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ON THE CHARACTERIZATION OF GENERALIZED DUAL FRAMES

Atefe Razghandi®, Ali Akbar Arefijamaal®

In this paper, we generalize a new concept of duality for frames by a left
invertible operator and introduce alternate dual frames corresponding to this operator
for both discrete and continuous frames. Several characterizations of alternate dual
frames are established to obtain more reconstruction formulas. Finally, we survey the
robustness of these dual frames under some perturbations.
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1. Introduction and preliminaries

The theory of frames dates back to Gabor [16] and Duffin and Schaeffer [15]. However,
the frame theory had not attracted much attention until 1986. So far, the theory of frames
has been growing rapidly. Many researchers have seen great achievements in pure mathe-
matics, science, and engineering such as image processing, signal processing, sampling and
approximation theory [2, 9, 12, 23]. A basic problem of interest in connection with theory of
frames is about the characterization of dual frames of a given frame [4, 6, 8,6 11].
Since, it is usually complicated to calculate a dual frame explicitly [10, 19], the idea
of looking a new concept of dual frames has appeared in several papers, for example
pseudo-dual, approxi-mately dual and generalized dual frames are various concepts of
duality [12, 14]. Generalized duals with corresponding invertible operators are
considered by many researchers [14, 18]. Inspired by this generalization, we introduce
the concept of A-duality correspondence to left invertible operator A. The main
subject of this paper deals with the characterization of A-dual frames for both discrete
and continuous frames. More reconstruction formulas are obtained by using these
duals. For the rest of this section we briefly recall the definition and properties of
discrete and continuous frames.

A sequence ® = {¢;};c;r where I is a finite or countable index set, is called a

frame in a Hilbert sp%ﬁﬂg if gaf ?fa(ll;e cgons%ﬂﬁlp < C’ % < oo such that (1)

el

If ® satisfies the right hand of (1), then ® is called a Bessel sequence. The constants C
and D are called frame bounds. The supremum of all lower frame bounds is called the
optimal lower frame bound and the infimum of all upper frame bounds is called the optimal
upper frame bound. For a Bessel sequence ® = {¢; }ic1, the synthesis operator or pre-frame
operator Ty : (?> — 3 is defined by Tp{c;}ier = > icr Citi- The analysis operator is the
adjoint of Ty and it is given by Tgf = {(f, #i)};c;- The operator Sg = TeTy, so called
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the frame operator is self adjoint, positive and invertible when ® is a frame in H [11]. The
invertibility of S¢ gives the reconstruction formula

F=55"Saf = (f.¢:)Sq di=> {(f.Sg'0:) . (2)
il icl
A Bessel sequence U = {9, };¢r in K is called a dual for a Bessel sequence ® = {¢; }icr
if
= (i) b = ToTy f. (3)
il

Note that {Sz 1@-} which is a dual of @, is called the canonical dual frame [11].

iel’
Definition 1.1. A Riesz basis for H is a sequence of the form {Ue;}icr, where {e;}icr is
an orthonormal basis in H and U € B (H) is a bijective operator.

Let 3 be a complex Hilbert space and (X, v) a measure space with positive Radon
measure v. A mapping F : X — H is called a continuous frame with respect to (X, v), if
(1) F is weakly measurable;
(2) there exist constants C, D > 0 such that

|2 < /X (. F(2)) Pdv(x) < DIfI?, (f € 90). (4)

The mapping F is called Bessel if the second inequality in (4) holds. For more
properties of continuous frames see [1, 17, 21]. Suppose that F' is Bessel, then the operator
Tp : L*(X) — 3 defined by

Te¢ = | ¢@)F(@)ivo)
X
is a bounded linear operator; so called the synthesis operator. Also, its adjoint given by

(Tpé)(x) = (€ F(z)), z€X,
is called the analysis operator of F. The continuous frame operator, which is invertible,
positive as well as self adjoint, is defined by Sr = TrT}. . Let F' be a continuous frame with
frame bounds C and D respectively. The mapping S;lF , which is a continuous frame with
the bounds 1/D and 1/C, is called the canonical dual and denoted by F°. Every Bessel
mapping G : X — H that satisfies the following

f:/X<f,F(x)>G(w) dv ().

is called a dual for F, i.e. Sgr :=TcTr = 1. A continuous frame is called Riesz type if it
has only one dual.

Throughout this paper, 3 and X are Hilbert spaces and B (H,X) and B (H) are the
collections of all bounded linear operators from 3 into X and H, respectively. B! (3) is the
set of all bounded linear operators on H with a left inverse. We denote the identity operator
on H by I3 and also the standard orthonormal basis of 2 by {&;}ier.

2. A-duals, approximate A-duals and pseudo A-duals

In order to apply the dual frame expansion (3) we need to find a dual frame. It is
usually complicated or impossible to calculate a dual frame explicitly [6, 10, 13, 19]. In the
sequel, we introduce a new concept of duality by a left invertible operator and characterize
corresponding dual frames.

Definition 2.1. Let ® = {¢;}ics be a Bessel sequence in 3 and A € B! (H). A Bessel
sequence W = {; }icr is called an A-dual of © if TeTgA = Iy
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Every frame {¢;};cr has at least one A-dual of the form o = {AiSq:l(bi}ieI where
At is a left inverse of A. It is called the canonical A-dual. We begin with the relationship
between duals and A-duals.

Lemma 2.1. Let ® be a frame and A € B! (H). Then
(1) S3'® is an A-dual of (A*)*®.
(2) Every A-dual of ® is a dual frame for A*®.
(3) ® and U are dual frames if and only if ¥ is an A-dual of (A})*®.

From now on, we fix the bounded operator A € B! (H) with a left inverse A*.

Proposition 2.1. Let ® = {¢;}icsr and ¥ = {4;}icr be Bessel sequences and f,g € H.
Then the following are equivalent:

(1) f = Zz‘el <Afa ¢i>wi'

(2) f = Zie[ <f7 1/)1'> A*@w

(3) (f:9) = 2ier (AS i) (¥, 9) -

In case the equivalent conditions are satisfied it follows that W is a frame.

Proof. 1. means that TyT§A = I; this is equivalent to A*TeT; = I which is identical to
the statement in 2. It is clear that 1. implies 3. For the converse note that ), ; (Af, ¢i) ¥,
for each f € JH, defines an element of H because ® and ¥ are Bessel sequences. Now, 3.
shows that

<f_Z<A.f7¢z>¢lag>zov (gei]-[)7
il
and 2. follows. If the conditions are satisfied for Bessel sequences ® and ¥, then

2
IFIY = D (AL 60 (@i f)
iel
< S AL 1)
iel i€l
< CIAP AP Y K vl
il
where C is an upper bound of ®. Hence, V¥ is a frame. O

Proposition 2.2. Let ® = {¢; }icr and U = {1);};c1 be Bessel sequences. Then the following
statements hold.

(1) For any pair of Riesz bases there exists an invertible operator A € B (H) such that
every two Riesz bases are A-dual frames.

(2) Let U = {¢;}icr be an A-dual of a Riesz basis ® = {¢;}icr. Then U is also a Riesz
basis if and only if A is invertible.

Proof. 1. Let ® = {¢;}icr and ¥ = {4);};c1 be two Riesz bases for H. There exists an
orthonormal basis {e;};c; and bounded invertible operators A; and Ay on H such that
¢; = Aje; and 1p; = Age;. Consider A = (AQA’{)_l. Then Ay A7A =1 and for all f € H we
have

TyTgf

D (AF, 1) i

iel

= Z <Afa A16i> Ase;
el

= A ATAf = f.
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2. The proof is straightforward. O

The following results describe all A-duals of a given frame.

Proposition 2.3. Let ® = {¢;}ier be a frame with bounds C and D. Then U = {1;};cr is
an A-dual frame for ® if and only if ¥; = Aiqulngi + ©*9; for some © € B (9{, 62) where
A*T0 = 0.

Proof. Let ¢; = Anglqﬁi + ©*§; where © € B (f}{, 62) and A*T30® = 0. Then VU is a Bessel
2
mapping with the Bessel bound (HAiH\/C’*1 + ||@||> . Also,

ToTsA = Y (Af i) APS5 o+ (Af,6:) ©°5;
iel iel
= AYAf+O'T3Af = f.
Conversely, suppose ¥ is an A-dual of ®. Putting © = T — T5S5"' (A*)". Then
ATp0 = A*To Ty — A*ToTySy" (AH)" =0.
O

Remark 2.1. Notice that Proposition 2.3 characterizes A-dual frames corresponding to a
fized left invertible operator A. On the other hand, the question is how to characterize the
left invertible operator A € B! (H) such that TyTHA = I, for Bessel mappings ¥, ® € K.
In the following, we give some operators A € B! (H) which for a fized ¥ € H satisfy the
A-duality condition TgT5A = 1.

(1) If A is invertible, then A = (TyT%)™".

(2) If U is Riesz basis, then ® is also a Riesz basis and A = (T5) ™" T,

(3) If @ is Riesz basis, then A = (th)*1 V* for some V € B ((2,H) by VTj = I.

(4) If ® is Riesz basis, then A = (T§) ' TySq' + (Tg) ™' © for some © € B (H,(?) by

Ty0 =0.

Theorem 2.1. Let ® = {¢;}icr be a frame. The A-dual frames of © are precisely the family
{V6;}icr where V : £2(N) — H is a bounded operator and VTEA = 1.

Proof. Let ¥ = {V§,}icr and VT3 A = I. Then V* is bounded below. Hence, ¥ is actually
a frame and an A-dual of ®. In fact,

TyT4A = Y (Af )i

el

= D (Af, ) VS
el

= VY (Af,:) 6
el

= VI3A=1.

Conversely, suppose VU is an A-dual. Take V = Ty. Then
VIgA=TyT§A=1.
O

Here we try to state our results for continuous frames. From now, we assume that
L?(X) admits a Riesz type frame R with the frame bounds Cr and Dg, see [20]. It plays
the role of the orthonormal basis of ¢2 in discrete case [6].
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Definition 2.2. Let F be a continuous frame for Hilbert space H and A € B* (H). A
continuous frame G is called an A-dual frame of F, if for every f € H we have

f = / (Af,F (2)) G (z) dv (z). (5)
X

From the definition it follows that there exists A € B! (H) such that every frame F
is an A-dual frame of itself. Recall that a continuous frame is called Riesz type if it has
only one dual. Obviously, I is Riesz type frame if its A-dual is Riesz type. Moreover, the
A-duality preserves the Riesz type property if and only if A is invertible.

It is worthwhile to mention that the A-duality (5) can rewrite as the operator form

TeTEA = I

Hence, the results proven for discrete frames are also valid for the other type of frames such
as continuous frames. For example, we can state Proposition 2.3 and Proposition 2.1 for
continuous frames as following.

Proposition 2.4. Let F be a continuous frame for H and A € B! (). Then A-dual frames
of F' are precisely the mappings

G=AS'F+ AR
where A € B (H,L*(X)) and A*TpTjA = 0.

Proof. Let G = AnglF + A*R where TrTHEA = 0. Then G is a Bessel mapping with the

upper bound (||A*||v/DpCyr' + ||A||\/DR)2 which Dpg is the upper bound of R and CF is a
lower frame bound of F'. Also,

TeTpA = AYSp'SpA+ N TrTHA = AA =1T.
Conversely, if G is an A-dual of F), then the operator A : H — L?(X) defined by

A= (1) (76 - TiS7 (4%))
is a bounded operator. Moreover,
A TpTiA = A*TpTS (T5) ™" (Tg CTpS (Ai)*) _o.
|

The proof of the following result is similar to the proof of Proposition 2.1, hence it
left to the reader.

Proposition 2.5. Let F be a continuous frame for H and A € B! (H). The A-dual frames
for F are precisely the family VR where V : L*(X) — 3 is bounded operator such that
VIRTrA=1.

The relationship between optimal frame bounds of a frame and its duals is considered
by many authors [3, 4]. To obtain these results for A-duals assume that F' is a continuous
frame with the optimal bounds C and D%, respectively. Applying (5) for an A-duals G
with the optimal bounds CZF’ and D¢, it follows that

1714 = 0P
< [(TeTpAf, )
< DPIAPITESIP AP

for all f € 3. This means that CZ’ > Similarly, W <CcP.
G

1
Dy [lA]I?
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Two Bessel sequences F' and G are said to be approximate A-dual frame if || —
TeTHA| < 1, and pseudo A-dual if T¢T7 A is invertible [12]. We summarize the relationship
between A-duals, approximate A-duals and pseudo A-duals in the following result, which
follows immediately from the definition.

Proposition 2.6. Let F' be a continuous frame and G a Bessel mapping. The following

assertions hold:

(1) Every A-dual is a pseudo A-dual.
) Every pseudo A-dual is a frame.
3) If G is a pseudo A-dual of F, then (TGT}’FA)*1 G is an A-dual of G.
) If G is an approximate A-dual of F, then (TC;T;;A)*1 G is an A-dual of G.
) If G is a pseudo A-dual of F, and W € B (H) an injective operator, then F and WG
are pseudo dual frames.

A characterization of approximate A-duals and pseudo A-duals is given in the next
results.

Proposition 2.7. Let F and G be continuous frames in H. Then the following are equiv-
alent:

(1) G is an approximate A-dual for F.

(2) G=VR where V € B (L*(X),H) and ||Is¢ — VTRrTHA| < 1.

(3) G = AYS.'F + K where K is a Bessel mapping and ||TrTHA| < 1.
(4) G = AYSZ'F + A*R where A € B (H,L*(X)) and |A*TrTHA| < 1.

Proof. 1. < 2. 1t is evident.
1. & 3. Suppose G is an approximate A-dual for F. Denote K = G — AisglF. Then

ITk T3 Al = I — TeTpAl < 1
Conversely, if K is a Bessel mapping and G = A*S,'F + K where | T TjA|| < 1, then
3¢ — TcTrAll = |Isc — Isc + T TR Al < 1.

1. & 4. If G is an approximate A-dual for F', then
A= (1) (T8 - TS (A7)"))
Hence,
|A*TpTHA| = ||A*TrTE — A*TeT Sy (AN

The converse follows immediately. O

<1

In the next theorem by using an A-dual (approximate A-dual) of a given frame, we
will obtain more A-duals (approximate A-duals).

Theorem 2.2. Let F' be a continuous frame for H. The following assertions hold.
(1) A Bessel mapping G is an A-dual of F if and only if

G=A'S'F+ SpAK — F (6)

where K is an A-dual of F'.
(2) If Cr > ||A¥|| and Dr < ||A|| 7Y, then 1. holds for approzimate A-duals.

Proof. 1. Suppose K is an A-dual of F' and G = AnglF—i-SFAK— F, then G is an A-dual
of F. Indeed

TeTpA = A'S ' TeTEA + SpATKTRA — TeTHA = 1.
Conversely, let G be an A-dual of F'. Define K : X — H by
(K(x), A" f) = (Sp' (G(2) + F(x) — AT F(2)) . f), (v € X, feH) (7)
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Obviously, K is well-defined since A* is onto and

AK = Sp' (G+ F — A*S,'F). (8)
Hence, G = AISglF + SpAK — F and K is a Bessel mapping. Moreover,
TTpA = ANS'TeTRA+ AYS TRTHA — AYS P AYS TR T A

AYSS 4 Iy — AYSL = Iy

2. Let G be an approximate A-dual of F. Define K : X — H by (7), consequently, by using
(8) we obtain

I —TxTpA| = ||[I— AR TTEA — AFS TRTEA + AYSLATS L SR Al
< ATSE s — TeTr Al
< [AfCR <1
Conversely, assume that K is an approximate A-dual of F' and G is defined by (6), then
I —ToTrA| = |I— AYSp'SpA — SpATKTEA — SpA|
< ISpAllsc — T TRA|
< DpllAl <1

3. Perturbation of A-duals

Stability and perturbation of frames have been investigated in [11, 22]. In [14], the
perturbation theory for A-dual frames is considered when A is invertible. In the sequel, we
investigate perturbation of approximate A-duals. That is, if G is an A-dual of a continuous
frame F, and F is a Bessel mapping in H which is in some sense closed to F', does it follows
that G is an approximate A-dual of F? The following results make some conditions under
which G is an approximate A-dual of F. For example, if

[ [rr@ - Fo)[ o < L (7 e,
Then

H(TE—Tg) fH2=/X‘<f,F(x)—ﬁ(a:)>]2du(x)g M,

and therefore,

Hfg{—TGT;AH - HTGT;A—TGT;AH

IN

16l |75 - T2 4] < 1.

Hence, (TngA) G is an A-dual of F.

Proposition 3.1. Let G be an A-dual of a continuous frame F and G be a Bessel mapping

such that that
1/2
<AH/¢> wavta)| ++ ([ ol a@) o)

/¢ G()) dv(a

for all € L*(X) and for some positive numbers X, ~y wzth A+vvVDg|A|| < 1. Then G is
an approximate A-dual of F', In particular, (T TF A) G is an A-dual of F.




168 Atefe Razghandi, Ali Akbar Arefijamaal

Proof. Using (9) for all f € H we obtain
If = TeTrAS|| = || TeTrAf = ToTrAS]|

| was.r@) (60 - 60) v

< )‘H/X<Af7F($)>G(JJ)dV(x) +7</X|<Af,F(x)>2du(x))1/2
< (A +2vDalal) 171 < £

O

In the following theorem, from an approximate A-dual which is closed to an A-dual
G, we can construct an A-dual which is closed to G.

Theorem 3.1. Let G be an A-dual of a continuous frame F.

(1) If G is a continuous frame such that

|Te — (10)

1
T|| < ——=——
ol < 7oA
then G is an approximate A-dual of F.

(2) If (10) holds and C > || At||, then there exist an A-dual G of F and a constant M > 0
such that

|76 -1 < M |76 - T4
Proof. 1. Suppose G is an A-dual of F'. Using Theorem 2.2 there exists an A-dual K of F

such that
G=A*'S.'F + SpAK — F.

Deﬁnef(:X—ﬂHby
(K(@),4°f) = (AK(@) - 55" (G@) = G(@)) . f), (z€X,f €50,
Obviously, K is well-defined since A* is onto and
AR = AK - 531 (G- @)
Hence, G — G= SrA (K — f(), and therefore
1T = Tl < [[A*ISE | Te - Ta- (11)
By (10) we have
I — TaTHA|| = || TeTEA — TETHA|| < ||Te — Ta|| ITEI Al < 1,

Thus, G is an approximate A-dual of F'.
2. According to the above computations and by using (10) and (11) we obtain

| =TRTHAl < | TkTHA—TRTHA|

< T = T ITEI1Al
< |Te = TalSE IIAHNTE I Al
< Jl4fleEt <1
So, TzTr A is invertible. Using Proposition 2.2 of [7], it follows that
1 1 1

H(TTEA) Il <

< .
T[T TRTEA] T~ 1 — |4t CR!
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In particular,

* —1 N _1 .
1
< ||Te — Ta|lISE A T2 A
< TarentTe ~ TalISE ATz Al
A4} | DrCy!
= “F||Te — Ty
1— [A¥|C

Denote G = AiSI;lF + SFAf( — F, where K = (TI}TI’;A)_l K. Then the Bessel mapping

G is an A-dual of F. In fact,

-1

T-TpA = (AiS;lTF + SpA (TRTpA) ' T — TF> ThA

= I+ SpA—SpA=1.

ITg|l ITwe = (T = Tg) |

1Tk — ASE! (Ta = Tg) |l

Il + IAHIISF 1 Te — T

|ARSE! (Te + Tr + ARSE Tr) | + 1AHIISF I Te — Tall < e

where a = ||A}|Cx" (VDg + VDr + |AY|Cr'VDr + || Tc — Tg|). Therefore,

A

IN

ITe =TI < ISFIIAITK - Tz
< IsellAl (1T - Tl + 1Tz — T£l)
_ « 4\ —1
< ISellAl (ITe - ToNISE IAM + |1 Tz — (TgTrA) ™ Tgl)
_ « y—1
< SellAl (ITe = Tl Sz AR + ITR NI - (TeTE4) ™ )
_ JAIIAHIDFCr o
< DpC 1||A|||Ai||TGT~||+DF||A|( L2 Tg — Ty
"’ ¢ 1— [4F]C;!
_ | A1) 4% D3 C7 o
< (DrcztAnAT) + 2 |76 - Tg).
( r 1—[4f]cz! ¢
This completes the proof. O

In [5], by observing the difference between an alternate dual and the canonical dual,
a stability result for alternate duals of g-frames is introduced. Inspired by this idea and the
above results we state the stability of A-duals of continuous frames as follows.

Corollary 3.1. Let F' and F be two continuous frames and G be a fived A-dual of F. If
F — F is a Bessel mapping with sufficiently small bound € > 0, then there exists a dual G
for F such that G — G is also a Bessel mapping.

4. Conclusion

The frame theory has many applications in engineering, image processing and signal
processing. In most of these applications, we deals with a dual frame to reconstruct a
function or signal.The classical choice in this case is the canonical dual. We introduced the
concept of A-duals corresponding to a left invertible operator A. Then we characterized A-
duals and obtained more reconstruction formulas. Finally, some stability results of A-duals
of continuous frames are stated.
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