [t,(z), 1 — f,(x)] of [0,1]. The vague
set theory improves the description of the objective real world becoming a
promising tool to deal with inexact, uncertain or vague knowledge.

The initial definition given by Kaufmann [12] of a fuzzy graph was based
on the fuzzy relation proposed by Zadeh [26]. Later Rosenfeld [15] introduced
the fuzzy analogue of several basic graph-theoretic concepts. Mordeson and
Nair [13] defined the concept of complement of fuzzy graph and studied some
operations on fuzzy graphs. Akram et al. [1, 2, 3, 4, 5, 6] introduced bipo-
lar fuzzy graphs, interval-valued fuzzy line graphs, strong intuitionistic fuzzy
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graphs, certain types of vague graphs, regularity in vague intersection graphs
and vague line graphs, and vague hypergraphs. Talebi and Rashmanlou in-
vestigated isomorphism on vague graphs [22]. Ramakrishna [19] introduced
the concept of vague graphs and studied some of their properties. Pal and
Rashmanlou [14] studied irregular interval-valued fuzzy graphs. Likewise, they
defined antipodal interval valued fuzzy graphs [16], balanced interval-valued
fuzzy graphs [17]. Rashmanlou and Jun [18] introduced complete interval-
valued fuzzy graphs. In this paper, we defined three kinds of new product
operations (called direct product, lexicographic product and strong product)
of vague graphs and the rationality of these notions and some defined impor-
tant notions on vague graphs are demonstrated.

2. Preliminaries

In this section, we define three kinds of new product operations (called
direct product, lexicographic product, and strong product) of vague graphs
and show that direct product, lexicographic product and strong product of
two vague graphs is a vague graph also.

Definition 2.1. [26, 27] A fuzzy subset u on a set X is a map p: X — [0, 1].
A fuzzy binary relation on X is a fuzzy subset p on X x X.

Definition 2.2. [9] A vague set on an ordinary finite non-empty set X is
a pair (ta, fa), where t4 : X — [0,1], fa : X — [0,1] are true and false
membership functions, respectively such that 0 < ts(x) + fa(z) < 1, for all
reX.

In the above definition, t4(x) is considered as the lower bound for degree
of membership of x in A (based on evidence), and fa(x) is the lower bound
for negation of membership of v in A (based on evidence against). So, the
degree of membership of x in the vague set A is characterized by the interval
[ta(x),1—fa(z)]. Therefore, a vague set is a special case of interval valued sets
studied by many mathematicians and applied in many branches of mathematics
(see for example [21, 23]). The interval [ta(x),1 — fa(x)] is called the vague
value of x in A, and is denoted by Va(x). We denote zero vague and unit vague
value by 0 =[0,0] and 1 = [1,1], respectively.

Definition 2.3. Let X and Y be ordinary finite non-empty sets. We call a
vague relation to be a vague subset of X XY, that is, an expression R defined
by:
R = {<(£L’,y),tR(l’,y), fR(xay» ‘ ZAS Xay S Y}

where tp : X xY — [0,1], fr: X xY — [0,1], which satisfies the condition
0 < tr(z,y) + fr(z,y) <1, for all (x,y) € X xY. A vague relation R on
X is called reflexive if tr(x,z) =1 and fr(x,z) =0, for allz € X. A vague
relation R is symmetric if tg(z,y) = tr(y,x) and fr(z,y) = fr(y,z), for all
z,y € X.

A vague set, as well as an intuitionistic fuzzy set [5], is a further general-
ization of a fuzzy set. In the literature, the notions of intuitionistic fuzzy sets
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and vague sets are regarded as equivalent, in the sense that an intuitionistic
fuzzy set is isomorphic to a vague set [6].

Throughout this paper, G* will be a crisp graph (V,E), and G a vague graph
(A, B). Since an edge xy € E is identified with an ordered pair (z,y) € V xV,
a vague relation on E can be identified with a vague set on E. This gives a
possibility to define a vague graph as a pair of vague sets.

Definition 2.4. [19] Let G* = (V, E) be a crisp graph. A pair G = (A, B) is
called a vague graph on a crisp graph G* = (V, E), where A = (ta, fa) is a
vague set on'V and B = (tg, ) is a vague set on E CV XV such that

tp(ry) < min(ta(x), ta(y)) and fp(zy) = max(fa(z), fa(y))
for each edge xy € E.

Definition 2.5. [19] A vague graph G is called complete if

tp(ry) = min(ta(z),ta(y)) and fp(zy) = max(fa(z), fa(y))
for each edge xy € E.

Example 2.1. Consider a vague graph G such that V. = {z,y,z}, E =
{2y, y2, 22}

Figure 1: Vague graph G
By routine computations, it is easy to show that G is a vague graph.

Definition 2.6. A homomorphism h : G; — Gg is a mapping h : Vi — Vs
which satisfies the following conditions:

(CL) tAl(ml) < tAQ(h(xl)): fAl(x]-) > fA2(h<:U1))?

(0) tp, (z1y1) < tp,(M(@x1)h(y1))s o, (1y1) = [ (R(x1)R(y1)),

for all z1 € Vi, z1yq € Fy.

Definition 2.7. Let Gy and G5 be vague graphs. An isomorphism h : G; — Go
is a bijective mapping h : Vi — Vo which satisfies the following conditions:

(€) tay (1) = ta, (A(1)), fay(21) = fa, (h(z1)),
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(d) tg,(z1y1) = tg,(M(x1)h(11)), [B, (T191) = fBo (R(21) N (Y1),
for all x1 € Vi, x1y1 € E7.

Definition 2.8. Let Gy and Gy be vague graphs. A weak isomorphism h :
G, — Gy 1s a bijective mapping h @ Vi — Vo which satisfies the following
conditions:

(e) h is homomorphism,

(f) ta,(z1) = ta,(A(21)), fa,(21) = fa,(h(z1)),
for all 1 € V1. Thus, a weak isomorphism preserves the weights of the nodes
but not necessarily the weights of the arcs.

Definition 2.9. Let G, and G be vague graphs. A co weak isomorphism
h: G1 — Go is a bijective mapping h : Vi, — V5 which satisfies:
(9) h is homomorphism,

(h) tp,(z1y1) = ta,(h(z1)h(y1)), [, (21y1) = [B.(R(z1)R(Y1)),
for all 1y, € Ey. Thus a co-weak isomorphism preserves the weights of the
arcs but not necessarily the weights of the nodes.

Definition 2.10. A vague graph G is called strong if

tp(ry) = min(ta(z), ta(y)) and fp(zy) = max(fa(z), fa(y))
, for all xy € V.

Definition 2.11. Let A : X — II be a vague set on X where II = {[b,c] | 0 <
b<c<1} (ie., the set of all closed intervals in [0,1]), then Ap g = {x € X |
ta(x) > b, fa(x) > ¢} is called a [b, c]—level set of A, for all [b,c] € T1.

Definition 2.12. Let G = (Vi, Ey) and G5 = (Va, Es) be two graphs.
(1) (120, 21]) The graph G x G5 = (V, E) is called the cartesian product of G}
and G5 where V.=V, x V5 and
E={(z,22)(x,12) | € Vi, 2292 € Ea} U{(21,2)(y1,2) | 2 € Vo, 2191 € En}.
(2) (124]) The graph G5 * G5 = (V, E) is called the direct product of G} and
G35, where V=V, x V5 and

E={(z1,22)(y1,92) | T1yn € E1, 029> € En}.
(3) (I111]) The graph G; e G5 = (V, E) is called the lexicographic product of G
and G5 where V. =V, x V5 and
E = {(r,22)(z,y2) | ¥ € Vi, 22y2 € Ep}U{(1,22)(y1,42) | T1t1 € B, 22y2 € Fa}.
(4) (121]) The graph G; X G5 = (V, E) is called the strong product of G} and
G35, where V.=V, x V, and

E={(z,x9)(x,y2) | € Vi, m9y2 € Ex} U{(x1,2)(y1,2) | 2 € Vo, z1y1 € E1}

U{(z1, 22) (Y1, y2) | z1y1 € E1, 22y € Es}.
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(5) (110]) The graph GT UGS = (V, E) is called the union of G} and G%, where
V:V1UV2 andE:E1UE2.

Definition 2.13. Let G; = (A1, By) (resp., Go = (Ag, By)) be a vague graph
OfGT = (‘/luEl) (T@Sp.7 G; = (‘/27E2>)

(1) The cartesian product G1 x Gy of Gy and Gy is defined as a pair (A, B),
where A = (ta, fa) and B = (tg, fg) are vague sets on V. ="V; x V4 and

E = {(z,29)(x,12) | # € Vi, 2010 € B} U{(21,2)(y1,2) | 2 € Vo, 1190 € E1}
respectively which satisfies the following:
. ta(zy, o) = min(ta, (x1),ta,(x2))
! 2 Vi x V;
(4) { fa(zr, w2) = max(fa, (v1), fa,(22)) (@1, 22) € Vi x V2),
{12 min ).t )
fB((«'E 22)(@, y2)) = max(fa, (z), f5,(z292)
(ZZZ) ((‘Th )( Y1, )) mln(tB1 (xlyl)atAz (Z))
fe((z1,2)(y1, 2)) = max(fp, (21y1), fa,(2)
(2) The union G1 U Gy of Gy and Go is defined as a pair (A, B), where
A= (ta, fa) and B = (tp, [B) are vague sets on V =V, UV, and E = Ey U Fy
respectively which satisfies the following:

) (x € Vi, 20y, € Ey),

) (z € Vo, 11 € Ey).

ta(x) =ta,(2) if v € V4 and x ¢ Vs,
(1) tA(x) =ta,() if v € Vo and x ¢ V1,
ta(r) = max(ta, (), ta,(z)) ifxeVinNvs.
fa(z) = fa,(x) ifz € V] and x & Vs,
) fa(z) = fa,(x) if x € Vo and x & V7,
fa(z) = min(fa,(z), fa,(x)) fzeViNVs.
tg(zy) = tp, (zy) if zy € By and xy & Es,
(1ii) < tp(zy) =tp,(vy) if vy € Fy and zy & Fj,
tp(xy) = max(tg, (vy),tp,(zy)) if xy € By N Es.
fe(zy) = fB,(zy) if zy € By and xy & Es,
(i) fe(zy) = [B,(2y) if vy € Ey and xy & Ei,

fe(xy) = min(fp, (zy), f,(zy)) if xy € E1 N Es.

Finally, we define three kinds of new operations (called direct product, lexi-
cographic product, and strong product) on vague graphs, which can be looked
as a generalization of their counterparts in Definition 2.12.

Definition 2.14. The direct product G1xG5 of two vague graphs Gh = (A1, By)
and Gy = (Ag, By) of G = (V1, Ey) and G5 = (Va, Es) respectively is defined
as a pair (A, B), where A = (ta, fa) and B = (tp, fg) are vague sets on
V =Vi xVy and E = {(z1,22)(Y1,y2) | T101 € E1,x2y2 € FEy} respectively
which satisfies the following:

. ta(z1,e) = min(ta, (x1),ta,(x2))

D4 A S (o oy (e €213
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(z1y1 € En, mays € Es).

(Z’l) { tB(<x17 $2)(y17 y2>> - min(tBl <I1y1)7 th (nyQ))
fB((1,72)(y1, y2)) = max(fz, (v191), fB,(T2y2))

Theorem 2.1. The direct product Gy *x Go of two vague graphs Gi = (A, By)
and Gy = (As, By) is a vague graph also.

Proof. Let x1y, € E and x5y, € Es, then we have
(w1, 72)(y1,92)) = min (¢, (v191), LB, (T2y2))
min (tAl (171), tAl (yl)) ) min (tAQ <x2)7 tAz (yZ)))

min (tAl (xl)? ta, (.1'2)) , min (tAl (y1>7 ta, (yQ)))
(tay * ta,) (@1, @2), (Fa, *Ta,) (Y1, ¥2))

(tBl * tBQ)

—~ o~ o~

(fB * fBy) (21, 22) (Y1, y2)) = max (fp, (x191), f5,(v2y2))
> max (max (fa, (z1), fa, (y1)) , max (fa,(22), f4,(y2)))
= max(max(fa, (z1), fa,(22)), max(fa, (y1), f4,(y2)))
= max((fa, * fa,) (21, 22), (fa, * [a;) (Y1, v2))-

O

Definition 2.15. The lexicographic product G, e Gy of two vague graphs G, =
(A1, By) and Gy = (As, Bs) of G = (Vi, E1) and G5 = (Va, Es) respectively is
defined as a pair (A, B), where A = (ta, fa) and B = (tp, fg) are vague sets
onV =VixVaand E = {(x,z2)(x,y2) | © € Vi, 22y2 € Ex}U{(x1,22)(y1, y2) |
Ty € B, xoys € Ey} respectively which satisfies the following:

o { talen, @) = min(ta, (21), ta,(2))
(i) { fi&(fﬁ,xz) = maX(?A1($1),fA2(3:2)) ((x1,m0) € V] X V3),

/1 ((SE 1’2)($,y2)) - HliIl(tAl (x)7t32($2y2))
(”) { ((x,xz)(l‘,yz)) = maX(fAl ([L’)’ f32 (x2y2)) (ZC € ‘/1,3723/2 € Eg),

(i) { (((151,962)(191,?/2)):min(tBl(%.%),tBQ(:vgyg))

(w1, 22)(y1, y2)) = max(fp, (v191), f5,(T212)) (r1y1 € Ei,mays €

Eg)

Theorem 2.2. The lexicographic product G, @ Gy of two vague graphs G =
(A1, B1) and Gy = (Ag, Bs) is a vague graph also.

Proof. If x € Vi and w91y, € E5, we have
(tB1 b tB2) ((aj $2)<l‘, yQ)) = min (tAl (.7}), tB, (ZEng))
(ta,(z), min(ta, (2), ta,(y2)))

(
= min (min (¢4, (%), ¢4, (z2)) ,min (£, (), 4, (y2)))
=min ((ta, ®ta,)(x,x2), (ta, ®ta,)(x,y2)),

< min
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([, ® [B,) ((z,22) (2, y2)) = max (fa, (), [, (v2y2))

fay (), max(fa,(2), fa,(y2)))
max (fa, (), fa,(22)) , max (fa, (), f4,(y2)))
(fa, ® fa)(x,22), (fa, @ [a,)(7,92)) -

(tp, ®tp,) ((x1,22)(y1,y2)) = min (tp, (1y1), t B, (T2y2))

< min (min(ta, (z1), ta, (1)), min(ta, (x2), ta, (¥2)))
in (min (£4, (1), ta,(22)) . min (ta, (Y1), 4,(y2)))
in ((ta, ®ta,)(z1,22), (ta, @ La,)(Y1,92)),

(fBy ® fBy) ((z1,22) (Y1, y2)) = max (fp, (x191), B, (T2y2))
> max (max(fa, (1), fa, (y1)), max(fa, (v2), fa,(y2)))
= max (max (fa, (z1), fa,(22)) , max (fa, (1), f4,(y2)))
max ((fa, ® fa,)(@1,22), (fa, ® fa,)(¥1,92)) -

O

Definition 2.16. The strong product Gi X Gy of two vague graphs G, =
(A1, B1) and Gy = (Ag, Bs) of G = (Vi, E1) and G5 = (Va, Ey) respectively is
defined as a pair (A, B), where A = (ta, fa) and B = (tg, fg) are vague sets
onV =V, x V5 and
E = {(z,32)(z,52) | v € Vi,x2y2 € E} U{(21,2)(11,2) | 2 € Va,muy €
Ev} U{(z1,22) (Y1, y2) | x1y1 € Ev, xays € Eq} respectively which satisfies the
following:

o ta(@, ) = min(ta, (21), 4, (22))

0 L o) Do iy (sm) € Yk )

i { 12 ) it 0 o)

[

((l‘ L2)\ T, Y 2)) ma‘X(fAl( ) fB2(x2y2)

) ) (x € Vi,29y2 € Ey),
(i) { sl(m, 2 ))

(y1,2)) = min(tp, (v191),t4,(2))
((x]J (y].)Z)) - maX(fBl (‘lel) AfA2(2)> (Z € ‘/27x1y1 S El),
te((z1,22)(y1,y2)) = min(tp, (z1y1), tB, (T2y2))
(iv) {fB((xhxz)(yhyz)): max(fp, (2151), fa, (22y2)) (T1yn € Ei,x0y0 €

Theorem 2.3. The strong product G1 XG5 of two vague graphs Gh = (A1, By)
and Gy = (As, By) is a vague graph also.

Proof. It is similar to Theorem (2.1) and Theorem (2.2). O
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3. Rationality of some defined notions on vague graphs

In this section, we demonstrate the rationality of some notions (i.e.
vague complete graph, cartesian product of vague graphs, direct product of
vague graphs, lexicographic product of vague graphs, strong product of vague
graphs and union of vague graphs) on vague graphs by characterizing them by
their level counterpart graphs. As a result, we obtain a kind of representation
of vague graphs (respectively, vague complete graphs). We firstly show the
rationality of vague graphs and vague complete graphs.

Theorem 3.1. Let V be a set, and A = (ta, fa) and B = (tp, fg) be vague
sets on'V and E CV x V respectively. Then G = (A, B) is a vague graph (re-
spectively, vague complete graph) if and only if (Ajap), Blay)) (called [a, b]—level
graph of G = (A, B)) is a graph (respectively, a complete graph) for each
[a,b] € 11.

Proof. We only show the case of vague graph.

Necessity. Suppose that G = (A, B) is a vague graph. For each [a,b] € II and
each xy € Bjay), we have tp(zy) > a, fp(xy) > b, tp(ry) < min(ta(z),ta(y))
,and fp(zy) > max(fa(z), fa(y)) since G = (A, B) is a vague graph. It follows
that ta(x) > a, fa(r) > b, ta(y) > a and fa(y) > b which means x,y € A y.
Therefore, (Ajqp, Blas) is a graph (V [a, b] € II).

Sufficiency. Assume that (A, Bps)) is a graph (V [a,b] € II). For
cach zy € E, Let tg(zy) = a and fp(ry) = b, then zy € Bpy. Since
(Aa), Blayy) is a graph for each [a,b] € II, we have z,y € A}y, which means
ta(xr) > aand fa(x) > b, ta(y) > a and fa(y) > b. Therefore, tg(zy) = a <
min(ta(x),ta(y)), fe(zy) = b > max(fa(x), faly)), i.e., G = (A, B) is a vague
graph.

Next we show the rationality of the defined four kinds of product opera-
tions on vague graphs. 0

Theorem 3.2. Let G; = (Ay, By) (respectively, Gy = (As, B2)) be a vague
graph of G = (V1, Ey) (respectively, G5 = (Va, Es)). Then Gy x Gy = (A, B)
is the cartesian product of Gy and Gy if and only if (Ajq ), Blay) 5 the cartesian
product of ((Al)[a,b]a (31)[a,b}) and ((A2)[a,b]> (Bz)[a,b]) Jor each [C% b] e 1L

Proof. Necessity. Suppose that G x G5 = (A, B) is the cartesian product of
Gy and G. Firstly, we show Ay = (A1)a X (A2)jey for each [a,b] € II.
Actually, for every x,y € Ay, we have min(ta, (x),t4,(y)) = ta(z,y) > a
and max(fa,(x), fa,(y)) = fa(z,y) > b since (A, B) is the cartesian product
of Gy and G,. It follows that x € (Ay)jy and y € (A2)y (e, (z,y) €
(A1) jap) X (A2)[ap))-

Therefore, Ajp C (A1) X (A2)[p. Conversely, for every (z,y) € (A1)ap X
(A2)(a,p), we have z € (Ay) oy and y € (Az)jqp) which implies min(ta, (), 24, (y)

> a and max(fa,(z), fa,(y)) > b. Thus we have t4(z,y) > a and fa(z,y) >

since (A, B) is the cartesian product of G; and G3. Therefore, (A;)py

XQN\/
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(A2)(a,p) € Ajap). Secondly, we prove B,y = E(a,b) for each [a,b] € II, where
B(a,5) = {(2,72)(,1) | © € (Ao 2202 € (Ba)iagy} U {(z1,2)(1,2) | = €
(A2)[a,b]>$1yl c (31)[a,b]}- For every (x1,22)(y1,y2) € By (which means
t((z1,22)(y1,92)) = a and fp((21,22)(y1,92)) > b), either 21 = y; and
ToYs € Fy hold or x9 = yo and x1y; € Ej hold since (A, B) is the cartesian
product of G; and G4. For the first case, we have

tB((xbw?)(yla y2>> = Hlin(tAl (xl)v tB2 (x2y2>> > a

and

fB((xlaxZ)(ylayQ)) = max(fz‘h (xl)afBz(nyQ)) > b,
which implies t4, (x1) = a, fa,(x1) > b, tp,(x2y2) > a and fp,(z2y2) > b.
Therefore, z1 = 11 € (A1), T2Y2 € (B2)as), i-€., (z1,22)(y1,y2) € E(a,b).
Analogously, for the second case, we have (z1, 22)(y1,y2) € E(a,b). Conversely,
for every (x,z2)(z,y2) € E(a,b) (ie., ta,(x) > a, fa,(x) >0, tp,(x2y2) > a
and fg,(z2y2) > b), as (A, B) is the cartesian product of G; and G,, we have

to((, 22) (2, 12)) = min(ta, (2), t, (220)) > a

and

fB((z,22)(2,y2)) = max(fa, (), fB,(T2y2)) > b,

which implies (z,22)(x,y2) € Blay. Analogously, for every (zi,2)(y1,2) €
E(a,b), we have (1, 2)(t1,2) € Bjay. Sufficiency. Suppose that (Aja), Basy))
is the cartesian product of ((A1)a), (B1)ja,p)) and ((A2)(ap (B2)ap)) (¥ [a,b] €
IT). For each (z1,x2) € Vi x Vo, let min(t4, (1), ta,(22)) = a and max(fa, (z1),
fa,(x2)) = b (which implies z1 € (A1) and z2 € (Az)[), then (z1,22) €
Ajay since (A, Biagy) is the cartesian product of ((A1)ps), (B1)ey) and
((A2)ap), (B2)[ap) thus ta(z1, x2) > a = min(ta, (z1),ta,(z2)) and fa(zy,22) >
b =max(fa,(z1), fa,(x2)). Again, let t4(z1,22) = ¢ and fa(z1,29) = d (which
implies ($1, SBQ) € A[Qd]), then z; € (A1>[c,d] and xy € (Az)[c,d] since (A[C’d], B[Qd])
is the cartesian product of ((A1)q, (B1)e,q) and ((A2)e.q, (B2)cq), thus

tA1($1) Z C:tA(x1>$2)v fA1(:B1) Z d= fA(xhx?)a
tA2(x2) > C:tA(x17x2)7 fA2<I2) Zd:fA(x17x2)7

which implies min(ta, (1), ta,(22)) > ta(x1, x9) and max(fa, (1), fa,(x2)) >
fa(xy, xs). Tt follows that

o[ ta@y, we) = min(ta, (21), 4, (22))
(4) { falxy, zo) = max(fa, (1), fa,(22)) ((z1,22) € Vi x Va).

Analogously, for each x € V; and each zoys € Es, let min(ta, (), tp,(x2y2)) =
0, max(f, (), fy(2232)) = b, t5((2,22) (2 32)) = c and f((2, 2) (2, 1)) =
then

(Z’L) { tB((%, QZQ)(.T, y2)) = min(tAl (LC), tB, (nyQ))

fe((z, x2)(z,y2)) = max(fa, (), [B,(2y2)) ((x € Vi, 29y € Es).

For each z € V3 and each z1y; € Ey, let min(ta,(2), t5, (z1y1)) = a, max(fa,(2),
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fB1(x1y1))(? b, tf’(«xla)z))(yb Z))( = ? aﬂd)fB(((931)7)Z)(y1, z)) = d, then
tp((z1, 2)(y1, 2)) = min(lp, (T1y1),ta,(2
I ol 2)(0n, ) = max(f (oaga), S () € Voo € a0

Theorem 3.3. Let G; = (Ay, By) (respectively, Gy = (Ag, B2)) be a vague
graph of G = (Vi, E1) (respectively, G5 = (Va, Ey)). Then G1x Gy = (A, B) is
the direct product of Gy and Gy if and only if (Ajay), Blay)) is the direct product
of ((A1)[ap), (B1)ap) and ((A2)ap)s (B2)ay)) for each [a,b] € 1.

Proof. Necessity. Suppose that G; X Go = (A, B) is the direct product of
G and Gy. Firstly, we show Ay = (A1)gy % (A2)ap for each [a,b] € IL
Actually, for every (z,y) € Ajqp), we have min(ta, (2),t4,(v)) = ta(z,y) > a
and max(fa,(z), fa,(y)) = fa(z,y) > b since (A, B) is the direct product
of G; and Gy. It follows that x € (A1)p and y € (Az)wy (e, (z,y) €
(A1) X (A2)ap)-

Therefore, Ajgp € (A1) X (A2)[p. Conversely, for every (z,y) € (A1)
(A2)(a,p), Wwe have x € (Ay)qp and y € (Ag)(qy Which implies min(ta, (), ta,(y
> a and max(fa,(x), fa,(y)) > b. Thus we have t4(z,y) > a and fa(x,y) >
since (A, B) is the direct product of G and G5. Therefore, (Ay)(q4) % (A2)[ap]
Afqp)- Secondly, we prove By, = E(a,b) for each [a,b] € II, where

E(a,b) = {(w1,22)(y1,92) | 191 € (B1)[a), T2y2 € (B2)[a) }-

(

For every (z1,%2)(y1,91) € Blap (which means tz((x1,22)(y1,¥2)) > a and
I[B((z1,22)(y1,92)) > b) then x1y; € (B1)jp and zays € (Bz)pp hold since
(A, B) is the direct product of G; and Go. This implies (z1,x2)(y1,y2) €
E(a,b).

Conversely, for every (z1,x2)(y1,y2) € E(a,b) (i.e., tp, (x191) > a, fp,(x1y1) >
b, tp,(r2y2) > a and fp,(x2y2) > b) as (A, B) is the direct product of G; and
GG, we have

tp((1,2)(y1,y2)) = min(ts, (2191), L, (v2y2)) > a
and

fe((z1,22)(y1, y2)) = max(fp, (z191), fB,(v2y2)) = b,

which implies (21, 22)(y1,y2) € Bjas)-

Sufficiency. Suppose that (A, Bia,s) is the direct product of ((A1)ap); (B1)as)
and ((A2)(a,8], (B2)ap)) (V [a, b] € II). For each (z1,x2) € Vi x Vs, let min(t4, (1),
ta,(w2)) = a and max(fa, (1), fa,(x2)) = b (which implies z1 € (A1)
and x5 € (Az)@y), then (z1,22) € Ay since (Ajap, Bay) is the direct
product of ((A1)s), (B1)ap) and ((A2)ap), (B2)ay), thus ta(zi,22) > a =
Hlin(tA1<x1)7tA2($2)) and fA(l'l,iL‘g) > b= maX(fA1(x1)afA2(x2))' Againa
let ta(xy,22) = ¢ and fa(x1,22) = d (which implies (z1,22) € Ap,q), then
t1 € (A1)eq and zg € (A2)eq since (Apq, Bleg) is the direct product of
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((ADea (B)ea) and ((A2)e.a; (B2)iea), thus

ta,(r1) = c=ta(wy,m2), fa,(v1) > d = fa(z1,22),

tA2(x2) > c= tA(xth)v fAQ('rQ) > d= fA(xlax2)>
which implies min(t 4, (1), ta,(22)) > ta(x1, x2) and max(fa, (x1), fa,(z2))
> fa(zy,x2). It follows that

. ta(z1, o) = min(ta, (21),ta,(x2))
, e Vi x V).

(9) { fa(ry, m2) = max(fa, (71), fa,(72)) (@1, 72) € Vi x 12)
Analogously, for each z,y; € Fy and each xoys € Eo, let min(tg, (z1y1),
th(nyQ» = a, HlaX(fBl(xlyl)afBQ(nyZ)) = ba tB(($1,-T2)(y1,y2)) = ¢ and

f((x1,22) (Y1, 92))
= d, then

) { ((xth)(yl y2)) = min<t5’1 ($1y1)7t32 (ZEng))
fB((z1,72)(y1,y2)) = max(fz, (v191), fB,(T2y2))

/\

(x1y1 € Ey, x0y € Es).
[l

Theorem 3.4. Let G; = (Ay, By) (respectively, Gy = (Ag, B2)) be a vague
graph of G = (Vi, Ey) (respectively, G5 = (Va, E3)). Then, G0Gy = (A, B) is
the lezicographic product of G1 and G if and only if (Ajq ), Blay) is the lexico-
graphic product of (A1), (B1)[as) and ((A2)ap, (B2)ay) for each [a,b] € 11.

Proof. Necessity. Suppose that G; @ Gy = (A, B) is the lexicographic product
of Gy and Gs. Firstly, we show A = (A1)jap X (A2)[ap) for each [a,b] € 11
by definition of lexicographic product and the proof of Theorem 3.3. Secondly,
we proof B,y = E(a,b) U F(a,b) for each [a,b] € II, where E(a,b) is as that
defined in Theorem 3.3 and F(a,b) = {(x,22)(x,y2) | © € (A1)ap, T2y2 €
(B2)jap}- By the proof of Theorem 3.3, we have F(a,b) C By. For ev-
ery (z,x9)(z,y2) € F(a,b) (ie., ta,(x) > a, fa,(x) > b, tp,(x2y2) > a,
IB,(x2y2) > b), as G; @ Gy = (A, B) is the lexicographic product of G; and
Gy, we have tp((z,z2)(z,y2)) > a and fp((x,z2)(z,y2)) > b, which implies
(2, 22)(x,y2) € Blay). Therefore, E(a,b)UF(a,b) C Bja. Conversely, for every
(w1, 22)(Y1,Y2) € Blay (e, tp((x1,22)(y1,92)) = a and fp((21, 22)(y1,92)) =
b) as G @ Gy = (A, B) is the lexicographic product of G; and G,, we have
(T122)(Y1,42) € EUF, where E = {(21,22)(y1,%2) | 2151 € E1, 2292 € Eb},
o= {(z,22)(w,92) | © € Vi,zoys € Eo}. If (x1,22)(y1,92) € E, then
(x1,22)(y1,92) € E(a,b) by the proof of Theorem 3.3. If (z1,22)(y1,y2) € F,
i.e., T1 = Y1, T2Ys € EQ, then

min(ta, (z1), L, (T2y2)) = te((21,22)(y1,v2)) > @
and
max(fa, (x1), f,(22y2)) = f5((x1,22)(y1,42)) = b,
which implies z1,y1 € (A1), and x2,y2 € (Bs)jq- Therefore, (z1,22)(y1,y2)

€ F(a,b). It follows that By, € E(a,b) U F(a,b).
Sufficiency. Assume that (A, Bla,s) is the lexicographic product of ((A1),4,
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(B1)jap) and ((A2)pap; (B2)y) (V [a,b] € II). By the proof of Theorem 3.3,

we know

(Z) tA(xh xQ) = min<tx41 (x1)7 L, (I2>)
fa(ry, m2) = max(fa, (71), fa,(72))
lp

(ZZ) { ($1,$2)(y1,y2)) = Hlin(tB1 ($1y1)at32 (l’2y2>)
fB((iUb 952)(?/1, 92)) = maX(fBl (3713/1), IB, (55292))

For each x € V] and each xoys € Fa, let min(ta, (), tp,(22y2)) = a, max(fa, (z),

[Ba(w212)) = b, ts((z, 22) (2, y2)) = c and fp((z, x2)(x,y2)) = d, then

(ZZZ) { tB((xv SCQ)(LZJ, y2>) = min(tAl (33'), th <x2y2>>
f((@,22)(2, y2)) = max(fa, (x), fp,(v2y2)

Remark 3.1. Let G; = (Ay, By) (respectively, Go = (Ag, B2)) be a vague
graph of G = (W1, E1) (respectively, G5 = (Va, E3)). Then, Gy K Gy = (A, B)
is the strong product of Gy and Gy if and only if (A, Buy) s the strong
product Of ((Al)[a,b]a (Bl)[a,b}) and ((A2)[a,b]a (Bz)[a,b]> fOT’ each [a, b] e II.

Remark 3.2. Let Gy = (A1, By) (respectively, Gy = (Az, By)) be a vague
graph of G = (Vi, E1) (respectively, Gy = (Va, E)) and Vi NV = 0. Then
G1 UG, = (A, B) is the union of Gy and Gy if and only if (Ajqp), Blay) 5 the
union of ((A1)ap), (B1)ap) and ((A2)ps (B2)ay) for each [a,b] € 11.

(($1,$2) eV x V2)7

(x1y1 € Er, x0y2 € Es).

) (xEVl,xngEEg). OJ

4. Conclusion

It is well known that graphs are among the most ubiquitous models of
both natural and human-made structure. They can be used to model many
types of relations and process dynamics in computer science, physical, biologi-
cal and social systems. Many problems of practical interest can be represented
by graphs. In general graphs theory has a wide range of applications in diverse
fields. In this paper, we defined three kinds of new product operations (call
directed product, lexicographic product and strong product) of vague graphs
and rationality of these notions and some defined important notions on vague
graphs, such as vague graph, vague complete graph, cartesian product of vague
graphs and union of vague graphs are demonstrated by characterizing theses
notions by their level counterparts graphs.
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