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GEOMETRY OF STATISTICAL F -CONNECTIONS ON THE

ANTI-KÄHLER MANIFOLD

Cagri Karaman1, Aydin Gezer2

Let M2k be an anti-Kähler manifold with an almost complex structure F ,

a pseudo-Riemannian metric g and a totally symmetric (0, 3)-tensor field C. We first

introduce statistical F -connections which are a special class of α−connections on M2k

and derive the conditions under which its curvature tensor field is holomorphic. Then,

we present some local results concerning with curvature properties of the connection and

the tensor C.
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1. Introduction

An anti-Kähler manifold means a triplet (M2k, g, F ) which consists of a 2k−dimensional
differentiable manifold M2k, an almost complex structure F and a pseudo-Riemannian met-
ric g such that

g(FX, Y ) = g(X,FY )

and
∇gF = 0 (1)

for all vector fields X and Y on M2k, where ∇g is Levi-Civita conneciton of g. Such
manifolds are also referred to as generalized B-manifolds [3] or as almost complex manifolds
with Norden metric [1] or as almost complex manifolds with B-metric [2]. The condition
(1) is equivalent to ΦJg = 0, where ΦJ is the Tachibana operator [8]: (ΦJg)(X,Y, Z) =
(LJXg−LXG)(Y, Z) , where G(Y, Z) = (g ◦ J)(Y, Z) = g(JY, Z) is the twin anti-Hermitian
metric. Also, ΦJg = 0 means that the pseudo-Riemannian metric g is holomorphic [4].
Denote by Rg the Riemannian curvature tensor on the anti-Kähler manifold (M2k, g, F ).
The following properties are satisfied:

i) The Levi-Civita connection ∇g is holomorphic, that is, ∇gFXY = ∇gXFY = F∇gXY
[5],

ii) The Riemannian curvature tensor Rg is holomorphic, that is,

(φFR
g
)(X,Y 1, Y 2, Y 3, Y4) = 0,

where [4, 7]

(φFR
g
)(X,Y 1, Y 2, Y 3, Y4) =(∇gFXR)(Y1, Y2, Y3, Y4)− (∇gXR)(FY1, Y2, Y3, Y4).

There are two equivalent ways of defining a statistical manifold. One of them is to
define a totally symmetric tensor C on a (pseudo-)Riemannian manifold (M, g) and then
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define the statistical manifold by the triplet (M, g,C). The second one is a triplet (M, g,∇),
where ∇ is a torsion-free linear connection on M and C : ∇g as a (0, 3)−tensor field on M
is symmetric in all arguments. The tensor C is called cubic form. In the paper, we aim
to study the geometry of statistical F -connections on the anti-Kähler manifold (M2k, g, F ).
Some global and local results are presented.

2. Statistical F -connections on the anti-Kähler manifold

In the following, let (M2k, g, F ) be an anti-Kähler manifold. An anti-Kähler manifold
(M2k, g, F ) equipped with cubic form C will be called an anti-Kähler statistical manifold.
For a real number α, we consider a linear connection on the quadruble (M2k, g, F, C) given
by

(α)

∇XY = ∇gXY −
α

2
C(X,Y ).

The connection
(α)

∇ is the unique connection satisfying the properties [6]:

i)
(α)

∇ is a torsion-free linear connection,

ii) (
(α)

∇Xg)(Y, Z) = αC(X,Y, Z), where C(X,Y, Z) = g(C(X,Y ), Z).
In particular, if we choose the cubic form C satisfying the following condition

C(FX, Y, Z) = C(X,FY,Z) = C(X,Y, FZ) (2)

that is, C is pure with respect to F (for pure tensors, see [7]), then the following holds:

(α)

(∇XF )Y = 0.

We shall call such a connection a statistical F -connection.
Recall the curvature tensor field R of a linear connection ∇ is the tensor field

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.

When ∇ is torsion-free, [X,Y ] = ∇XY −∇YX. then the curvature tensor field transforms
into

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇∇XY Z +∇∇YXZ.

The (0, 4)−curvature tensor field R is defined by R(X,Y, Z,W ) = g(R(X,Y )Z,W ).

Proposition 2.1. The (0, 4)−curvature tensor field R(α) of the statistical F -connection on
the anti-Kähler statistical manifold (M2k, g, F, C) satisfies

R(α)(X,Y, Z,W ) = Rg(X,Y, Z,W ) +
α

2
{(∇gY C)(X,Z,W )− (∇gXC)(Y, Z,W )}

+
α2

4
{C(X,W,C(Y,Z))− C(Y,W,C(X,Z))}

for all vector fields X,Y, Z.

Proof. By definition of the statistical F -connection and of curvature tensor field, standard
calculations give the result. �

Proposition 2.2. The (0, 4)−curvature tensor field R(α) of the statistical F−connection on
the anti-Kähler statistical manifold (M2k, g, F, C) is pure with respect to F if the cubic form
C is holomorphic, that is, (∇gFXC)(Y1, Y2, Y3) = (∇gXC)(FY1, Y2, Y3).

Proof. As is known that on an anti-Kähler manifold, the Riemannian curvature tensor field
is pure. Also, the contracted tensor product of pure tensors is pure. The cubic form C on
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the anti-Kähler manifold (M2k, g, F ) is holomorphic if and only if φFC = 0, where φF is the
Tachibana operator applied to the cubic form C given by

(φFC)(X,Y1, Y2, Y3) = (∇gFXC)(Y1, Y2, Y3)− (∇gXC)(FY1, Y2, Y3)

for all vector fields X,Y1, Y2, Y3. This means that the covariant differentiation of the cubic
form C with respect to the Levi-Civita connection ∇g is pure. The set of all pure tensors
of arbitrary type is an algebra over the real numbers R [7]. Hence, when we take into
account of the expression of the curvature tensor field R(α) of the statistical F -connection
we can immediately say that the curvature tensor field R(α) is pure if the cubic form C is
holomorphic. This completes the proof. �

The purity of the curvature tensor field of a linear connection is a necessary and
sufficient condition for the connection to be holomorphic [5, 7]. Thus, as a direct result of
Proposition 2.2, we get:

Corollary 2.1. On the anti-Kähler statistical manifold (M2k, g, F, C), the statistical F -

connection is holomorphic, that is,
(α)

∇ (FX)Y =
(α)

∇X(FY ) = F
(α)

∇XY .

Theorem 2.1. The (0, 4)−curvature tensor field R(α) of the statistical F -connection on the
anti-Kähler statistical manifold (M2k, g, F, C) is holomorphic.

Proof. When applying the Tachibana operator to the curvature tensor field R(α) of the
statistical F -connection, we have

(φFR
(α))(X,Y1, Y2, Y3, Y4) = (∇gFXR

(α))(Y1, Y2, Y3, Y4)

−(∇gXR
(α))(FY1, Y2, Y3, Y4)

= (∇gFXR
g)(Y1, Y2, Y3, Y4) +

α

2
{∇gFX(∇gY2

C)(Y1, Y3, Y4)

−∇gFX(∇gY1
C)(Y2, Y3, Y4)}+

α2

4
{(∇gFXC)(Y1, Y4, C(Y2, Y3))

+C(Y1, Y4, (∇gFXC))(Y2, Y3)− (∇gFXC)(Y2, Y4, C(Y1, Y3))

−C(Y2, Y4, (∇gFXC))(Y1, Y3)} − (∇gXR
g)(FY1, Y2, Y3, Y4)

−α
2
{∇gX(∇gY2

C)(FY1, Y3, Y4) +∇gX(∇gFY1
C)(Y2, Y3, Y4))}

−α
2

4
{(∇gXC)(FY1, Y4, C(Y2, Y3)) + C(FY1, Y4, (∇gXC))(Y2, Y3)

−(∇gXC)(Y2, Y4, C(FY1, Y3))− C(Y2, Y4, (∇gXC))(FY1, Y3)}.

In view of the holomorphy of the cubic form C and the Levi-Civita connection ∇g, the
relation above reduces to

(φFR
(α))(X,Y1, Y2, Y3, Y4) = (∇gFXR

g)(Y1, Y2, Y3, Y4)− (∇gXR
g)(FY1, Y2, Y3, Y4)

= (φFR
g)(X,Y1, Y2, Y3, Y4).

Since the Riemannian curvature tensor Rg on the anti-Kähler manifold is holomorhic, the
result immediately follows. �

3. Some local results for a special case

Under the local coordinates, in the anti-Kähler statistical manifold (M2k, g, F, C) we
shall specialize the statistical F -connection by choosing the cubic form C as:

C k
ij = piδ

k
j + pjδ

k
i + pkgij − ptF t

i F
k
j − ptF t

j F
k
i − ptF ktFij (3)
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where the 1−form p is holomorphic, that is,

Fmk (∇gmpj) = Fmj (∇gkpm).

In the case, the cubic form C is holomorphic.

Theorem 3.1. In the anti-Kähler statistical manifold (M2k, g, F ), the cubic form C is
recurrent, that is, ∇gkC l

ij = ωkC
l
ij if and only if the 1−form p is recurrent, where ωk is the

recurrence 1−form.

Proof. Assume that the cubic form C be recurrent, that is,

∇gkC
l
ij = ωkC

l
ij .

By contracting the last relation with respect to i and l, in view of (3) we obtain

∇gkC
l
lj = ωkC

l
lj

∇gk[(n+ 4)pj ] = ωk[(n+ 4)pj ]

∇gkpj = ωkpj .

In contrast, let us assume that the 1−form pi is recurrent. When we take the covariant
derivative of (3) with respect to ∇g, we have

∇gkC
l
ij = (∇gkpi) δ

l
j + (∇gkpj) δ

l
i +

(
∇gkp

l
)
gij

− (∇gkpt)F
t
i F

l
j − (∇gkpt)F

t
j F

l
i − (∇gkpt)F

tlFij

= (ωkpi) δ
l
j + (ωkpj) δ

l
i +

(
ωkp

l
)
gij

− (ωkpt)F
t
i F

l
j − (ωkpt)F

t
j F

l
i − (ωkpt)F

tlFij

= ωkC
l
ij ,

which completes the proof. �

The local expression of the (0, 4)−curvature tensor R(α) of the statistical F -connection
is as follows:

R
(α)
ijkl = Rgijkl − gjlAik + gilAjk − FilF t

k Ajt + FjlF
t
k Ait

−gjkBil + gikBjl + FjkF
t
l Bit − FikF t

l Bjt

+FklF
t
j [Ait −Ati]− gkl[Aij −Aji],

where

Ajk =
α

2
∇gjpk +

α2

4
pjpk −

α2

4
ptpmF

t
j F

m
k +

α2

8
pmpmgjk −

α2

8
pmp

tF m
t Fjk (4)

and

Bjk =
α

2
∇gjpk −

α2

4
pjpk +

α2

4
ptpmF

t
j F

m
k − α2

8
pmpmgjk +

α2

8
pmp

tF m
t Fjk. (5)

It immediately follows from (4) and (5) that

Ajk −Akj = Bjk −Bkj =
α

2

(
∇gjpk −∇

g
jpk

)
. (6)

The Ricci tensor of the statistical F -connection has the components

R
(α)
jk = Rgjk + (n− 2)Ajk + 2Bjk − gjktraceB (7)

+FjkF
l
t B

t
l + 2(Ajk −Akj).

Proposition 3.1. In the anti-Kähler statistical manifold (M2k, g, F, C), the Ricci tensor of
the statistical F -connection is symmetric if and only if the 1−form p is closed.
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Proof. By (6) and (7), we have

R
(α)
jk −R

(α)
kj = (n+ 2)(Ajk −Akj) + 2(Bjk −Bkj)

= (n+ 4)(Ajk −Akj)

=
α(n+ 4)

2

(
∇gjpk −∇

g
kpj

)
.

It is well known that if (dp)jk = 1
2

(
∇gjpk −∇

g
kpj

)
= 0, then the 1−form p is closed. Hence,

the proof is complete. �

Theorem 3.2. In the anti-Kähler statistical manifold (M2k, g, F, C), the scalar curvature
τ (α) of the statistical F -connection with respect to g coincides with the scalar curvature τg

of the Levi-Civita connection of g if and only if the 1−form p is isotropic.

Proof. The scalar curvature τ (α) = R
(α)
jk g

jk of the statistical F -connection is given by

τ (α) = τg + (n− 2)(traceA−traceB).

From (4) and (5), we find

traceA =
α

2
∇gl p

l +
α2(n+ 4)

8
‖p‖

and

traceB=
α

2
∇gl p

l − α2(n+ 4)

8
‖p‖ ,

where ‖p‖ = glmplpm = plp
l. As a result, these give

τ (α) = τg +
α2(n− 2)(n+ 4)

4
‖p‖ .

�

An Einstein manifold is a pseudo-Riemannian manifold whose Ricci tensor satisfies

Rgjk = λgjk,

where λ is a scalar function. The anti-Kähler statistical manifold (M2k, g, F, C) with statis-
tical F -connection in which the Ricci tensor satisfies

R
(α)
(jk) = µgjk

may be called an Einstein manifold, where µ is a scalar function.

Theorem 3.3. Let (M2k, g, F, C) be anti-Kähler statistical manifold and M2k be an Einstein
manifold, that is, Rjk = λgjk. Then, M2k will be an Einstein manifold with respect to the

statistical F -connection, that is, R
(α)
(jk) = µgjk if

µ− λ =
α2(n− 2)(n+ 4)

4n
‖p‖ .

Proof. From (7), we have

R
(α)
(jk) =

1

2
(R

(α)
jk +R

(α)
jk )

= Rgjk +
(n− 2)

2
(Ajk + Akj) + (Bjk +Bjk)

−gjktraceB + FjkF
l
t B

t
l
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Transvecting the above relation with gjk, we obtain

R
(α)
(jk)g

jk = Rgjkg
jk + gjk{ (n− 2)

2
(Ajk + Akj) + (Bjk +Bjk)

−gjktraceB + FjkF
l
t B

t
l}

µgjkg
jk = λgjkg

jk + (n− 2)(traceA−traceB)

µ− λ =
α2(n− 2)(n+ 4)

4n
‖p‖ .

Hence (M2k, g, F, C) with respect to the statistical F -connection is Einstein if µ − λ =
α2(n−2)(n+4)

4n ‖p‖. �

4. Conclusions

The theory of statistical manifolds has been developing in information theory and
statistics. Beyond these fields, it is providing interesting topics for differential geometry of
manifolds with additional structures. Statistical manifolds are considered as a generalization
of Riemannian manifolds. Following this idea in anti-Kähler geometry, we define a statistical
F -connection on the anti-Kähler statistical manifold (M2k, g, F, C) and compute its curva-
ture tensor. We show that if the cubic form C is holomorphic, then the curvature tensor
of the statistical F -connection is holomorphic. By choosing the particular cubic form, we
search the recurrence property of the cubic form C with respect to the Levi-Civita connec-
tion and give the necessary and sufficient conditions under which the scalar curvature of the
statistical F -connection and the scalar curvature of the Levi-Civita connection coincide each
other. Also, we obtain the condition for the anti-Kähler statistical manifold (M2k, g, F, C)
to be Einstein with respect to the statistical F -connection.
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