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THEORETICAL AND EXPERIMENTAL STUDY ON
GEOMETRY RELATED PHASE-MATCHING CONDITION
FOR THIRD HARMONIC GENERATION

Mihai STAFE', Constantin NEGUTU"", Georgiana C. VASILE! and Niculae N.
PUSCAS!

We present a theoretical- analytical and numerical- study on the phase-
matching condition for third harmonic (TH) generation by focusing gaussian laser
pulses in dispersive non-linear (NL) media. We address the influence of the
irradiation geometry on the efficiency of TH generation process. We find that for a
fixed length of the NL medium, the intensity of TH signal at the output of the NL
medium can be increased by two alternative approaches. First, by focusing the driving
laser radiation at the frontier of the NL medium rather than in the center of the NL
medium. Second, by increasing the driving beam waist radius while laser intensity is
kept constant. Both methods are demonstrated to be successful for increasing the TH
signal because they minimize destructive superposition of the TH emissions before
and after the focus due to Gouy phase-shift. When the two methods are combined, i.e.
loose focusing of the driving laser at the frontier of the NL medium, we can boost the
TH signal by more than one order of magnitude as compared to the case of non-
optimized irradiation geometry condition. The theoretical results on the dependence
of the TH signal to the driving beam waist radius are supported by experimental data.

Keywords: non- linear optics, phase-matching condition, third harmonic
generation.

1. Introduction

In the last years, several theoretical and experimental papers concerned the
third-order harmonic generation (THG) which has become a leading research field
in non-linear (NL) optics as a way to produce coherent ultraviolet radiation, [1]-[8].

Several properties of a material change due to the NL effects which occur
when the high power laser radiation, characterized by electric field intensities

around 10°+10" V/cm or higher (which are comparable to the atomic electric
field), interacts with the material [1], [9]. The third harmonic (TH) radiation can be
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used for various applications such as optical lithography and pump-probe
experiments.

The TH pulses is produced by focusing near-infrared laser pulses in gases
[1], laser-generated plasmas [8], ablated nanoparticles etc. In isotropic (centro-
symmetric) media (e.g. gases), for symmetry reasons only odd harmonics are
produced, with efficiencies up to 50%.

The full theory of harmonic generation must include the complete atomic
level structure of the target atoms, the nonperturbative interaction of these levels
with the intense laser field, the depletion of the neutral atoms due to ionization, the
dispersion of the resulting plasma, the geometrical complications resulting from the
spatial and the temporal distribution of the field strengths near the focus, and the
propagation of the fundamental and the harmonic waves through the perturbed
medium.

The paper is organized as follows: in Section 2 we present theoretical
considerations and analytical results describing the phase matching condition; in
Section 3 we present the theoretical model for numerical calculation of the TH field;
in Section 4 we discuss the obtained results concerning several parameters in order
to obtain the highest conversion efficiency; in Section 5 we outline our conclusions
concerning the results.

2. Theory on phase matching condition

Typically, a particular generated harmonic and the fundamental laser field
are matched in phase over distances that are many times the wavelength of the
incident light. However, the length over which the harmonic phases are matched
(the coherence length) can be much shorter than the focal depth (typically, 1 mm)
owing to different rates of diffraction for different wavelengths

Because of these issues, it is typical to confine the interaction region to a
single geometrical coherence length to avoid destructive phase cancellations
(geometrical only). This is usually done by lengthening the laser focus relative to
the width of the gas jet or by working outside of the focus. This method does not
utilize the high-intensity focal volume outside of the coherence length. After a
coherence length, new harmonic production is out of phase with previously
generated harmonic light (Fig. 1.) The generation of a particular harmonic can go
in and out of phase many times in the laser focus. Harmonic light generated at the
first position is out of phase with the harmonic light generated at the second
position, but in phase with the light generated at the third position.
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Fig. 1. Phase variation of harmonic emission throughout the laser focus.

Phase mismatches can cause severe destructive interference for harmonic
light emerging from different locations in the laser focus. The efficiency of
converting the fundamental light into high-order harmonics is limited by several
phase mismatch phenomena: 1) the refractive index n for the center fundamental
wavelength of the pulse laser light, A, differs from the refractive index for the

shorter-wavelength harmonics; 2) the intrinsic phase of harmonic emission can vary
longitudinally and radially throughout the focus because of varied atomic response
to the local laser intensity; 3) geometrical phase mismatches arise from
discrepancies between the diffraction rates for the laser and for individual
harmonics.

2.1 Plasma phase mismatches

Since the strongest harmonic emission occurs as atoms undergo ionization
by the laser field, we are often interested in harmonic generation in the presence of
plasma consisting of free electrons and their parent ions together with the remaining
intact neutral atoms. Under typical high-harmonic generation conditions [1,7], if
the gas becomes fully ionized, the appearance of free electrons associated with
ionization causes the length over which the harmonic phase slips by 7 relative to
the phase of new harmonic production to be as little as few tens of microns.

The coherence length L, for generating the g-th harmonic in a NL medium

with frequency-dependent refractive index can be written in the form:
T V4

L === 1
< Ak gk, —k, M
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where Ak=2/1ﬂ[n(ﬂo)—n(/10/ q)], k, is the propagation vector of the
0

fundamental and £ is that of the g-th harmonic order. L, describes the propagation

distance between two locations of harmonic emission that are exactly out of phase.
In other words, at the end of the coherence length, there is a © phase slip between
the fundamental field and the harmonic field that was generated at the beginning of
the coherence length [7].

2.2 Neutral gas dispersion
For the dispersion of the plasma, because of ionization, the density of
neutral atoms is also scaled by the fraction of ionization, m, giving a phase

mismatch between the fundamental and harmonic fields of:

2rq P
Ak, =—F—5 (1- 2
N 2{0 P n( 77) ( )

atm

in which &, = (4, /q)—6(4,) is the difference in the index of refraction between

the fundamental and harmonic wavelengths, and P/ P, is the fractional pressure

with respect to atmospheric pressure.
2.3 Plasma dispersion
For the dispersion of the plasma, the phase mismatch is given by:

P g’-1
AkPl = nNatheﬂ’O - q
F. 4

where N, is the atomic number density at STP and 7, is the classical electron
2

€)

radius. Since ~q when ¢ >>1, this factor is often approximated for high

q
orders.

2.4 Geometrical phase mismatches
Geometrical phase mismatches gives the phase deviation between a laser wave front

that undergoes focusing compared to the phase front of a plane wave, (the laser
Gouy shift):
sy =T )
W,
where w, is the fundamental beam waist radius (i.e the beam radius in focus) [2].
A phase change of Ap =n over an approximate coherence length of:
Ax=7mx,/q (5)
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is as an estimate for the coherence length of individual harmonics near the center
2

of the laser focus [7], [9]. Here x, = ﬂ;}(’ is the Rayleigh length.
0

To reduce geometrical phase mismatches, the depth of focus can be
increased relative to the gas jet width to confine the interaction region to a single
geometrical coherence length, thus avoiding destructive phase cancellations.
However, loose focusing requires greater laser pulse energy to achieve the same
intensity. Unfortunately, the high-intensity regions in the beam before and after the
single coherence length cannot be utilized in this case.

2.5 Balancing Phase Mismatch. Free Focus
Phase matching for efficient generation of harmonics can be achieved by

balancing the various dispersion terms for a zero net phase mismatch. Based on the

theoretical model presented in paper [7] in the case of free focusing, the total phase

mismatch is given by :

2nq P P ¢ -1 g4,

2
W,

Ak = Ak, + Ak, + Ak, = (1=17)+1N 7.2

a’ (6)
0 atm atm q

The dispersion of the resultant ions are often neglected for a couple of
reasons: first, the resonance frequency is higher than that of neutral atoms, and
second, by the time there is a significant population of ions, when 1 > 0.1, the free
electron contribution to the phase mismatch is much greater than any other term.
For the balancing of the total phase mismatch one can use the geometrical phase
mismatch, but also the neutral gas dispersion [7].

The intensity of the harmonic light detected at the end of nonlinear medium

of length, L depends sensitively on the phase mismatch:
_ o sin’ (AkL/2)
T (ARL/2)

Fig. 2 presents the relative intensity of the TH light (¢g=3) detected at the
end of NL medium (Xe in air) of length L vs the phase mismatch.

(7
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Fig. 2. The relative intensity of the third harmonic light vs the phase mismatch for HHG in Xe and
air.

As can be seen from Fig. 2, the maximum conversion efficiency is achieved
for zero phase, but also for other values of the phase: £1.45 rad, £2.42 rad, etc.,
which are symmetrically concerning the central maximum.

Taking into account the THG for the following parameters [5], [7]:
L, =2223 pym, L, ~16.936 um, the length of the nonlinear medium which assure

an optimal efficiency in Xe in air is L ~5.73 um using Nd:Glass laser with
wavelength 1.054 um [5], [7].

3. Theoretical model for numerical calculation of the third harmonic

field
We simulated numerically the process of THG by focusing fundamental (F)
driving laser pulses with Gaussian intensity profile into a dispersive, homogeneous
and isotropic NL medium. We consider that F radiation, at frequency @, propagates
along the x axis in the NL medium, being linearly polarized along the y axis. We
denote the third order susceptibility of the NL medium as 3, the electric field at

F frequency @ as E, +c.c., and the electric field at TH frequency (3w) as
E

30, TCc. We neglect the influence of non-linear polarization at the F frequency

(describing the optical Kerr effect) on the propagation of the F pulse: P, () =0.

The generation of TH radiation in the NL medium through coupling of 3F photons
is described by the polarization oscillating at frequency 3w:

3
P, ,(Bw) = g (Emy) . (8)
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The coupled wave equations describing the propagation of F (¢=1) and TH
(¢=3) radiations within the NL. medium can be written in a concise way as follows
[11,12]:

Vx(VXE,)-k¢,E, =] 1P, (o, )

q 194
where ¢, denotes the frequency dependent dielectric constant of the NL medium.

We used Newton method implemented in COMSOL software to solve
numerically the coupled non-linear wave equations for F and TH radiations (9) in
the frequency domain (i.e. in stationary conditions), an approximation which is
valid for laser pulses as short as ns-ps but not for ultrashort laser pulses such as tens
of fs. Due to the symmetry of the problem involving gaussian laser pulses, we chose
a 2D (xOy) rectangular domain to solve egs. (9), with the Ox axis corresponding to
the propagation direction of the radiation. The dimensions of the NL medium are L
along the axial x direction and / along the radial y direction. The origin of the Ox
axis is in the focal plane and the origin of Oy axis is in the center of the F gaussian
beam.

Due to the 2D geometry, the Gaussian profile of the F pulse impinging on
the front (i.e. left) boundary of the domain, positioned at x=-L/2, is set to “scattering
boundary” defined as:

E,(x,y)=E, % exp(_ VZ vf}g)]exp{—i[kox—k k, Ry( 5 —77(x)ﬂ (10)

2
Here, E, [ \/Z is the field amplitude, w(x) = w, fl +x_2 denotes the beam
Xo

2
radius at axial x position away from the focus, R(x)= x[1+—gj is the position
X

dependent wavefront radius, and 77(x) = %atan (i] is the Gouy phase shift of the
Xo
Gaussian beam near its waist.
The rear (i.e. right) boundary of the domain, positioned at x=L/2, is also set

to “scattering boundary” with no incident field: 7 x (V x E ) —1ikn x (E X7 ) =0. The

lateral boundaries, positioned at y=-4/2 and y=h/2, are set to “perfect electric
conductor”: 7ixE=0.

4. Numerical and experimental results

We present here numerical simulations on the influence of the focusing conditions
on the efficiency of THG in Xe. We consider that driving laser beam is a “long” ns-
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ps laser pulse at 1064 nm wavelength. The laser is focused to variable beam waist
radius w, = (1+10) pm into the dispersive NL medium (Xe, [10,13]), while the
maximum intensity in the focus is kept constant at /,=10 TW/cm?.

The dimensions of the NL medium are L=20 um in the axial Ox direction

and ~=20 um in the transverse Oy direction. The 2D spatial mesh is set linear along
the axial direction, with a minimum step of 50 nm, and is set denser near the Ox
axis in the radial direction with a minimum step of 5 nm. The numerical simulations
were carried for y® =1072'm?/V?>.

Fig 3(a) presents the F- field distribution within the NL medium when the
F beam is focused to 1 beam waist w,=1um into the center of the NL medium.

Typical spatial distribution of the TH intensity across the NL medium is presented
in Fig3(b). One can see in Fig. 3(b) that the building of TH radiation is starting
before the F focus but is not continuous along the NL medium: it ceases after
approximately 6 pum, which is approximately the Rayleigh length of the focal

volume, and starts again afterwards. This is due to the dispersion of the NL medium
(discussed in Sections 2.1 and 2.2) and the relative values of L and coherence length
L. given by (1). For comparison, we present in Fig. 3(c) the distribution of the TH
intensity across the NL medium in case of a non-dispersive NL medium. One can
see that the building of TH radiation is continuous from the starting point (which is
before the focal plane) across the NL medium.
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Fig. 3. 2D plot of the field distribution within the NL medium for (a) F radiation, (b) TH radiation

in dispersive NL medium, (c) TH radiation in non-dispersive NL medium

Next, we studied the TH signal at the output boundary as a function of focus
position. The influence of the focus position on the TH intensity in the center of the
output boundary is presented in Fig. 4(a), while the influence on the TH flux on the
output boundary is presented in Fig. 4(b). One can note in Fig 4(a) that the best
condition to get most intense TH signal is obtained when the laser is focused at the
rear (i.e. right) boundary of the NL medium, the TH signal being ~7 times more
intense as compared to the case where the focus is in the center of the NL medium.
This could be related to the geometrical Gouy mismatch, as discussed in Section
2.4.
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We can note in Fig. 4(b) that the output TH flux is almost the same for the
front and rear focusing conditions, while the TH flux is minimum when the focus
is located in the center.
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Fig. 4. Intensity (a) and flux (b) of the TH radiation at the center of the rear boundary of the NL
medium, as a function of focus position

The approximate equal TH flux for the front and rear focusing conditions
could be related to the difference between the TH beam radius (and consequently
to the divergence of the TH beam). Fig. 5(a) indicates that the divergence of the TH
beam is very small when the F focusing is realized at the output boundary (see red
curve in Fig. 5(a)).

x10°

5.5
5
45
a4
35
3
2.5
2
1.5
1
0.5
0

TH intensity (arb. units)

— Left focusing (x=-10m)
— Center focusing (x=0)
— Right focusing (x=101m)

x10° [
3.5f

2.5F

15-

TH intensity (arb. units)
N

0.5}

-10

0
y-coordinate (um)

(a)

(b)

Fig. 5. (a) Spatial intensity profile of the TH beam at the rear boundary for three focus positions.
(b) TH intensity at the center of the output rear boundary as a function of beam waist radius.

For the case of optimum focusing conditions (i.e. F focusing at the rear
boundary), we analyzed the influence of the beam waist w, on the TH intensity at

the center of the output boundary. By keeping the intensity /o constant during the
w, scan, we obtained the results presented in Fig. 5(b). One can note that the TH

intensity increases rapidly with focus radius (for w, smaller than ~3 pm) and
saturates at w, values larger than ~4 um to a value that is approximately 5 times
larger than that obtained for 1 pm radius. Thus, we obtain more than one order of
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magnitude increase of the TH signal as compared to the case where 1 pm radius

beam waist is located in the center of the NL medium, as presented in Fig. 4(a).
We further carried experiments on the TH signal intensity as a function of
beam waist radius for two different F intensities: o= 10 and 14 TW/cm?. For this,
we focused IR (1064 nm wavelength) 5 ns laser pulses in open air [8] with three
different focal-length lens: 3 cm, 5 cm and 10 cm. The beam waist radius in the
experimental conditions presented here are ~3.5, 5.5 and 11 pm, respectively,

while the Rayleigh length are ~70, 190 and 750 pm, respectively. The TH signal

was analyzed in axial direction at ~10 cm away from the focus with a fibre-coupled
spectrometer (Ocean Optics). In order to keep constant intensity in focus, we varied
the pulse energy of the F pulses by changing the delay between the flash-lamp and
Q-switch signals. The experimental data presented in Fig 6(a) (with errors in the
10% limit) indicate that TH signal intensity increase with F intensity: TH signal is
higher at 14 TW/cm? as compared to 10 TW/cm?. Fig. 6(a) also indicates that TH
signal is stronger when using loose focusing conditions with 11 um beam radius in

focus.

As discussed in Section 2.4, this result can be understood as follows: when
the beam radius increases, the length of focus (related to x,) increases relative to
the length L of the NL medium so that the interaction region is confined to a single
geometrical coherence length, thus avoiding destructive phase cancellations.

The stronger TH signal obtained with loose focusing at high intensities is
consistent with the numerical results presented in Fig. 6(b). The numerical data
were obtained considering the NL medium as air ([10,13])), with L=40 um and A=

40 pum and the focus positioned in the center of the NL medium as in the

experimental conditions. The good qualitative agreement of the numerical results
with the experimental data validates the theoretical numerical model and the
numerical calculation method presented here.
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Fig. 6. TH intensity vs F beam waist radius: (a) experimental data; (b) numerical results
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5. Conclusions

In this paper we presented a theoretical study of the TH generation process
in Xe and air induced by short nanosecond/ picosecond laser pulses.

We addressed analytically the influence of several factors on the THG
process: the beam waist, the neutral gas and the plasma gas dispersions. We show
than optimal (maximum) THG efficiency may be obtained by a suitable choice of
the individual phase mismatches, geometrical mismatch which must be
compensated by the neutral and the plasma gas dispersions, so that the total phase
mismatch cancels.

We further addressed numerically the influence of the irradiation geometry
on the efficiency of TH generation process with gaussian laser pulses. We found
that the intensity of TH signal at the output of the NL medium can be increased by
two alternative approaches: by focusing the driving laser radiation at the frontier of
the NL medium, and by increasing the focal length (controlled by the driving beam
waist radius) relative to the length of the NL medium. When the two methods are
combined, we can boost the TH signal by more than one order of magnitude as
compared to the case of non-optimized irradiation geometry condition. The
theoretical results on the dependence of the TH signal to the driving beam waist
radius are in good qualitative agreement with the experimental data: at a given
driving intensity, the TH signal increase with beam radius and saturates when the
focal length become much larger than the length of the NL medium.
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