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DYNAMICS OF THE TRANSLATIONAL 3-UPU PARALLEL
MANIPULATOR

Stefan STAICU', Constantin POPA?

Matrix relations for dynamics analysis of a spatial translational 3-UPU
parallel mechanism are established in this paper. Three identical legs connect the
moving platform by universal joints. Knowing the translation motion of the platform,
inverse dynamics problem is solved using an approach based on explicit equations
of parallel robots dynamics, but it has been verified the results in the framework of
the Lagrange equations with their multipliers. Finally, matrix equations offer
expressions and graphs of simulation for the input forces and powers of three
prismatic actuators.
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1. Introduction

Provided with closed-loop structures, the links of the parallel robots can be
connected one to the other by spherical joints, universal joints, revolute joints or
prismatic joints. Generally, the number of actuators is typically equal to the
number of degrees of freedom and each leg is controlled at or near the fixed base
[1]. Compared with traditional serial manipulators, the accuracy and precision in
the direction of the tasks are essential for the parallel architectures, since the
positioning errors of the tool could end in costly damage [2].

Recently, considerable efforts have been devoted to the dynamics analysis of
parallel robots. The class of manipulators known as Stewart-Gough platform, used
in flight simulators, focused great attention (Stewart [3], Di Gregorio and Parenti
Castelli [4]). The Delta parallel robot (Clavel [5], Tsai and Stamper [6]) and the
Star parallel manipulator (Hervé and Sparacino [7]) are equipped with three
motors, which train on the mobile platform in a three-degrees-of-freedom general
translational motion. Angeles [8], Wang and Gosselin [9] analysed the kinematics,
dynamics and singularity loci of Agile Wrist spherical robot with three revolute
actuators.
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In the present paper, two recursive matrix methods, already implemented in
the inverse dynamics of parallel robots, are applied to the analysis of a spatial
translational mechanism. It has been proved that the number of equations and
computational operations reduces significantly by using a set of matrices for
dynamics modelling.

2. Kinematics reviews

The 3-UPU parallel robot is a symmetrical structure composed of three
kinematical chains of variable length with identical topology, all connecting the
fixed base to the moving platform by means of universal joints. Each leg is made
up of a cylinder and a piston connected together by a prismatic joint, as well as
three prismatic actuators can drive the manipulator. The mechanism consists of a
fixed base, a circular mobile platform and three legs with identical kinematical
structure. Each limb connects the fixed base to the moving platform by two
universal joints interconnected through a prismatic joint made up of a cylinder and
a piston [10].

The first jointA4, («,=0) is typically contained within the planeOx,y,,
whereas the positions of remaining joints B,, C, make the anglesa, =120°,
a. =—120° respectively, with the line O4, of first leg. For the purpose of analysis,
we assign a fixed Cartesian coordinate system Ox,y,z,(7,) at the centred point O
of the fixed base platform and a mobile frame Gx,;yz;on the mobile platform at
its centre G. The angle v between Gx, axis and the line G4, is defined as the twist

angle of the robot (Fig. 1).

The moving platform is initially located at a central configuration, where the
platform is not translated with respect to the fixed base and the origin O of the
fixed frame is located at an elevationOG =% above the mass centre G. To
simplify the graphical image of the kinematical scheme of the mechanism, in what
follows we will represent the intermediate reference systems by only two axes, so
as is used in most of robotics papers [1], [2], [8].

The active leg 4, for example, consists of a little cross of a fixed Hooke joint
linked at the frame 4,x,"y,'z;", characterised by a negligible mass, which has the

angular velocitym,) = ¢, and the angular acceleratione;; = @;;, connected at a

moving cylinder 4,x:'y:z7 of lengthl,, massm,and tensor of inertia .J,, which

has a relative rotation around 4,z; axis with the anglep;i, so thatw; =g,

&} =) . An actuated prismatic joint is as well as a piston of lengthl/,,

mass m, and tensor of inertia.J,, linked to the 4,x{ y:'z: frame, having a relative
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velocity vih = A £ and acceleration y;, = v;, . Finally, a second little universal joint

is introduced at the edge of a moving platform, which can be schematised as a
circle of radius 7 and massm, .

At the central configuration, we also consider that the three sliders are initially
starting from the same position /, = //sin 8 —1, and that the angles of orientation of

universal joints are given by

a,=0,a _2z a __
A s B 3 b C 3
v:%,(lo—rcosv)tan§=rsinv, rsinvtan f = hsind, (D

where & and /3 are two constant angles of rotation around the axes z; and z; .

Fig. 1 Kinematical scheme of first leg 4 («, = 0) of parallel mechanism
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Starting from the reference origin O and pursuing three legs OA4,4,4,4;4,,

OB,B,B,B,B,,0C,C,C,C,C,, we obtain all transformation matrices
P = pﬁ)aa“%a;, b= pg’laﬂng Py =06,
Po=1Prsciin: P=a,b,0),(=4,B,0),(n=2,3), )
r=1

where we denote the matrices:
P;f,k-1 = rot(z,(p,’;’k_l) , a; =rot(z,a,), a; =rot(z,d)
6, =rot(x,7/2),6, =rot(y,7/2),6, =rot(y,x). 3)

In the inverse geometric problem, the position of the mechanism is completely
given through the coordinate x_, y.,zS of the mass centre G. Consider, for

example, that during three seconds the moving platform remains in the same
orientation and the motion of the centre G along a rectilinear trajectory is
expressed in the fixed frame Ox,y,z, through the following analytical functions

G G G

YNz =1-cos “4)
G* - G* - G* - 3 :

Xo Yo Zy

Pursuing the kinematical modelling developed in our published paper [10],
nine variables g, @5, A5, ob, o5, 22, 05, @5, A5, will be determined from the
nine analytical equations.

Now, we compute the relative velocities @/,, @}, v;, in terms of the angular

velocity of the platform and velocity of centre G, starting from following matrix
conditions of connectivity [11]:

V,=[01"B, (5)

where followings terms determines the contents of 3x3 invertible square matrix
[O.] and the column matrix [7: :

G =5 Pty Py Ty + Prfishs @Gy =] Pyils sy + Pofis} s @5 =i poihy (J=1,2,3)
P=[ 3 T (6)
Finally, the expressions of relative velocities are obtained from the column

matrices

V,=[w), o) v,]' (i=4,B,0C). (7
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Considering some independent virtual motions of the spatial mechanism,
virtual displacements and velocities should be compatible with the virtual motions
imposed by all kinematical constraints and joints at a given instant in time. Let us
assume that the robot has successively three virtual motions determined by
following sets of velocities:

Av _ Bv _ Cv
Viza = 1 Vi =05V, =0

Av _ Bv __ Cv
Vaop = 0, Vigy =153, =0 (8)
VAV =0,v% =0, =1

32¢ — YoV = ’v32c -

The characteristic virtual velocities are expressed as functions of the pose of
the mechanism at any time by the general kinematical equations (5).
Expressions of relative accelerations are obtained from the column matrix

L =lely & rul )
using new conditions of connectivity:

I = [Qi]_lgi ) (10)

where following terms determine the contents of column matrix S”l. = 13, [0V

1 1
i _ =T2G i i =T T~ T (i T iy _ i 0 =T T~~~ (i T iy
S, =U; Ty — @ WylU Drotstly Py ATsy + Pt} @)Wy U ; ProlhsUy s + D3z}
i i =T Te Tr =i T =i i i =T T~ T= i i =T T~ -
= 20,0yl ; PigUs Pali3 Ty + Piplis} — 2010Vl Dol Pyl — 2005, ViUl ; Dol - (11)
(j=12,3)

3. Inverse dynamics models

The dynamics analysis of parallel robots is complicated because the existence
of a spatial kinematical structure, which possesses a large number of passive
degrees of freedom, dominance of the inertial forces, frictional and gravitational
components and by the problem linked to real-time control in the inverse
dynamics. Considering all gravitational effects and neglecting the frictions forces,
the relevant objective of the inverse dynamics is to determine the input torques or
forces, which must be exerted by the actuators in order to produce a given
trajectory of the end-effector.

A lot of works have focused on the dynamics of Stewart platform. Dasgupta
and Mruthyunjaya [12] used the Newton-Euler approach to develop closed-form
dynamic equations of Stewart platform, considering all dynamic and gravity
effects as well as viscous friction at joints. Tsai and Stamper [6] presented an
algorithm to solve the inverse dynamics for a Delta manipulator using Newton-
Euler equations and Lagrange formalism.



8 Stefan Staicu, Constantin Popa

3.1 Explicit dynamics equations of parallel robot

Three independent pneumatic or hydraulic systems 4, B, C that generate three
input forces fi = fii,, [ =f2i,, 7S = fSi,, which are oriented along the
axes 4,z , Byzi ,C,z5 , control the motion of three moving pistons of the legs.

The parallel robot can artificially be transformed in a set of three open
chainsC, (i = 4, B, C)subject to the constraints. This is possible by imaginary

cutting each joint for moving platform and taking its effect into account by
introducing the corresponding constraint conditions.
The force of inertia and the resulting moment of inertia forces of a rigid

body T}, for example,

Fiyt = -m[pis + @it B i L W = Um0+ JiE v a Tt (12)
are determined with respect to the centre of joint4,. On the other hand, the
wrench of two vectors F;“and M;”evaluates the influence of the action of the
weightm; g and of other external and internal forces applied to the same element

T, of the manipulator, for example:

F* =mga, iy, M," =m]'gr,%a, i, (k=1,2,3). (13)
Pursuing the first leg 4, two significant recursive relations generate the
vectors
FkA = ﬁk/?) + a/;l,kﬁkil > MkA = MkAo + akTJrl,kM/irl +7‘kfl,kakr+1,kﬁkil > (14)
where one denoted
ka)z_ka”A_Fk*A’leo:_M;(nA _MZA' (15)
As example, starting from (14), we develop a set of recursive relations:

24 DA A SA DA DA, T oA
F =F, I, on-i-a32F K" =F, +ayF;

M =M}, M} =M +a,M{ +7al,F' ,\M" = M} +a}, M} + %), Fy". (16)
Applying the explicit form of the equations of parallel robots dynamics [13],
[14], a compact matrix relation results for the input force of first prismatic

actuator, for example
f3 = {FA + wlOaMA +a’21aMA + wlOaMB +a’2|aMB

(17
+ o0 M+ oS ME+v8 E° +v5 EF 45 FCY.

The relations (14)-(17) represent the inverse dynamics model of the 3-UPU

parallel robot. The various dynamical effects, including the Coriolis and

centrifugal forces coupling and the gravitational actions are considered in this

explicit equation.
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3.2. Equations of Lagrange

A solution of the dynamics problem of a 3-UPU parallel robot can be
developed based on the Lagrange equations of second kind for a mechanical
system with constraints. The generalized coordinates of the robot are represented
by 12 parameters

q :x()G’qZ =J’oGﬂq3 =Z()G’q4 =(/?fé,q5 = 0545 = Ay s
q; = {plf(;) s s = Po1>qo = Aans i :¢1%"111 =054, = A - (18)
The Lagrange’s equations with their nine multipliers 4, 4,, ..., 4, will be
expressed by 12 differential relations

d oL oL 9
LN R0 Y he, (k=1,2...12) (19)
df {8qk } 8qk Qk ; .vc.sk ( )

which contain following 12 generalized forces
0,=0,0,=0,0,=0,0,=0,0,=0,0 :f33>
Q7ZO’QsZO’Q9:f3§’Qlo:O>Qn=O’Q12:f3§’ (20)
for example. A number of nine kinematical conditions of constraint are given by
the relations (5):

12
DCud =0 (s=1,2,.,9) Q1)
k=1

The components of the general expression of the Lagrange function

3
L=L,+Y (L +L} +L;)are expressed as analytical functions of the generalized

v=l
coordinates and their first derivatives with respect to time:
1 . G2 . G2 . G2 G i _ i 1 —iT Ti =i i =T T =Ci
L, :Emp(xo +Y, +Z)7)—m,gz, L =0,L, :Ea’zonwzo —my8Us Pyl
Li _ 1 i=ilT =i + 1 —'iTji—'i + i=il ~i —=Ci i =T T =i + T =Ci
3 = Emsvm V30 56030 @3y + M3y, O3 Fy " — Mgy {Paglyy + Pyls }
i=(4,B,C), p=(a,b,c). (22)
Angular velocities, joint’s velocities, skew-symmetric matrices associated to
the angular velocities and first derivatives of orthogonal matrices p, ,  are
expressed as follows:
=i _ =i oio_ ~i —i T~ BN A
Vip = 0,V3 =0,V = py, @375, + Ayylhy, @y = Py
4.[ _ . l —_ . l — 4.[ _ . l — . l —
Wyy = ProPolly + Pyl D3g = Py P3y Pyl + Py Pyl
~i_ i~ o~ e ~ T S~ o~ e ~ T T . ~ T
@) = Piplls s Dyg = Py Py Us Py T P Uy > D39 = PioP3a Poilts Poy Pz + Pai Pl P
T
~ OPiia 7 5/ T

. . ~T T T _ ~
Pij—1 = PrxaUs Prjas> Prjor = Prp-1Pr U3 T = U3 Drgae 20! = DPr 143
Pr i1 Dre 1
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i=(4,B,C),p=(a,b,c). (23)
A long calculus of the derivatives with respect to time
g{%} (k=1,2,...,12) of some above functions leads to a system of 12 relations.
t oq
In the direct or inverse dynamics problem, after elimination of the nine
multipliers, finally we obtain same expressions (17) for the three input forces.
As application let us consider same spatial parallel robot 3-UPU analysed in
[10], which has the following geometrical and mechanical characteristics:

xy =0.05m,y; =0.05m,zy =0.15m
m, =1kg, my =0.75kg,m, =5kg
r=02m,04, =1,=0.6 m,l, =1m, A, A, =1, =0.6m, h=08m,At =35

0.01 0.325
J, = 0.325 : 0.325
0.325 0.01

Using MATLAB software, a computer program was developed to solve the
dynamics of the 3-UPU parallel robot. To develop the algorithm, it is assumed
that the platform starts at rest from a central configuration and moves pursuing
successively rectilinear translations. Furthermore, at the initial location, the
moving platform is assumed to be located 2=0.8m lower the fixed base,
namelys=0: xJ =0, y =0,z =08 m.

Two examples are solved to illustrate the algorithm.

For the first example, the platform moves along the vertical direction z, with
variable acceleration while all the other positional parameters are held equal to

zero. As can be seen from Fig. 2 and Fig. 3 it is proved to be true that all active
forces and powers of three actuators are permanently equal to one another.
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Fig. 2 Input forces of three actuators Fig. 3 Powers of three actuators
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For the case when the platform’s centre G moves along a rectilinear
horizontal trajectory without any rotation of the platform, the graphs are plotted
and illustrated in Fig. 4 and Fig. 5.
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Fig. 4 Input forces of three actuators Fig. 5 Powers of three actuators

4, Conclusions

Some exact relations that give in real-time the position, velocity and
acceleration of each element of the parallel robot have been established in the
present paper. The dynamics models take into consideration the masses and forces
of inertia introduced by all component elements of the parallel mechanism. The
approach based on explicit equations of parallel robots dynamics can eliminate all
forces of internal joints and establishes a direct determination of the time-history
evolution of active forces and powers required by the actuators. The analytical
calculations involved in the Lagrange formalism are very tedious, thus presenting
an elevated risk of errors. The simulation certifies that one of the major
advantages of the current matrix recursive formulation is the accuracy and a
smaller processing time for the numerical computation.

Choosing the appropriate serial kinematical circuits connecting many moving
platforms, the present method can be easily applied in forward and inverse
mechanics of various types of parallel mechanisms, complex manipulators of
higher degrees of freedom and particularly hybrid structures, with increased
number of components of the mechanisms.
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