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KINEMATICS MODELLING OF A SPATIAL TWO-MODULE 
HYBRID PARALLEL ROBOT 

Stefan STAICU 1 

Matrix relations for kinematics analysis of a spatial two-module hybrid 
parallel mechanism are established in this paper. Knowing the relative motions of 
the moving platforms, the inverse kinematics problem is solved based on a set of 
connectivity relations. Finally, compact results and graphs of simulation for the 
input relative displacements, velocities and accelerations are obtained. 
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1 Introduction 

Provided with closed-loop structures, the links of parallel robots can be 
connected one to the other by spherical joints, universal joints, revolute joints or 
prismatic joints. Compared with traditional serial manipulators, the compactness, 
accuracy and precision in the direction of the tasks are essential for the parallel 
architectures [1], [2]. 

During last three decades, considerable efforts have been devoted to the 
kinematics and dynamics of parallel robots. Among these, the class of 
manipulators known as Stewart-Gough platform, used in flight simulators, 
focused great attention (Di Gregorio and Parenti Castelli [3]). The prototype of 
Delta parallel robot (Clavel [4]; Tsai and Stamper [5]) and the Star parallel 
manipulator (Hervé and Sparacino [6]) are equipped with three motors, which 
train on the mobile platform in a general translation motion. Angeles [7], Wang 
and Gosselin [8] analysed the kinematics, singularity loci and determined the 
workspace of spherical Agile Wrist robot with three concurrent actuators.  

A hybrid manipulator is a combination of closed-chain and open-chain 
mechanisms or a sequence of parallel robots [9], [10], [11]. A serial-parallel 
manipulator has several modules with parallel structure that are connected 
serially. This kind of hybrid architectures posses the advantages of both serial and 
parallel manipulators from rigidity, accuracy and workspace point of view. 

Shahinpoor [12] obtained and solved numerically a system of nonlinear 
equations for the inverse kinematics problem of a hybrid robotic system 
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consisting of two serially connected parallel manipulators. Cheng et al. [13] used 
a numerical Newton-Raphson method to obtain the solution of the direct 
kinematics problem of a 10-DOF hybrid redundant manipulator, containing a 
closed-loop slider-crank mechanism and a parallel-driven mechanism. 
Considering the lower module as a positional mechanism and the upper as an 
orientation device, Zhang and Song [14] analyzed the geometry and the position 
of a hybrid manipulator composed of two serially connected parallel robots, each 
mechanism having three degrees of freedom. Based on screw theory and principle 
of virtual work, Gallardo et al. [15] addressed a complete kinematics analysis of a 
modular spatial hyper-redundant manipulator built with a variable number of 
serially connected mechanical modules. 

A recursive method based on connectivity relations is applied in the present 
paper to the analysis of a spatial two-module hybrid manipulator, reducing 
together the number of equations and computation operations significantly by 
using a set of matrices for kinematics model. 

2 Kinematics analysis 

The hybrid robot here analyzed is made up of two 3-DOF similar parallel 
modules, which are serially connected to a fixed base, but the study can be easily 
extended to a complex robotic system composed of a multitude serially connected 
parallel robots. The structure of lower parallel module, for example, consists of a 
fixed base, a circular mobile platform and four kinematical chains, including three 
variable length legs with identical topology and one passive constraining leg; the 
overall degrees of freedom for the hybrid robot are six (Fig. 1).  

The two moving platforms are initially considered at a central configuration, 
where are not rotated with respect to the fixed frame and their centers are located 
at given elevations above the origin O of fixed base. For the purpose of analysis, 
we assign a fixed Cartesian coordinate system 000 zyOx at the pointO of the fixed 
frame and also two appropriate mobile frames GGG zyxG 4444 and HHH zyxH 4444 on the 
moving platforms at their mass centers 43 GG =  and 43 HH = , respectively. The 
first legs A ( 0=Aα ) and D  ( 0=Dα ) of lower and upper modules are initially 
contained within the 00zOx vertical plane, whereas the planes of legs CB, and FE,  
make the angles 0120== EB αα  and 0120−== FC αα  with 00zOx  (Fig. 2). 

The active leg A of lower module, for example, consists of a little cross of a 
fixed universal joint linked at the frame AAA zyxA 1111 which has the angular 
velocity AA

1010 ϕω = and the angular acceleration AA
1010 ωε = , connected at a moving 

cylinder AAA zyxA 2222 of length 2l , having a relative rotation around AzA 22 axis with the 
angle A

21ϕ , so that AA
2121 ϕω = , AA

2121 ωε = . An actuated prismatic joint is as well as a 
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piston of length 3l , linked to the AAA zyxA 3333 frame, having a relative velocity 
AAv 3232 λ=  and acceleration AA v3232 =γ . Finally, a ball-joint 4A is introduced at the 

edge of lower moving platform. The fourth constraining chain has a different 
architecture. It consists of a prismatic joint attached to the fixed base and a 
moving link of length 1l , having a known purely relative vertical displacement G

10λ , 
velocity GGv 1010 λ= and acceleration GG v1010 =γ . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                             Fig. 1 Symmetric spatial hybrid parallel robot 
 
A little cross of a new universal joint is attached to the center of the first 

moving platform which can be schematised as a circle of radius pr . Two 
successive concurrent rotations of this platform are defined in the local 
coordinates GGG zyxG 2222 and GGG zyxG 3333 by given angles G

21ϕ and G
32ϕ . 

At the central configuration, we also consider that six active sliders and two 
passive central sliders are initially starting from following relative 
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positions 5.323232 ... lFFBBAA ==== , 6131 lHGOG == and that the orientation angles 
of the legs are given by  
                                

3
2,

3
2,0 πααπαααα −====== FCEBDA  

                          4053 cos)( llll −=+ β , 6153 sin)( llll +=+ β ,                             (1) 

where β is an angle of initial inclination. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                  Fig. 2 Kinematical scheme of first leg A of lower module 
 
Since the hybrid manipulator is an assemblage of links and joints, this can be 

symbolised in a more abstract form known as equivalent graph representation, 
using the associated graph to represent the topology of the mechanism (Fig. 3). In 
the kinematical graph representation, with six independent loops, the links are 
denoted by vertices, the prismatic joints by thick edges, the revolute and spherical 
joints by thin edges and, finally, the fixed link 0 by two small concentric circles. 
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Considering the passive constraining legs along the principal kinematical 
chain 43214321 HHHHGGGOG , which connect the moving platforms, relative 
matrices of transformation are derived [16] 

                       1212110 , θϕppIp == , 213232 θθϕpp = , 21243 θθθ=p  
                 304340203230102120 ,, ppppppppp ===    ),( hgp = ,                      (2) 

where the angles i
21ϕ , i

32ϕ , ),( HGi = characterise the sequence of concurrent 
rotations around the universal joints 2G  and 2H through following matrices 
                                       ),( 1,1,

izrotp −− = σσ
ϕ
σσ ϕ  )3,2( =σ .                                       (3) 

Now, starting successively from two reference origins O , 4G and pursuing six 
independent legs 321 AAOA , 321 BBOB , 321 CCOC , 3214 DDDG , 3214 EEEG , 3214 FFFG , 
we obtain new transformation matrices 
                 21212111010 , θθθ β

ϕ
α

ϕ aqqaqq j == , 132 θ=q , 203230102120 , qqqqqq ==              (4) 

                            ),,,,,(),,,,,( FEDCBAjfedcbaq == , 

where we denote the matrices 

                                           ),( 1,1,
jzrotq −− = ττ

ϕ
ττ ϕ   )2,1( =τ                                        (5) 

                ),( j
j zrota αα = , ),( ββ zrota = , )2/,(1 πθ yrot= , )2/,(2 πθ zrot= . 

 
 
 
 
 
 
 
 
 
 
 
 

 
                                        Fig. 3 Associated graph of the mechanism 
 
In a forward geometric problem, the orientation and the position of the serial-

parallel robotic system is completely given through the angles of rotation 
i

1, −σσϕ and the relative coordinates ii llz 10610 λ++= of mass centers of two mobile 
platforms.  
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Consider, for example, that during three seconds the coordinates of the centers 
and the orientation angles can describe the relative motions of the platforms 
through the following analytical functions 

                           ti

i

i

i

3
cos1*

1,

1,

10

10 π
ϕ
ϕ

λ
λ

σσ

σσ −==
−

−
∗

   )3,2( =σ   ),( HGi = .                      (6) 

A set of 18 independent variables jj
321, ,λϕ ττ − characterising the kinematics of two 

modules, will be determined by some vector-loop equations 
 

                                          4
400

3

1
1010

j
i

T
3

i

k

j
k,k

T
k

j rpuzrqr +=+∑
=

+ ,                                   7) 

where 

                        143343132532211010
4,,)(,0, ualrulrulrrualr jTj

i
jjjjjTj

αα λ ==+===                (8) 

                                   Tu ]001[1 = , Tu ]010[2 = , Tu ]100[3 =  

                    ),(),( HGihgp ==  ),,,,,(),,,,,( FEDCBAjfedcbaq == . 

The motion of the compounding elements of the hybrid manipulator are 
characterized by following relative velocities of joints and angular velocities   

                        332321,431,31010 ,0,0,0, uvvvvuv jjjiiii λλ ττσσ ===== −−   

                  0,,0,,0 3231,1,4331,1,10 ===== −−−−
jjjiiii uu ωωωωωωω ττττσσσσ                 (9) 

                                            3,2( =σ ) )2,1( =τ . 
To describe the absolute kinematical state of each link of leg j , for example, 

we compute the linear velocity j
kv 0 , the angular velocity j

k 0ω and the associate 
skew-symmetric matrix j

k 0
~ω in terms of the vectors of the preceding body, using a 

recursive manner: 
                            31,1,0,11,0,11,0

~ uvrqvqv j
kk

j
kk

j
kkk

j
kkk

j
k −−−−−− ++= ω  

               31,0,11,0 uq j
kk

j
kkk

j
k −−− += ωωω , 31,1,0,11,0

~~~ uqq j
kk

T
kk

j
kkk

j
k −−−− += ωωω .               (10) 

Starting from the derivatives of geometrical constraints (7) and using the 
skew-symmetric matrices 

                         TiTTii pupppupp 43343324332332432140
~~~ ϕϕω +=   ),( HGi = ,                     (11) 

which are associated to the angular velocities i
40ω of two moving platforms, we 

obtain the matrix conditions of connectivity [17], and the relative velocities 
=jV Tjjj v ][ 322110 ωω : 
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                                                 jjj PNV 1][ −= ,                                               (12) 
where following terms determines the contents of 3x3 invertible square 
matrix ][ jN and the column matrix jP : 
                          }{~

433232213101
jTjTTT

l
j

l rqrququn += , }{~
4332323202

jTjTT
l

j
l rqruqun +=  

                                   1203 uqun TT
l

j
l = , 4

4040310
~ j

i
iTT

l
T
l

i
j rpuuuvP ω+=  

            ),(),( HGihgp == ),,,,,(),,,,,( FEDCBAjfedcbaq == )3,2,1( =l .   (13) 

  From these equations, we obtain the complete Jacobian matrix of the hybrid 
manipulator. This matrix is a fundamental element for the analysis of the robot 
workspace and the particular configurations of singularities where the spatial 
robot becomes uncontrollable. 

 Based on another conditions of connectivity, expressions of relative 
accelerations =Γj

Tjjj ][ 322110 γεε are obtained from the column matrix [18] 

                                              jjj SN 1][ −=Γ                                                  (14) 
where following terms determine the contents of column matrices 

jjjj VNPS ][−= : 
             += 310 uus T

l
ij

l γ 4}~~~{ 40404040
j

i
iiiTT

l rpu εωω + }{~~
4332322133101010

jTjTTT
l

jj rqrquuqu +− ωω  
                     −+− }{~~

43323233202121
jTjTT

l
jj rqruuquωω −+ }{~~2 4332323213102110

jTjTTT
l

jj rqruququωω  
                     −− 1213103210

~2 uququv TTT
l

jjω 13203221
~2 uuquv TT

l
jjω   )3,2,1( =l .                     (15) 

Following relations give the linear accelerations j
k 0γ , the angular accelerations 

j
k 0ε and the significant matrices j

k
j

k
j

k 000
~~~ εωω +  of links from the leg j , for example: 

      31,31,0,11,1,1,0,10.10,11,0,11,0
~2}~~~{ uuqqvrqq j

kk
T

kk
j

kkk
j

kk
j
kk

j
k

j
k

j
kkk

j
kkk

j
k −−−−−−−−−−−− ++++= γωεωωγγ  

      31,0,11,1,31,0,11,0
~ uqquq T

kk
j

kkk
j

kk
j

kk
j

kkk
j

k −−−−−−− ++= ωωεεε                                              16) 

      ++=+ −−−−−
T

kk
j

k
j

k
j

kkk
j

k
j

k
j

k qq 1,0,10,10,11,000 }~~~{~~~ εωωεωω     

                                              31,0,11,1,31,331,1,
~~2~~~ uqquuu T

kk
j

kkk
j

kk
j

kk
j

kk
j

kk −−−−−−− +++ ωωεωω .    

As application let us consider a serial-parallel hybrid mechanism which has 
following kinematical and architectural characteristics 
    18*

32
*

21 πϕϕ == HG , 36*
21

*
32 πϕϕ == HG , mG 05.0*

10 =λ , mH 05.0*
10 =λ  

    ml 65.01 = , ml 85.02 = , ml 85.03 = , mlDHAG 45.044343 === , mll 25.065 ==  
   )()(sin 5361 llll ++=β , 4530131 cos)( lllrlDGOA p ++==== β . 

Assuming that the robot starts at rest from a central configuration, the 
MATLAB software for a computer program was developed to solve a complete 
inverse kinematics of the hybrid parallel mechanism. 
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Two examples are solved to illustrate the algorithm. 
For the first example, the platforms move along the vertical direction 0z with 

variable accelerations while all the other positional parameters are held equal to 
zero. The time-histories for the input displacements j

32λ (Fig. 4), relative velocities 
jv32 (Fig. 5) and relative accelerations j

32γ  (Fig. 6) are calculated for a period of 
3=Δt  seconds in terms of given analytical equations (6). As can be seen, it is 

proved to be true that all relative displacements, velocities and accelerations of 
two modules are permanently equal to one another. 

In the second case when the platforms make simultaneously two given general 
relative motions, the graphs are plotted and sketched in Fig. 7, Fig. 8 and Fig. 9 

 

 
   Fig. 4 Input displacements j

32λ of six sliders                       Fig. 5 Input velocities jv32 of six sliders  
 

  
    Fig. 6 Input accelerations j

32γ of six sliders                    Fig. 7 Input displacements j
32λ of six sliders 

 
The simulation through the program certifies that one of the major advantages 

of the current matrix recursive formulation is accuracy and a smaller processing 
time of numerical computation. 
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       Fig. 8 Input velocities jv32 of six sliders                       Fig. 9 Input accelerations j

32γ of six sliders    
 

3 Conclusions 

Some exact relations that give in real-time the position, velocity and 
acceleration of each element of a two-module hybrid parallel robot have been 
established in the present paper. Choosing the appropriate serial kinematical 
circuits connecting many moving platforms, the present concept and the 
procedure above developed can be immediately extended to analysis of a complex 
robotic system composed of a multitude serially arranged similar parallel 
modules, but are also applicable to study of hybrid robots that are composed of 
different structures of parallel modules, where the number of links of the 
mechanisms is increased and the value of total degrees-of-freedom is augmented. 
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