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ON THE GENERALIZED TZITZEICA CURVE EQUATION
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The aim of this paper is to present a generalization of the Tzitzeica curve equation
based on a new centro-affine invariant. The third order nonlinear ordinary differential equation of the
generalized Tzitzeica curves is derived and expressed in the curve’s defining functions. A few intriguing
solutions are discussed in connection with Tzitzeica curves.
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1. Introduction

Introduced at the beginning of 1900s, Tzitzeica’s curves [6] and surfaces [7] are still con-
sidered nowadays topics of analysis, especially due to the their geometrical importance as being
the first examples of centro-affine invariants. In his paper [8], Professor Emeritus Dr. Constantin
Udriste stated “The work of Gheorghe Tzitzeica is a permanent incitation to mathematical reflec-
tion” as himself was a promoter of affine differential geometry and inspired young generations to
pursue this direction of research “Tzitzeica theory can be considered as essential part of variational
principles on differential manifolds. It was a matter of course since the real world is governed,
among other things, by optimum principles, and Gheorghe Tzitzeica realized indirectly that this is
the clue of real problems”. In 1911, Tzitzeica introduced [7] the centro-affine invariant 7/ d?, where
7T is the torsion of a smooth, regular skew curve and d denotes the distance from the origin to the
osculating plane at an arbitrary point of the curve. The curves that have this property are called
Tzitzeica curves. The ordinary differential equation (ODE) resulting from this condition determined
by the curve’s defining functions has been studied sporadically in the mathematics literature, and,
hence, at the moment, there are known only a few Tzitzeica curves that can be expressed in terms of
the elementary or special functions (see, for instance, [1], [2], [4], and [9])

In this paper, we propose the generalization of the Tzitzeica curve equation given by the ODE
(7). To the best of our knowledge, the proposed differential equation does not appear in the literature.
In [1], it was shown that if the defining functions of a Tzitzeica curve satisfy a specific auxiliary third
order linear homogeneous ODE with constant coefficients, then the Tzitzeica curve equation can be
reduced to a linear equation for the curve’s constant. Although the generalized Tzitzeica curves share
the same property, we show that the Wronskian of the curve’s defining functions will play the main
role to differentiate among these types of curves as the Wronskian itself is a centro-affine invariant.

The paper is structured as follows. In Section 2, we recall the basic theoretical concepts
needed to derive the Tzitzeica curve equation (4). The proposed generalization (7) is introduced in
Section 3. Particular cases for to the generalized Tzitzeica curve equation are discussed. Section 4
is reserved for a few remarks.
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2. The Tzitzeica curve equation

Let us consider a parametrically-defined smooth, regular skew curve

r(t) = (x(1),y(1),2(1)), 1€l M
whose curvature k() and torsion 7(z) defined by

) x P 0)] .00
e = L Ol =T Fe 1

are nonzero on the interval I C R, where [|r/(¢) x r”'(¢)|| is the magnitude of the vector cross product
of the tangent vector r/(¢) and the acceleration vector r”(r) and

() Yy Z0)
(I‘/([),I'U(I),I'W(l)> — x”(t) y"(l) Z”(t)

xlll (t) yl// (t) Z/Il (t)

denotes the scalar triple product of the vectors r/, r”, and r’”.

(@)

Definition 2.1. The space curve (1) is a Tzitzeica curve if the ratio of its torsion T and the square of
the distance d from the origin to its osculating plane at an arbitrary point is constant, i.e.,

(1)
dT(I) = OC, fOr all t EI, (3)

where « is an arbitrary constant.

Proposition 2.1. [9] The component functions x, y and z of a Tzitzeica curve satisfy the nonlinear
third order ODE

2
a?" —d7 +b =a (CZ” —c/z’—i—az) 7 )

where
b /i n_In

a=xy" —x"y, =x"yY" ="', and c=xy —xy. %)

Proof. The osculating plane at an arbitrary point of the curve (1) is described by the unit tangent
vector T(r) and the unit normal vector N(¢) (or simply by r’(¢) and r”'(¢)) and has the equation given
by
x—x(t) y—y(t) z—z(t)
X (t) ¥ (1) Z(r) |=0.
)y Y @)

Since the square of the distance from the origin to the osculating plane is

) 1 M)y )
d°(t) = =~ | X0 YY) 20 |,
||/ (2) x ¥/ (2)]] ) Y1) )
the substitution of this expression along with the torsion 7 from (2) into the condition (3) yields the
equation

2

2
() Y(@) ) () y(t)  z()
o) ') L) | =a) X)) V(@) Z)
x///(t) y///(t> Z///(t) .x”(t) y//(t) Z//(lt)
By expanding the above determinants along their last columns, this equation may be rewritten ex-
plicitly in the form (4). ]

Definition 2.2. The nonlinear ODE (4) is called the Tzitzeica curve equation, and the constant « is
referred to as the curve’s constant.
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3. Generalized Tzitzeica curve equation

In this section, we consider the smooth, regular skew curves that satisfy the condition
(1)
e <=2
where r is a rational number, and { is a nonzero constant. The expression defined above generalizes

Tzitzeica’s centro-affine invariant (3) and, as it is shown in this section, (6) is a centro-affine invariant
as well.

tel, 6)

Definition 3.1. A smooth, regular skew curve (1) with nonzero curvature k(¢) for which the condi-
tion (6) holds is called a generalized Tzitzeica curve.

Proposition 3.1. The smooth, regular skew curve (1) is a generalized Tzitzeica curve if and only if
the functions x, y, and z are solutions to the following third order nonlinear ODE

1 1 N

a’ —d'z +bz/=H(CZ//—C/ZI+aZ)2r, )
where the functions a, b, and c are given by (5).

Proof. Similarly to the proof of Proposition 2.1, it may be shown that the curve’s defining functions
X, y, and z satisfy the equation

X)) Y@) ) @) y() =)
') Y @) | =p) X)) V(@) @) ®)
X///(t) y///(t) Z///(t) x//(t) y//(t) Z//(t)

that may also be rewritten in terms of Wronskians as follows

WY, 2)(0) = 1 W (v 2) 0O ©

=

where
x(e) - y(r)  =(r)
Wxy2)()=| ¥() y(@) @)
x(e) Y1) ()
denotes the Wronskian of the functions x, y, and z. By expanding the determinants across the last
columns in (8), the ODE (9) becomes (7). O

Definition 3.2. The nonlinear third order ODE (7) is called the generalized Tzitzeica curve equation.

According to Tzitzeica’s theory, a curve satisfying (3) is centro-affine invariant. Next, we
show that the generalized Tzitzeica curves share the same property.

Theorem 3.1. A generalized Tzitzeica curve is a centro-affine invariant.

Proof. Let us consider the centro-affine transformation

X=anx+apy-+asz
= as1x+any+axyz (10)
Z=az1x+azxy+asz

on the space of the dependent variables associated with the ODE (7); here the 3 X 3 matrix A =
(aij) € SL(3,IR) belongs to the special linear group and has det(A) = 1. We may regard (10) as a
change of the dependent variables x, y, and z. By using the property that the Wronskian is linear in
its arguments, after solving (10) for x, y, and z, it can be shown that

W(xvyaz)(t) = det(Ail)W(JZ,_)N),Z)(f)

and
W,y 7) (1) = det(A"YW(¥,5,2) (D).
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Consequently, the generalized Tzitzeica curve equation becomes
W(T.5,2) = pldet( A W (x,5.2)]".
Since det(A~!') = det(A) = 1, it follows that

o o N7 N
W(E.y,2)0) =pn w520,
and this concludes the proof that a generalized Tzitzeica curve is invariant under a centro-affine

transformation (10), and, hence, (6) is a centro-affine invariant. O

Remark 3.1. The expression (6) maybe also written as follows
t(1)d(t) 2 = uG(r), teR,
where
2r—2

G(t) = [d@)l[x' (e) xx"(O)]]] 7. (11)
Since 7(¢)d(t) 2 is a centro-affine invariant, then G(t) is also a centro-invariant. Notice that G(¢) may
be expressed in terms of the Wronskian of the curve’s defining functions. Indeed, by substituting
d(t) into (11), we get

2r-2 oo s (\]2r—2
G(1) = [W(x,»2) ()]~ = [W(x52)(0)]”

which shows that G(r) remains invariant under the centro-affine transformation (10). Notice that any
centro-affine transformation maps a Tzitzeica curve to another Tzitzeica curve. Same property is
shared now by the generalized Tzitzeica curves.

Proposition 3.2. Any three linearly independent solutions of the third order homogeneous linear
ODE with constant coefficients

W +yu 4+ 6u=0, (12)

where ¥ and 8 # 0 are real numbers, define a generalized Tzitzeica curve for which the curve’s
constant [ is given by

6
W (x,y,2) ()"

Proof. Let us consider a generalized Tzitzeica curve whose defining functions x, y, and z satisfy the
homogeneous third order linear ODE

u" + Bu” +yu' +Su=0. (14)

p=— (13)

The solutions x, y, and z of the above equation are considered to be linearly independent. Otherwise,
the torsion of the curve is zero. Notice that the constant é in (14) is assumed nonzero because the
curve’s torsion does not vanish. Thus, the general solution to the above ODE is given by

u(t) = Cx(t) + Coy(t) + Csz(t),

where C; are real constants, i = 1,2,3. Since each of the curve’s defining functions satisfies the
equation (14), we have
X"+ Bx" +yx 4+ 6x =0,
Y+ By + vy + 8y =0, (15)
"+ B+ vy +062=0.
After substituting the third order derivatives x”’, y"" and z””’ from (15) into (8), we obtain the follow-
ing relation

—8W (x,y,2)(t) = p[W (x,y,2) (1))

which may be rewritten as

, (16)

2r—1 __ _é
[W(X,yﬂ)(l)] - u
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and leads to the condition (13). Next, Abel’s identity [3] given by

d

EW(Xa%Z)(I):_ﬁW(xayvz)(t) (17)
is used. From (16) and (17), we obtain § = 0 (here W (x,y,7)(¢) is nonzero because the functions are
assumed linearly independent). Letting § = 0 in (14) yields (12). ]

Corollary 3.1. Any Tzitzeica curve whose defining functions x, y, and z satisfy the the third order
homogeneous linear ODE with constant coefficients (12) is also a generalized Tzitzeica curve and
vice versa. In this case, the constants of the curves, o and, respectively, U, satisfy the relation

o= p[W(xy,2) 0] 2. (18)

Proof. Indeed, the same solutions x, y, and z of (12) may be used to construct a Tzitzeica curve (for
which the curve’s constant is &) and also a generalized Tzitzeica curve (with the constant denoted by
). Since the Wronskian of the solutions of the equation (12) is constant, from the curve’s equations,
we obtain (18). O

In the paper [1], the equation (12) and its solutions have been discussed in detail. In what
follows, we present briefly only a few examples of curves that satisfy both the Tzitzeica curve equa-
tion and the Tzitzeica generalized equation with distinct constants, & and U, related by (18) (the
constants are equal for x,y, and z having a unit Wronskian). The characteristic equation associated
with (12) is given by the depressed cubic equation

V4pw+8=0 (19)
whose associated determinant is
D= -4y’ —2782.
If D > 0, then the roots of (19) are real and denoted by vy, v, and v3 = —(v; +v2). The associated
(generalized) Tzitzeica curve is
x(t) =exp(vit), y(r) =exp(vat), z(t)=exp[—(vi+w)t], t€R.

The case D = 0 yields the real roots v{ = v, and v3 = —2v; for which the related (generalized)
Tzitzeica curve is given by

x(t) =exp(vit), y(t)=rtexp(vit), z(t)=-exp(—2vit), teR.

For D < 0, the equation has two complex roots vi » = m % +in and a real root v3 = —2m, where m
and n are arbitrary nonzero constants. The corresponding (generalized) Tzitzeica curve is

x(t) = exp(mt)cos(nt), y(t) =exp(mt)sin(nr), z(t)=exp(—2mt), teR.

We notice that if the Wronskian of the curve’s defining functions x, y, and z of a generalized
Tzitzeica curve is not constant (and nonzero) or if not all curve’s component functions satisfy the
linear ODE (12), the function G defined in (11) is not constant, and then the generalized Tzitzeica
curve is not a Tzitzeica curve. For instance, for r = 1/2, it may be shown that

x(tr) =cos(t), y(t)=sin(r), z(r) =exp(ur), teR, (20)

is a generalized Tzitzeica curve. The Tzitzeica curve with x(¢) = cos(¢) and y(t) = sin(¢) has been
given by Cragmareanu in [4]. The third component of the curve is

_ 1 tsin(s—1)
(1) = a/o s Q1)

where [ is a constant. Another example is the generalized Tzitzeica curve

x(t) =cosh(t), y(t)=sinh(r), z(t) =exp(—ut), teR, (22)
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with » = 1/2 and p # £1. The Tzitzeica curve satisfying x(¢) = cosh(¢) and y(¢) = sinh(¢) has the
third component [4] given by

() = é /0 t %d& 23)
here [ is a constant. For r = 1/2 and y = —1, the generalized Tzitzeica curve is
x(t) =cosh(t), y(t)=sinh(r), z(t)=texp(t), tE€R, (24)
while for r =1/2 and = 1, we have
x(t) =cosh(r), y(r)=sinh(r), z(t) =rexp(—1), re€R. (25)

4. Conclusions

In this work, a nonlinear ODE has been proposed in the context of skew curves invariant un-
der centro-affine transformations. The Tzitzeica curve equation (4) has been generalized as (7). The
function G introduced in (11) is also a centro-affine invariant as it is written as a function of the
Wronskian of the curve’s defining functions (that remains unchanged under these type of transfor-
mations). Rewriting G(r) = [k(r)d ()| |r’(¢)[|*] 2 in terms of the curvature of the curve k yields
k(t)d(t)||¥'(t)|]? is a cento-affine invariant. Although many other intriguing properties related to the
Tzitzeica and generalized Tzitzeica curves may be discussed, we resumed to point out only a few
that would make them distinct of each other.
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