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FIXED POINT RESULTS FOR NONLINEAR CONTRACTIONS WITH GENERALIZED
Q-DISTANCE MAPPINGS

by Issam Abu-Irwaql, Wasfi ShatanawiZ, Anwar Bataihah’ and Inam Nuseir?

Khojasteh et.al. [F. Khojasteh, S. Shukla and S. Radenovic, A new approach to the study
of fixed point theory for simulation functions, Filomat 29:6 (2015)] defined a new class of mappings
namely simulation functions in which they used it to unify several fixed point results in the literature. In
this paper we introduce the notion of (Q, 9, % )s-contraction with respect to § through generalized Q-
distance mappings which introduced by Abodayeh et.al. [K. Abodayeh, A. Bataihah and W. Shatanawi,
Generalized Q-distance mappings and some fixed point theorems, U.P.B. Sci. Bull. Series A, Vol. 79,
Iss.2, 2017] and we prove some fixed point results. Also, we give an example to support our main
result.
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1. Introduction

The fixed point theory considered as a main tool in pure and applied mathematics since it
gives a solution for the equation f(x) = x for a self mapping f under some considerations. In fact
the fixed point theory has been studied in various directions for instance see [12]-[34].

The concept of b-metric spaces was introduced by Bakhtin [3] which has became well known
by Czerwik [4]. In 2014 Aghanjani et.al. [2] introduced the concept of G,-metric spaces (or gener-
alized b-metric spaces) using the concepts of G-metric spaces and b-metric spaces and studied some
fixed point results, for more fixed point results on G,-metric spaces we refer the reader to see [, 6].

2. Preliminaries
The concept of Gj,-metric spaces is defined as follows:

Definition 2.1. [2] Let X be a nonempty set and s > 1 be a given real number. Suppose that a
mapping G : X x X x X — RY be a function satisfies:

(Gbl) G(x,y,z) =0ifx=y=2zg

(Gp2) G(x,x,y) >0 forall x,y € X, withx #y;

(Gp3) G(x,y,y) < G(x,y,2) forallx,y,z € X ,withy # z;

(Gpd) G(x,y,2) = G(p{x,y,2}), where p is a permutation of x,y,z (symmetry);

(Gp3) G(x,y,2) < s[G(x,a,a) + G(a,y,z)| ¥V x,y,z,a € X(rectangle inequality).

Then the function G is called generalized b metric and the pair (X,G) is called a generalized b
metric space or Gy-metric space.
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Aghanjani et.al. [2] remarked that the class of G,-metric spaces is larger than that of G-metric
spaces.
The following example shows that G,-metric on X need not be G-metric on X.

Example 2.1. [2] Let (X,G) be a G-metric space and p > 1. Define G, : X x X x X — R" by
G.(x,y,2) = G(x,y,2)". Then G, is Gy-metric on X with s = 2P~

Now, we present some definitions and propositions in Gp-metric space.

Definition 2.2. [2] Let X be a Gy,-metric space. A sequence (x,) in X is said to be
(1) Gp-convergent to x € X if for any € > 0, there exists k € N such that G(x,x,, %) < € Vn,m > k.
(2) Gp-Cauchy if for any € > 0, there exists k € N such that G(xy,Xp,x;) < € Vn,m,l > k.

Proposition 2.1. [2] Let X be a Gy,-metric space. Then the following are equivalent:
(1) The sequence (x,) is Gp-convergent to x.

(2) G(xp,Xn,x) — 0 as n — oo.

(3) G(x4,x,x) = 0 as n — eo.

Proposition 2.2. [2] Let X be a Gy-metric space. The sequence (x,,) is Gyp-Cauchy iff for any € > 0,
there exists k € N such that G(x,Xm,Xm) < € Yn,m > k.

Definition 2.3. [2] A Gy-metric space X is called Gy-complete if every Gy-Cauchy sequence is Gj-
convergent in X.

Very recently, Abodayeh et.al. [1] defined the concept of generalized Q-distance mappings
(or Q-distance) related to Gp-metric spaces and proved some fixed point theorems (see also [19]).
The notion of a generalized Q-distance mapping is given by:

Definition 2.4. [1] Let X be a Gy-metric space. Then a mapping Q : X x X x X — [0,00) is called
a generalized Q-distance mapping or an Qp-distance mapping on X if the following conditions are
satisfied:

(1) Q(x,y,2) < s [Q(x,a,a) +Q(a,y,z)|Vx,y,z,a € X and s > 1,

(2) for any x,y € X,Q(x,y,.),Q(x,.,y) : X — X are lower semi continuous,
(3) for every € > 0, there is a 8 > 0 such that Q(x,a,a) < 6 and Q(a,y,z) < 8 imply Gp(x,y,z) < €.

Example 2.2. [1] Let X = R. Consider the Gy-metric G: X x X x X — [0,0) defined by G(x,y,z) =
(Jx—=y|+|y—z|+|x—2])> Vx,9,2 € R. Define Q: X x X x X — [0,00) by Q(x,y,z) = (Jx—y| + |x —
z|)? V x,y,z € R. Then Q is a generalized Q-distance mapping with s = 2.

Definition 2.5. [1] Let (X,G) be a Gy-metric space and Q be an Qy-distance mapping on X. Then
we say that X is Q-bounded if there exists M > 0 such that Q(x,y,z) < M for all x,y,z € X.

Lemma 2.1. [1] Let X be a Gp-metric space and Qy, be a generalized Q-distance mapping on X.
Let (xn), (yn) be sequences in X and let (o), (Bn) be sequences in [0,00) converging to zero and let
x,y,z,a € X. Then we have the following:

(1) If (Y Xy xn) < 04 and Qp (X, Vin,2) < By for any m > n € N, then G(yy, ym,z) — 0 and hence
Yn — 2.

(2) If Qp(¥,xn,%) < 04y and Qp(xy,¥,2) < By for n € N, then G(y,y,z) < € and hence y = z.

(3) If Qp (X, Xm,x1) < 0 for any myn,l € N withn <m <1, then (x,) is a G,-Cauchy sequence.
(4) If Qp(xy,a,a) < ay for any n € N, then (x,) is a Gp-Cauchy sequence.

Khojasteh et.al. [8] in 2015 introduced the concept of simulation mappings in which they

used it to unify several fixed point results in the literature.

Definition 2.6. [8] Let § : [0,00) x [0,00) — R be a function. Then { is called a simulation function
if it satisfies the following conditions:

(€1) £(0,0) =0.



Fixed Point Results for Nonlinear Contractions with Generalized Q-distance Mappings 59

(82) §(t,5) <s—t foralls,t >0.
(83) If (t, and sy,) are sequences in [0,0) such that limy, et =1imy,_e s, > 0, then limsup,,_,. §(t,,5,) <
0.

The set of all simulation functions are denoted by 2
Now, we give some examples of simulation functions. In the following ¢ is defined from [0,00) X
[0,0) to R.
Example 2.3. [8] Let hy,hy : [0,00) — [0,00) be two continuous functions such that by (t) = ha(t) =0
if and only if t = 0 and hy(t) <t < hy(¢t) for all t € [0,00) and define  : [0,0) X [0,00) — R by
E(t,s) =ha(s)—hy(2) forall t,s € [0,0). Then § is a simulation function.

Example 2.4. [8] Ler g : [0,00) — [0,00) be a continuous function such that g(t) = 0 if and only
if t=0 and define { : [0,00) X [0,00) = R by {(t,s) =s—g(s) —¢ for all t,s € [0,). Then § is a
simulation function.

Example 2.5. [11] Let 1 : [0,00) — [0,00) be an upper semi continuous function such that n(t) <
t ¥t > 0 and n(0) = 0 and define § : [0,00) x [0,00) — R by {(t,5) =n(s) —1 for all t,s € [0,0).
Then € is a simulation function.

Example 2.6. [11] Let y: [0,00) — [0,00) be a function such that [ y(u)du exists Ve > 0 and define
£:[0,00) x [0,00) — R by {(t,5) =s— [ y(u)du forall t,s € [0,o0). Then { is a simulation function.

For more work on simulation functions in fixed point theory, we refer the reader to [9]-[11]
and references therein.
3. Main Result

In our main result, we use a contraction condition equipped with c-comparison functions with
base s which introduced by Shatanawi [7].

Definition 3.1. [7] Let s be a constant with s > 1. A function ¢: [0,+e) — [0,+o0) is called a
c-comparison function with base s if ¢ satisfies the following:

(1) ¢ is monotone nondecreasing.

() Yoo os" 9" (st) converges for allt > 0.

Remark 3.1. [7] If ¢ is a c-comparison function with base s, then ¢ (t) <t for allt > 0.
The following example inspired from [7].

Example 3.1. Let s > 1. Define ¢1,¢s : [0,00) — [0,00) by ¢1(¢) = kt where 0 < k < % and ¢ (1) =

where a > 0. Then ¢, and ¢, are c-comparison functions with base s.
a-+s

Now, we introduce the following definition

Definition 3.2. Let (X,G) be a Gy-metric space equipped with a generalized Q-distance mapping
Q with base s > 1 and § € Z. A self mapping T : X — X is said to be (Q, ¢, % )s-contraction with
respect to § if there is a c-comparison function ¢ with base s such that T satisfies the following
condition:

C(sQ(Tx, T*x, Ty), 9sQ(x,Tx,y)) > 0 Vx,y € X. )]

Lemma 3.1. Ler (X, G) be a Gy-metric space equipped with a generalized Q-distance mapping Q
with base s > 1. Let { € 2 and ¢ be a c-comparison function with base s. Suppose that T : X — X
is (Q, 9, Z)s-contraction with respect to §. If T has a fixed point (say) u € X, then it is unique.

Proof. First we show that for all w € X if fw = w, then Q(w, w,w) = 0. Assume that Q(w,w,w) > 0.
From (1) and ({2), we have
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0 < E(sQUTw, T?w,Tw), psQ(w, Tw,w))
= L (sQ(w,w,w), psQ(w,w,w))
< 9sQ(w,w,w) — sQ(w, w,w),
< sQ(w, w,w) — sQ(w, w,w),
=0,
a contradiction. Hence Q(w,w,w) = 0.
Now, assume that there is v € X such that Tv =v and Q(u,v,v) > 0. Since T is (Q, ¢, Z)-contraction
with respect to §, then by substituting x = u and y = v in (1) and taking into account ({2), we have
0 < &(sQTu,T*u,Tv),dsQ(u, Tu,v))
= C(sQ(u,u,v), osQ(u,u,v))
< ¢sQ(u,u,v) —sQ(u,u,v)
< sQ(u,u,v) —sQ(u,u,v) =0,

a contradiction. Hence Q(u,v,v) = 0. Thus by the definition of Q we have G(u,v,v) = 0 and so
u=v. O

Theorem 3.1. (X,G) be a Gy-metric space equipped with a generalized Q-distance mapping Q
with base s > 1 such that X is Q-bounded and { € % . Suppose that there is a c-comparison function
¢ with base s such that the mapping T : X — X is (Q, ¢, % )s-contraction with respect to § that
satisfies the following condition

Vue€Xif Tuu, then inf{Q(x,Tx,u) :x€ X} >0. 2)

Then T has a unique fixed point in X.

Proof. Let xo € X be arbitrary and define the sequence (x,) in X inductively by x, = Tx,_1 n € N .
Let p > 0 be a nonnegative integer. Then by (1), we have for alln € N
0 < (T xn—1,T?%n—1,TXn p—1)5 95 (Xn—1, TXp—1, X0 p—1))
= C(Sg(xmxn+17xn+p)7¢SQ(xn—laxnaxn+p—l))
< OSQ(Xn—1,Xn, Xntp—1) — SQ(Xn, X1, Xnt-p)-

Thus,
SQ(Xn, Xn4-15Xn4p) < OSQ(Xn—1, X0, X4 p—1)- 3)
Also, by (1) we have
0 SQ(SQ(Txn—Zaszn—Zszn-‘rp—Z)a¢SQ(xn—2>Txn—27xn+p—2))
= C(sQ(Xn—1,Xn, X4 p—1), 95X -2, X1, Xn1p-2))-
< ¢SQ(xn—27xn—17xn+p—2) _SQ(xn—laxnaxn+p—1)-

Therefore,

SQ(Xn—1,%n, Xntp—1) < OSQ(Xp—2,Xn—1,Xn4p—2)- “
Since ¢ in nondecreasing, then @s(x,—1,Xn, Xnip—1) < ¢25Q(xn,2,xn,1,xn+,,,2)‘ Hence, (3) be-
comes

SQ(Xn,Xn+| 7xn+p) < (])sz(x”fz’xnf] axn+p72)~ 5

If we apply the previous steps repeatedly, we get SQ(Xn, Xp+1,Xn4p) < @"5Q(x0,x1,%,). Since X is
Q-bounded, there is M > 0, such that Q(x,y,z) < M, Vx,y,z,€ X. Thus

SQ(xnvxn+1axn+p) < 9" (sM). (6)

Now, by using the definition of Q and (6), we have forall/ >m >n
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Q(xmxmaxl) SSQ(xn,xn+1,xn+1)+SZQ(X,,+1,X"+2,X,,+2)+---
+Sm7nilg(xm72;xmfl ;xmfl) + sminilg(xmfl axm7xl)
<(])n(SM)+S¢n+1(SM)+'~~+Sm_n_2¢m_1(SM)+Sm_n_2¢m_1(SM)
< 9" (sM) + 59" (sM) + -~
:Sin[S”(Pn(SM)+Sn+l¢n+l(SM)+"~}

oo

=s" Z skok(sM).
k=n

=

Since ¢ is a c-comparison function with base s, then (Z sk(j)k(sM ):ne N) converges to 0. Thus
k=n

for any € > 0, there is N € N such that Z skoF(M) < s"eVn>N.
k=n
Hence for [ > m > n > N, we have

oo

QX x) <57 Z sko¥(M) < e Yn>N.
k=n

By Lemma 2.1, (x,) is a G,-Cauchy sequence. Therefore there is u € X such that lim x,, = u.
n—soo

Consider 8 > 0. Then there exists ry € N such that Q(x,, X, x;) < 6 Vi,m,l > ry.
Therefore, Ilim QX Xm, %) < llim 0=0.Vn,m>ry.
—yo0 —yo0
By the lower semi continuity of Q, we have Q(x, X, %) < liminfQ(x,,xm,x,) < 8 Vm,n > ry.
p—reo
Consider m = n+ 1. Then Q(x,, X,41,u) < lirginfﬂ(x,,,x,,ﬂ,xp) <& Vn>ry.
p (==}

If Tu # u, then (2) implies that
0 <inf{Q(x,Tx,u):xcX}
<inf{Q(x;,Xp11,u) :n>ro}
S 87

for each 6 > 0 which is a contradiction. Therefore Tu = u. The uniqueness follows from Lemma
3.1. O

Example 3.2. Ler X =[0,1] andlet G: X x X x X — [0,00), Q: X x X x X —[0,00), T : X — X and
£ :]0,00) x [0,00) — R be defined as follow:

G(x,9,2) = (W] + |y — 2 + [t —2l)2, Qx,3,2) = (J£— 3|+ [x—2))%, T = ax, {(uv) = bv—u and
¢ (1) = ct where a,b € [0,1), c €0, %) and a* < be. Then

(1) (X,G) is a complete Gp-metric space and Q is a generalized Q-distance on X with base s =2,
(2) £ € Z, ¢ is a c-comparison function with base s = 2,

(3) T is (Q, ¢, 2 )s-contraction with respect to §,

(4) for every u € X if Tu # u, then inf{Q(x,Tx,u) :x € X} > 0.

Proof. We shall prove (3) and (4).
To prove that T is (Q, ¢, % )s-contraction with respect to £, let x,y € X. Then
C(sQ(Tx, T%x, Ty), psQ(x, Tx,y))
= £(2Q(Tx,Tx, Ty),2¢Q(x, Tx,))
= 2bc(|x — ax| + |x —y|)? — 2(Jax — a®x| + |ax — ay|)?
= 2bc((1 = a)lx| + [x = y])* = 2> ((1 = @) x| +|x — y])?
— 2(be—a?) (x| + [x— )
> 0.

To prove (4), given u € X such that Tu # u. Then u # 0. Therefore
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inf{Q(x,Tx,u) :x€ X} =inf{Q(x,ax,u):x€ X}
=inf{|x —ax|+ |x —u| : x € X}
=inf{(1—a)|x|+|x—ul: x € X}
=(l—a)u>0.

Thus all hypotheses of Theorem 3.1 hold true. Hence T has a unique fixed point in X. Here the
unique fixed point of T is 0. |
Now, we utilized our main result to derive the following results. To facilitate our work, we
let 77 = {h:[0,00) — [0,0) : h is a continuous function
with A~1({0}) = {0}}.
Corollary 3.1. Let (X,G) be a complete Gy-metric space and Q be a generalized Q-distance map-
ping on X with base s > 1. Let T : X — X be a self mapping and ¢ be a c-comparison function with
base s. Assume that there are hy,hy € F where hy(t) <t < hy(t) Vt > 0 such that T satisfies the
following condition:

hsQ(Tx, T?x, Ty) < hy¢psQ(x,Tx,y) Vx,y,z € X. @)
Also, suppose that for all u € X if Tu # u, then inf{Q(x,Tx,u) :x € X} > 0.
Then T has a unique fixed point in X .

Proof. Define § :[0,00) x [0,00) = R by §(u,v) =hp(v) —hy(u). Clearly { € Z and T is (Q, ¢, 2 ),-
contraction with respect to {. Hence the result follows from Theorem 3.1. g

By choosing /i (t) =t and hy(t) = At where 0 < A < 1 in Corollary 3.1 we have the following:

Corollary 3.2. Let (X,G) be a complete Gy-metric space and Q be a generalized Q-distance map-
ping on X with base s > 1. Let T : X — X be a self mapping and ¢ be a c-comparison function with
base s. Assume that there is A € [0,1) such that T satisfies the following condition:

Q(Tx,T?x,Ty) < %(bsQ(x, Tx,y) Vx,y € X. (8)

Also, suppose that for all u € X if Tu # u, then inf{Q(x,Tx,u) :x € X} > 0.
Then T has a unique fixed point in X .

Corollary 3.3. Let (X,G) be a complete Gy-metric space and Q be a generalized Q-distance map-
ping on X with base s > 1. Let T : X — X be a self mapping and ¢ be a c-comparison function with
base s. Assume that there is g € 7€ such that T satisfies the following condition:

sQ(Tx,T?x,Ty) < ¢sQ(x,Tx,y) — gdsQ(x,Tx,y) Vx,y € X. 9
Also, suppose that for all u € X if Tu # u, then inf{Q(x, Tx,u) :x € X} > 0.
Then T has a unique fixed point in X .
Proof. Define ¢ : [0,00) x [0,00) = R by {(u,v) =v—g(v)—u. Clearly { € Z and T is (Q, 9,2 )s-
contraction with respect to {. Hence the result follows from Theorem 3.1. (]
Corollary 3.4. Let (X,G) be a complete Gy-metric space and Q be a generalized Q-distance map-
ping on X with base s > 1. Let T : X — X be a self mapping and ¢ be a c-comparison function with

base s. Assume that there is an upper semi continuous function 1 such that T satisfies the following
condition:

sQ(Tx,T%x,Ty) < n¢sQ(x,Tx,y) Vx,y € X. (10)
Also, suppose that for all u € X if Tu # u, then inf{Q(x,Tx,u) :x € X} > 0.
Then T has a unique fixed point in X .
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Proof. Define { : [0,00) x [0,00) = R by {(u,v) =n(v) —u. Clearly { € & and T is (Q,9,Z);-
contraction with respect to . Hence the result follows from Theorem 3.1. ]

Corollary 3.5. Let (X,G) be a complete Gp-metric space and Q be a generalized Q-distance map-
ping on X with base s > 1. Let T : X — X be a self mapping and ¢ be a c-comparison function with
base s. Assume that there is a function y : [0,0) — [0,00) where [§ y(t)dt exists and [ y(t)dt > €
Ve > 0 such that T satisfies the following condition:

sQ(Tx,T?x,Ty)
/ Y(u)du < ¢sQ(x,Tx,y) Vx,y € X. (11)

Also, suppose that for all u € X if Tu # u, then inf{Q(x,Tx,u) :x € X} > 0.
Then T has a unique fixed point in X .

Proof. Define { : [0,00) x [0,00) — R by {(u,v) =v— [y y(t)dt. Clearly { € Z (see Example 2.6)
and T is (Q, ¢, Z),-contraction with respect to {. Hence the result follows from Theorem 3.1.

4. Conclusion

In this paper, we introduced and studied some fixed point theorems in the setting of gener-
alized Q-distance mappings [1] using contraction conditions depend on simulation functions [8] in
which our work gives a more general cases in the study of fixed point theory. Also, an example is
introduced to support our main result.
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