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KINEMATICS MODELING AND SIMULATION ANALYSIS 

OF VARIABLE CURVATURE KINEMATICS CONTINUUM 

ROBOTS  

Selman DJEFFAL 1, 2, Ammar AMOURI 3,* and Chawki MAHFOUDI 1, 2 

Continuum robots increasingly attract researchers’ interest as long as an 

accurate solution for their modeling is still outstanding, in particular that having a 

variable curvature. The key issues in continuum robots are its kinematics models 

due to: structure complexity, equations nonlinearity, redundancy resolution, and so 

on. To tackle those issues, the first contribution presented in this paper provides 

with a methodology to simplify the calculation’s complexity of the Forward 

Kinematics Models (FKMs) of variable curvature continuum robots. The second one 

presents a numerical solution to their Inverse Kinematics Models (IKMs) by using a 

powerful optimization method, namely Particle Swarm Optimization (PSO), taking 

into account specific constraints in both the configuration space and in the 

Cartesian space. Simulation examples through Matlab software have been carried 

out to verify and analyze the significance of the proposed contributions approaches. 

It is noteworthy that the proposed approaches can be successfully applied to 

constant curvature kinematics continuum robots. 

 

Keywords: Continuum robot, multi-section continuum robot, kinematics 

modeling, particle swarm optimization, redundancy. 

1. Introduction 

Traditional rigid robots have shown drawbacks features like restriction in 

complex environments. To cope with these problems and difficulties, the 

researchers' ambitions were directed towards creating soft and flexible structures 

inspired from biological systems found in nature, which are similar to certain 

appendices and tentacles [1-3]. One-of-many attractive features of these robots, 

they can easily move in cluttered environments without traditional revolute and 

prismatic joints, namely they bend and deform continuously along their lengths 

which makes them suitable for a variety of applications such as search and rescue 

operations [4], surgical interventions [5-6], underwater operations [7] and so on. 

From a modeling point of view, kinematic modeling is considered to be 

one of the most difficult problems tackled in continuum robots research. 

However, considerable efforts on the subject have been focused on developing 

accurate kinematic models with respecting as much as possible some specificities 

and proprieties of the considered robot. Nevertheless, most of those works, so far, 
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rely on some hypotheses and approximations such as [8-13] in which the common 

applied hypothesis is the constant curvature (CC) kinematic assumption [8]. 

Indeed, to have a more realistic behavior of the continuum robot, the 

variable curvature (VC) kinematic is the closest model which can be adapted. To 

this end, very few works have been developed [14-17]. In [14], the authors have 

applied the variable curvature kinematic approach to three pneumatic actuators 

continuum manipulator. Their kinematic models are strongly related to the 

constant curvature assumption [8]. The main idea for deriving the FKM is to 

subdivide each section into virtual units, then use the piecewise constant curvature 

assumption for each subdivided section. While their IKM is realized as a velocity 

based-feed forward motion control. In [15-16], both authors propose specific 

kinematics of a single section based on an energy modeling technique. In [17], the 

authors have proposed the inverse kinematic problem of a continuum manipulator 

with a variable curvature. Within the same context, we present in the current 

paper, a simplified method to calculate the forward kinematic models, and solving 

its inverse kinematic problem using Particle Swarm Optimization (PSO) method 

[18]. PSO method is one of heuristic methods which has successfully solved 

difficult optimization problems in various fields of sciences and engineering [19-

20]. The main advantage of this method is its simplicity and fast convergence [21-

22]. This method is successfully applied to solve the IKM for a planar and spatial 

multi-section continuum robot [23-24]. The IKM has been formulated as an 

optimization problem under the CC assumption.  

The main contributions of this paper can be described in two parts; first, 

the paper presents an approximation solution of the forward kinematic model for a 

single continuum robot section with variable curvature, assuming that each of its 

units bends as a circular arc with an inextensible central axis. Then, on the basis 

of this approximation, the FKM of the multi-section continuum robot has been 

calculated. The second part, the paper presents a numerical solution to the inverse 

kinematics models using a heuristic method called Particle Swarm Optimization 

method and via point-to-point technique. 

The rest of the paper is arranged as follows: Section 2 describes the 

continuum robot design. Section 3 demonstrates the followed methodology to 

derive the forward kinematic models for variable curvature continuum robot, as 

well as the identification of its workspace. Section 4 presents the implementation 

of the PSO method for solving the inverse kinematic models. Section 5 provides 

with the obtained results on the models validation through a set of numerical 

simulations. Finally, a conclusion and perspective works conclude this paper. 

2. Continuum robot kinematics 

In this section, the kinematics description of the variable curvature 

continuum robot depicted in Fig. 1(a) is briefly presented, whose complex 
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structure has two conically shaped sections. Each section is mounted at the base of 

its first conical unit, while the remaining conical units are stacked sequentially on 

top. Each section has two degrees of freedom, a bending and an orientation angle, 

and actuated by three independent cables. To have a simplified description of the 

continuum robot under consideration, the profile of the whole section is 

assimilated into a curve formed by a serial concatenation of circular arcs, which 

represents the central axis of it [24], see Fig. 1(b). A detailed illustration of a 

conically shaped unit showing arc parameters and geometric properties is 

displayed in Fig. 2. To achieve this purpose, the symbols, variables and 

parameters shown in Table 1 are used. We note, here, that the index k  which 

refers to the thk − section has been omitted in the graphs of Fig. 2. 

 
(a)                                             (b) 

Fig.1. Continuum robot kinematics: (a) global coordinate frames for each section k , (b) local 

Coordinate frames of each unit ( ),j k . 

 

 

 

 

 

 

 

 

 

 

 
 

 

Fig. 2. Geometry of a single conically shaped unit ( ),j k and its kinematics nomenclature 
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Table 1 

Kinematics nomenclature 

i  : is the index of cables 1, 2,3i =  
,( , , ) j kx y z  : is the local coordinate frame 

j  : is the index of units 1, 2,...,j m=  ( , , )
k

X Y Z  : is the global coordinate frame 

k  : is the index of sections 1, 2k =  
,j k

  : is the bending angle 

,i j

,i j
 

: is the non-conic unit cable length  

: is the conic unit cable length 
k

  

j
  

: is the orientation angle 

: is the curvature 

j
l  : is the length of the central axis of 

the unit j  
j

r  : is the radial distance between 

cables and the central axis 

3. Forward Kinematics Modeling 

In this section, we describe the simplified methodology which derives the 

forward kinematic modeling of variable curvature continuum robot; it mainly 

depends on the constant curvature assumption [8] and relates to the following 

assumptions: 

i. The continuum robot is described as an open kinematic chain of sections; 

ii. Each section is a set of equally-spaced concatenation with a number of 

conically shaped units and their cables lengths are homogeneously fragmented. 

iii. Each section bends without torsion effect; 

iv. Each conically shaped unit is modeled as an inextensible arc of circle having 

its individual arc parameters and bends in weak angles. 

 

According to those assumptions, the relationships from the actuator space 

to the Cartesian space, i.e. the FKMs, for the continuum robot can be derived 

through three steps. Starting with the FKM of a single conically shaped unit, then 

the FKM of a single section and finally, the FKM of a multi-section continuum 

robot. 

3.1. FKM of a single conically shaped unit 

As shown in Fig. 2, a single conical unit of the continuum robot is 

considered when it comes to calculating the forward kinematic model. In general, 

this model consists in representing the operational coordinates ,j kX as a function 

of the cables length ,j kQ through arc parameters ,j kK (see Fig. 3). Therefore, 

under the assumption that each unit bends as a circular arc shape, the independent 

transformation can be written as Equation (1) [8]. For simplicity reasons, we note 

that the index k  which refers to the thk −  section will be omitted in the 

following formulation. 
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where 1Rj
j

−  is the orientation matrix of frame ( ), , ,j j j j jo x y z with respect 

to 1j− , and 1Pj
j

−  is the position vector which defines jo  in frame 1j− . 

 

 

 

 
 

 

 

 

 

 

Fig.3. Global view of the single unit modeling 

 

The specific transformation that expresses the cables length, ,i j , of each 
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where jr  is the distance between the center of the unit ( ),j k and the location of 

each driving cable which can be expressed as 
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( )max, max, min,j k k k

j
r r r r

m
= − −                                                         (6) 

where min,kr  and max,kr  are, respectively, the minimum and the maximum radius 

of the section k. The values of those parameters are given in Table 2. 
Table 2 

Parameters of the considered continuum robot 

 Section 1k =  Section 2k =  Description 

k
m  5 units 5 units Number of physical units per section 

k
L  300 mm 300 mm Total length of the section 

min,k
r  17.5 mm 10 mm Radial cable distance 

max,k
r  25 mm 17.5 mm Radial cable distance 

As long as each unit has a conically shaped form, Equations (4) and (5) 

should be expressed depending on the cable lengths ,i j  instead of ,i j . 

Therefore, according to the assumption (iv), we use the analytical approximation 

solution proposed in [14], as 

( )
22

, , 1i j i j j jr r −= − −                                                                 (7) 

3.2. FKM of a single continuum robot section 

According to assumption (ii) and (iii), the FKM of a single continuum 

robot section can be expressed as  

1 1,
,

1

T T
m

k j k
k j k

j

− −

=

=                                                                      (8) 

where 1,
,Tj k

j k
−  is the homogenous transformation matrix defines the position and 

orientation of the platform unit’s frame j with respect to its base frame 1j− . 

On the other hand, the continuum robot section is equally subdivided into 

m units with weak bending angles, which leads to an important observation, 

namely a constant ratio which relates arc parameters and geometric parameters of 

the section’s units. Thus, we can get the following relationship as 

1,
, 1,

,

k
j k k

j k

r

r
 =                                                                                 (9) 

Remarkably, an increased number of units, increases also the accuracy of 

solutions from the equation (9) (i.e. the angle i  is closer to 2 , see Fig. 2). 

Therefore, by using the Equation (9), the FKM of a single section can be only 

expressed by two variables 1,k  and k . This approximation leads to a remarkable 
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simplification and reduction in the number of variables involved in the FKM as 

well as the calculation of the IKM. Considering the previously made 

simplification, the FKM and IKM will be accordingly developed in the following 

sections. An illustration of Equation (9) is shown in Fig. 4. The left side of this 

Figure illustrates the plot of different bending angles as a function of a given 

variation in cables length of each unit. The constant ratios relate arc parameters 

and geometric parameters are illustrated in the right side of Fig. 4. 

 
 (a)                                                            (b) 

Fig.4. (a) Bending angles as a function of a given variation in cables length for each unit, (b) The 

constant ratios relate arc parameters and geometric parameters of the section ( )1k =  

3.3. FKM of multi-section continuum robot 

According to assumption (i), the FKM of the multi-section continuum 

robot can be easily established using the previous homogeneous transformations 

as 
2

0 1

1

T T
n

k
n k

k

=
−

=

=                                                                            (10) 

where 
1Tk

k
−

 represents the transformation matrix of frames from platform k  to 

platform 1k − , and it is associated with the thk −  section of the continuum robot. 

3.4. Workspaces generation 

In order to generate the desired trajectory that the robot can properly track, 

its workspace must be known. It presents the set of all reachable positions by the 

robot's tip. For simplicity reasons, Fig. 5 shows the possible end-positions of the 

first section and of the continuum robot in two dimensional representations. These 

points were obtained using the FKM for the first bending angle of each section 

which ranges as 1, [ 8, 8]k   − . In this Figure, some possible positions that the 

continuum robot’s tip can reach are denoted by the letter A (red, dotted curved-

lines), and the reachable positions by the robot’s first section are denoted by the 

letter B (yellow, dotted curved-lines). To thoroughly understand the behavior of 
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the considered robot within its workspace, we fixed the robot’s first section in 

specific positions and exclusively allowed the robot’s second section to move, it’s 

possible movements is illustrated by the letter C (black, solid curved-lines) , three 

black curved-lines for each specified position. 

 
Fig.5. 2D view of the workspace for the continuum robot with two sections and reachable positions 

for each section. 

4. PSO based approach for solving inverse kinematics models 

For any robotic system, the inverse kinematics model can be summarized 

as: for a given posture, position and orientation, find the needed actuator vector 

variables which satisfy some motions constraints. To achieve this purpose, various 

methods were explored based on the forward kinematics models such as the works 

in [8, 14, 17, 25]. But due to the nonlinearity of the forward kinematic model and 

the kinematic redundancy of this kind of robots, it is generally very difficult to 

solve this problem directly. Even, if the set of nonlinear equations can be solved, 

the unique solution is not guaranteed. Usually, these problems are addressed using 

an algorithm which minimizes/maximizes a set of given criteria [23-25]. In this 

context, a powerful optimization method namely, Particle Swarm Optimization, is 

implemented to choose one inverse kinematic solution among an infinite number 

of configurations satisfying a certain additional constraints. 

4.1. Particle Swarm Optimization 

PSO is a population-based search algorithm, developed by Kennedy and 

Eberhart [18]. This method is based on the simulation of the social behavior of a 

set of birds, fishes and other flocks.  

In the PSO algorithm, the starting phase consists of randomly generated 

particles which aim at reaching optimal solutions through updating iterations. At 

each iteration step t , four available information for each particle p : the first 

information is the local position vector of the best solution which was achieved so 
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far and is denoted by ( )bP t . The second one is the position visited by the particle 

swarm optimizer which is selected by all particles’ best experiences, it represents 

the global best position and denoted by ( )gbP t  . Other information is the current 

position of a particle in search space given by a vector ( )P t  and its velocity given 

by v( )t . Therefore, velocities and positions of particles keep changing at each step 

time t  until they are suitable according to the following equations: 

( ) ( )1 1 2 2v( +1) = v( ) + c ( ) ( ) c ( ) ( )b gbt t P t P t P t P t  − + −       (11) 

( 1) ( ) v( 1)P t P t t+ = + +                                                                (12) 

where   is the inertia weight; 1 2c , c  are two positive constants; and 1 2,   are 

two random numbers with uniform distribution between 0 and 1.  

The importance of parameters involved in equation (11) is to provide the 

algorithm behavior with the needed convergence. For instance, the inertia   

gives the algorithm’s convergence rate, in some challenging problems, rate is 

required to be applied in small increments in order to keep the algorithm stable, 

and the coefficients 1c  and 2c guide the tendency of the swarm to converge to a 

local or global best solution. Basically, iterations number and swarm size mainly 

depend on the complexity of the studied optimization problem. 

4.2. The objective function and Problem setting 

When via point’s technique is concerned in robots tracking trajectory, the 

robot’s tip requires specific actuator vector variables to properly track the 

described and desired trajectory. Additionally, the orientation robot’s tip cannot 

be ensured for the considered multi-section continuum robot. Due to these 

challenging conditions, an appropriate objective function is proposed to be an 

alternative solution and which can be expressed as 

obj d gf = −X X                                                                           (13) 

where dX  and gX are, respectively, the desired and the generated Cartesian 

coordinates of the continuum robot’s tip given by the fourth column of the 

homogeneous matrix defined in Equation (10).  

On the other hand, due to the continuum robot’s hyper-redundancy, 

equation (13) has an infinite number of solutions. Therefore, to select one solution 

among them, additional constraints are added to the objective function, which are 

discussed in the simulations analysis section. 

The main purpose of this section is to find the bending and orientation 

angles (i.e. 1,k  and k ) of each section, which will be adopted to make the 

robot’s tip track the desired trajectory via point-to-point technique. To this end, at 

each sampling instant, the optimization problem, Equation (13), has been solved 
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to obtain the sequences 1,k  and k , in which the last sequence is considered to be 

the optimized couples applied to the robot. In this case, the coordinates of the 

particle in PSO are the variables of the optimization problem and the particle 

swarm is the set of possible solutions of the problem. 

5. Simulations analysis 

To underline the efficiency of the proposed forward and inverse 

kinematics solutions, three simulation examples for tracking trajectory via point-

to-point technique are considered. The first is related to a single section. The 

second example concerns a continuum robot with two sections in the planar 

projection; while the last one is considered for the three-dimensional case. The 

geometric parameters describing the multi-section continuum robot in this study 

are presented in Table 2. The implementing process has been performed in Matlab 

software using an Intel Core i3, 2.10 GHz, 4 GB RAM. 

5.1. Simulation one 

In this simulation, the continuum robot with five units corresponding to the 

first section is parameterized in Table 2, as depicted in Fig. 6, is used for tracking 

a trajectory on its own workspace. In this simulation example, we only considered 

the configuration and Cartesian spaces; thus, for a given Cartesian coordinates of 

the section’s tip, the variation of bending and orientation angles have been 

calculated and saved, using the proposed IKM. On the other hand, in order to 

verify the efficiency of the proposed model, the corresponding bending and 

orientation angles are calculated using FKM. Figure 7 shows the bending and 

orientation angles calculated by the FKM and those obtained by PSO method, i.e. 

IKM, where the Euclidean errors are deduced. It can be seen that there is a 

significant convergence between them, where the maximum error is less than 

0.0008 rad. 

 
Fig. 6. Representation of the initial and final configuration of the continuum robot’s first section 

tracking the desired trajectory in its own 3D workspace 
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Fig. 7. Bending and orientation angles obtained from FKM and IKM 

5.2. Simulation two 

In the second simulation, the continuum robot with two sections, each 

section consists of five units, is considered to track the trajectory which is defined 

by Equation (14). Figure 8(a) shows some solutions of IKM, i.e. possible 

configurations of the robot, for a given point of the desired trajectory. Due to the 

robot’s redundancy, for instance, in order to select one solution among the infinite 

ones, the additional constraints defined as 2 0   and 
5

1 20 , 10  −   have been 

added to the objective function. Figure 8(b) presents some configurations of the 

robot for the desired tracking trajectory with previously-defined additional 

constraints, and the corresponding profile of cables length is presented in Fig. 9.  

2
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400
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= =
 =

                                                    (14) 

         
(a)                                                               (b)              

Fig. 8. Continuum robot’s configuration, (a) Possible solutions for each desired point, (b) Some 

configuration of the robot tracking the desired trajectory with additional constraints. 
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Fig. 9. Calculated cables length 

 

Because the calculation of the cables length is strongly related to the 

proposed approximation (Equation (9)), the effect of the latter is clearly visible on 

the profile of the cables length of each unit, as shown in Fig. 10 and 11. It is 

obviously clear that the more the bending of a section increases, the more the 

cables’ length of each unit orderly decrease from bottom to top. To thoroughly 

point out this phenomenon, we can refer to the second section, where the robot 

enormously bends, in particular the last position. From these observations, we can 

say that the six cables’ length converge to the last point as shown in Fig. 11. 

 

 
 

 

 

 

 

 

 

 

 

Fig. 10. Profile of the cables length for the first section’s units. 

 

 
Fig. 11. Profile of the cables length for the second section’s units. 

5.3. Simulation three 

Similar to the second simulation, the same robot tracks a circular spatial 

trajectory defined by Equation (15). To select one IK solution, the additional 
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constraints defined as 1,1 0  , 1,2 0  and
6

10 10Y −   are added to the objective 

function.  

( )

( )

( )

2

2

2

30cos 5

30sin 5 , for 1: 0.25 :10

440 30sin 5

X t

Y t t

Z t







=


= =
 = +

                             (15) 

The illustration of this example is shown in the left side of Fig. 12. The 

right side of this Figure shows the desired and the generated trajectory by the 

proposed model, where the Euclidean errors are deduced (see the bottom side of 

Fig. 12(b)). The profile of cables length which allows the robot to track the 

trajectory is shown in Fig. 13. For each section, the first bending and orientation 

angles are shown in Fig. 14. 

 

          

(a)                                                                              (b) 

Fig.12. (a) Some configurations of central axis of the robot tracking the desired circular trajectory, 

(b) Trajectory comparison with reference and their Euclidean errors 
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Fig.13. Profile of cables length 

 

 
Fig.14. Bending and orientation angles 

To sum it up, the adopted approximation which is described by equation 

(9) significantly facilitates the implementation of FKM, namely few variables are 

included to develop its theory. Additionally, the Proposed FKM is able to 

accurately predict the continuum robot’s tip in particular for the case of weak 

bending angles, while the positioning errors of the IKM depends on the desired 

precision and the time execution of PSO method. In the view of the obtained 

results, the proposed kinematic models are satisfying and achieve good 

performance. 

6. Conclusion 

In this paper, we presented a methodology to calculate the forward 

kinematic modeling of variable curvature continuum robots, and solving its 

inverse kinematic problem. The proposed modeling approaches are able to model 

hyper-redundant or continuum robots that consist of multi-section. The advantage 

of the proposed approach serves to narrow down the number of variables which 

appear when calculating the FKM of multi-section continuum robot with variable 

curvature, in other words, the complexity of the non-linearity of its governing 

equations can be simplified through the proposed methodology. On the other 

hand, the inverse kinematic modeling of continuum robots is mathematically 
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solved through the governing objective function. To make sure that the proposed 

modeling approaches are efficient, various simulations examples are dedicated to 

tracking different types of trajectory. In the view of the obtained results, the 

proposed FKM and IKM have shown their suitability for use in continuum robot 

as well as achieving good performance. In addition, they are reliably able to 

model continuum robots with more than two sections. And more importantly, the 

proposed approaches show a significant accuracy even for weak bending angles of 

continuum robots which permits to skillfully control continuum robots in different 

operations. From a practical point of view, the studied robot in this paper is 

undoubtedly not a straightforward mechanism, since some of the adopted 

assumptions are difficult to implement; for instance, its cables lengths are 

homogeneously fragmented which requires an elaborate means to satisfy this 

condition, yet its practical realization is doable and of an interest. Since the PSO 

method does not depend on the degree of redundancy of the robot and its 

characteristics; therefore, a possible extension of the proposed approaches to 

continuum robots with variables elongation will be addressed in future works. 
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