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COVARIANT VERSION OF THE STINESPRING TYPE THEOREM FOR
n-TUPLES OF COMPLETELY POSITIVE MAPS ON HILBERT
C*-MODULES

Maria Joita!

In this paper, we give a covariant version of the Sinespring construction for
n-tuples of covariant completely positive maps on full Hilbert C*-modules.
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1. Introduction and Preliminaries

Completely positive linear maps are an important tool in quantum information theory.
The structure of completely positive maps, the description of the order relation on their set,
the characterization of pure maps and extremal maps according to their structure play an
important role in understanding a lot of problems. Stinespring’s representation theorem
is a structure theorem for operator valued completely positive maps on C*-algebras. A
completely positive map ¢ : A — L(H) is of the form ¢ (-) = V*n () V where 7 is a *-
representation of A on a Hilbert space X and V is a bounded linear operator from H to
X [8]. A Stinespring type theorem for a class of unital maps on Hilbert C*-modules was
proved by Asadi in [1] and Bhat, Ramesh and Sumesh in [3]. In [5], Joita introduced the
notion of operator valued covariant completely positive map on Hilbert C*-modules and she
provided a covariant Stinespring construction associated to such map. Pliev and Tsopanov
[7] introduced the notion of n-tuple of completely positive maps on Hilbert C*-modules and
they provided a Stinespring construction for n-tuples of completely positive maps on Hilbert
C*-modules. In this note, we introduce the notion of n-tuple of covariant completely positive
maps on Hilbert C*-modules and we prove a covariant Stinespring type theorem for such
maps.

A Hilbert C*-module over a C*-algebra A is linear space X which is also a right A-
module equipped with an inner product (-,-) which is A-linear in the second variable, (z,x)
>0 for all z € X, (z,x) = 0 if and only if z = 0 and (z,y)" = (y,z) for all z,y € X and

such that X is complete with respect to the norm ||z|| = ||<33,x>||% . It will be denoted by
(X, A). If the closed bilateral %-ideal (X, X) of A generated by {(x,y);z,y € X} coincides
with A, we say that X is full. For more details we refer the reader [6].

Let H and X be Hilbert spaces. Then L(3,X) has a natural structure of Hilbert
C*-module over L(H) with the module structure given by

T-S=ToSforall T € L(H,X) and S € L(K)
and the inner product given by
<T1,T2> = (Tl)* oT5 for all T,T5 € L(IH:, j{)
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A morphism of Hilbert C*-modules from a Hilbert C*-module (X, A) to a Hilbert
C*-module (Y, B) is a map ¥ : X — Y with the property that there is a C*-morphism
¢ : A — B such that (U (z),P (y)) = ¢ ({(x,y)) for all z,y € X [2, p. 184]. If (X, A) is full,
then the underlying C*-morphism ) of ¥ is unique. An isomorphism of Hilbert C*-modules
is a bijective morphism of Hilbert C*-modules ¥ such that U~ is also a morphism of Hilbert
C*-modules.

An action of a locally compact group G on a full Hilbert C*-module (X, A) is a
pair (v, «), where « is an action of G on A, v is a group morphism from G to the group
Aut(X, A) of all isomorphisms of Hilbert C*-modules on (X, A) such that, for each z € X
the map g — 74 («) from G to X is continuous, and for each g € G, (74, ay) is an isomorphism
of Hilbert C*-modules.

A representation of a full Hilbert C*-module (X, A) on the Hilbert spaces 3 and X
is morphism of Hilbert C*-modules from (X, A) to (L(H,X), L(H)).

A 5-tuple ((mx,ma),u,v,H,XK) consisting of a representation (wx,m4) of (X, A) on
H and X and two unitary representations (u, H) and (v, X) of G such that

Tx (79 (%)) = vgmx () ug
for all g € G and for all € X is called a representation of (X, A), covariant with respect to
the action (y,a) of G on (X, A) [5]. If (mx,m4),u,v,H,XK) is a representation of (X, A),
covariant with respect to (y,a) and X is full, then (w4, u,) is a representation of A,
covariant with respect to the action a of G on A.

Asadi [1] introduced the notion of operator valued complete positive map on Hilbert
C*-modules. A map @ : (X, A) — (L(H,X),L(H)) is completely positive if there is a
completely positive map ¢ : A — L(H) such that

(@ (2),®(y) = ¢ ((z,9))
for all z, y € X. Bhat, Ramesh and Sumesh [3] provided a Stinespring construction associated
to a unital completely positive map ® : (X, A) — (L(FH,X), L(H)) in terms of the Stinespring
construction associated to the underlying completely positive map ¢ : A — L(H).

Let (u, H) and (v, X) be two unitary representations of G. A completely positive map
O: (X, A) = (L(H,XK), L(K)) is (u,v) —covariant with respect to (v, «), if

P (7g () = vg® () uy
for all g € G and for all z € X [5].

2. n-tuples of completely positive maps

Let (X, A) be a Hilbert C*-module.

We recall that a completely n-positive linear map [p] from a C*-algebra A to another
C*-algebra B is a matrix [apij]zjzl of linear maps from A to B such that [¢] ([aij]zjzl) =
[ij (aij)}?jzl and [¢] : M,,(A) — M, (B) is completely positive.

Definition 2.1. [7] An n-tuple ® = (D1, Py, ..., D) of linear maps from X to L(FH,XK) is
completely positive if there is a completely n-positive linear map [p] = [‘Pij]?j=1 from A to
L(X) such that

(@ (2), @5 (]2, = i ()]l
for all x,y € X.
Example 2.1. Let X = M(C) and A = M5(C). Consider the maps ®1,P5 : My(C) —
L ((CQ,(C4) given by

—a

d; (a) = [ _“a } . respectively ®» (a) = { ia }
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and the linear maps or; : Ma(C) — L (C?) ,k, j € {1,2}, given by
11 (a) = a2 (a) = 2a; 12 (a) = 2ia and @21 (a) = —2ia.

Clearly,
@ (a)” @; (b) = (a™D)
for all a,b € M5(C) and for all k,j € {1,2}. Since

[sm(a) sﬂlz(b)} _ { 2 2ib}

21 (€) a2 (d) —2ic  2d
RPN
0 —V2il, || c d 0 V2il
for all a,b,c,d € My(C), where Iy denotes the unity of Mo (C) and i € C with i* = —1, the
map [¢] = Z; g;z ] is a completely 2-positive map from Mz(C) to L (C?). Therefore,

the pair (®1, P2) is completely positive.

Example 2.2. Let X = My (C), A= My (C). The map 7x : Ma (C) — L(C*) given by

o[ 2 5]

18 a representation of X, since
* a*b 0
@ x| %G ]

for all a,b € M5(C) and the map 7 : My (C) — L(C*) given by

7TA(G)2|:8 2]

is a representation of My (C) on C*.

[ L L [0 I o o0 [0 —L
AR I KR R R e S |
For each i,j € {1,2}, consider the map p;j : Ma (C) — L(C*) given by

pij (a) = Vi'ma(a)V;
and for each i € {1,2}, consider the map ®; : My (C) — L(C*) given by
®, (a) =W/ rx (a) Vi.

Then [¢] = { iu 212 ] is a completely 2-positive linear map from M (C) to L(C*) [4,
21 P22
Proposition 4.1.7] and it is easy to check that
Vimx (a)" WiWinx (a) V; = @ij (a*b)

for all a,b € M5 (C) and for all i,j € {1,2}. Therefore, ®; (a)" ®; (b) = ¢;j (a*b) for all
a,b € Ms (C) and for all i,j € {1,2}, and so the pair (P, Ps) is completely positive.

In the general case, we have the following result.

Proposition 2.1. Let (X, A) be a Hilbert C*-module, let (mx,7a) be a representation of
(X,A) on H and X, V1,..,V, € L(K) and Wy,.., W, € L(X) such that

Vinx (x)" W¢W;7TX W)V = Vi'ma (z,y)V;
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for all x,y € X and for all i,j € {1,2,....,n}. Then, the n-tuple (Pq, @g, ..., ,) of linear
maps from (X, A) to L(3H,XK), where
O, (z) =W'rnx (z) Vi,z € X,i € {1,...,n},
is completely positive.
Proof. For each i,j € {1,2,...,n}, consider the linear map ¢;; : A — L () defined by
pij (a) = Vi'ma (a) V.

Then [p] = [pi;];;_, is a completely n-positive map from A to L (J{). Since

P (2)" @5 (y) = Vinx (2)" WiWinx (y)V;

= Vima((z,9) Vs = @ij (2, 1))

for all z,y € X and for all 4,5 € {1,2,...,n}, the n-tuple (P, Ps,...,d,) is completely
positive. (|

In [7, Theorem 2.1}, Pliev and Tsopanov shown that for an n-tuple ® = (®1, 5, ..., D,,)
of completely positive maps from (X, A) to L(H, X), there are a representation (wx,74) of
(X, A) on the Hilbert spaces H; and XK;, V; € L(H,H;) and W; € L(K,K4),i € {1,2,...,n}
such that

O, () =Wirx () Vi,i e {1,2,...,n}.
Moreover, if H; = Span{ma (a) Vi§,a € A, € H,i = 1,..,n} and K; = Span{rx (z) Vi¢,
x € X, £ € H,i =1,.,n},then the above writing is unique up to unitary equivalence [7,
Theorem 2.2]. The 2n + 3-tuple
((T(Xa 7TA) ) g{la g{la V17 ceey V;m W17 ceey Wn)

is called the minimal Stinespring construction associated to the n-tuple ® = (@4, ®,, ..., ;)
of completely positive maps from (X, A) to L(H, X).

3. n-tuples of covariant completely positive maps

Let (X, A) be a full Hilbert C*-module, let G be a locally compact group G, let (v, @)
be an action of G on X, and let (u,H) and (v, X) be two unitary representations of G.
Definition 3.1. An n-tuple (®q, ®o, ..., D,) of linear maps from (X, A) to L(H,XK) is com-
pletely positive, (u,v)-covariant with respect to the action (vy,a) if there is a completely
n-positive linear map [p] = [goij]?jzl from A to L(H) such that

(@ (z), 25 W)} ;=1 = s (2, 9]}
forall x,y € X and
D (7g () = vy i () uy
forall g € G, for all x € X and for alli € {1,2,...,n}.

Remark 3.1. From
pij (ag (z,1)) = @ij (79 (@) ,79 ))) = (Pi (g (), 25 (79 (v)))

<’qu)i (.’L‘) u;a Ug(bj (y> U;> = UgPij (<.’IJ,y>) U;
for all g € G, for oall z,y € X and for all i,j € {1,2,...,n}, we conclude that [p] is u
-covariant with respect to .

Proposition 3.1. Let (X, A) be a full Hilbert C*-module, let ((mx,ma),u v, H,K) be a
representation of (X, A), covariant with respect to (v, ), Vi,...,Vy, € L(H) and Wr, ..., W,, €
L (X) such that

(1) uyV; = Viug for all g € G and for alli € {1,2,...,n};
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(2) vyWi =W, forall g € G and for alli € {1,2,...,n};

(3) Vi'ma ((z,9) Vi = Vitnx () WiWinx (y) Vj for all z,y € X, and for all i,j €
{1,2,...,n}.
Then, the n-tuple (®1, D, ..., D) of linear maps from (X, A) to L(H,XK), where

o, ((E) = Wi*,]rX (CL’) Vviax € X7Z € {17 ...,TL},
is completely positive, (u,v)-covariant with respect the action (7, «).

Proof. By Proposition 2.1, (®1, @, ..., ®,,) is completely positive. For each ¢ € {1,2,...,n},
we have

O (g (x) = Wivgmx (x) (ug)" Vi

= v Wirx (x) Viuz =v,®; ((z)) u;
for all g € G and for all z € X, and so (®1, Py, ..., D,,) is (u,v)-covariant with respect the
action (7, ). O

Theorem 3.1. Let & = (P, Po, ..., P,) be an n-tuple of completely positive maps from
(X, A) to L(H,X), (u,v)-covariant with respect to the action (v,c). Then there is a co-
variant representation ((7Tq>, 77[90]) 0%, w? He, Ka) of (X, A) on the Hilbert spaces He and
Ke and there are the bounded linear operators Vi®, ... V,® € L(H,Hs) and W, ..., W2 €
L(X,Xg) such that:

(1) @ij (a) = (Vf’)* ) (a) V2 for all a € A and for all i, j € {1,2,...,n};

(2) ®;(z) = (W;D)* e (x) V.2 for allx € X and for alli € {1,2,....,n};
(3) vgVi® =V2uy for all g € G and for all i € {1,2,...,n};

(4) wg’Wf’ = W2v, for all g € G and for alli € {1,2,...,n};

(5) Span {m,) (a) VP&ae A eH,i=1,2,...,n} = Ha;

(6) Span {me () V2&r e X, 6 € H,i=1,2,...,n} = Ko.

Proof. Let (7, IIC2 I T VP V..) be the covariant Stinespring construction associated to
[¢] (see, for example, [4, Theorem 6.1.3]). Recall that (A ®as H)" /N,  where

n

N = Span{(a; ®&)i_, 3 Y (& is (afa;) &) = 0},

i,j=1
is a pre-Hilbert space with the inner product given by

n

((a; ® 51’)2;1 +N,(b; ® 771‘);;1 +N) = Z (&, wij (aibj)my)

i,j=1
and H; is its completion, the representation 7, is given by
7 (@) (a5 ® &)iy + N) = (aa; ® &);_y + N

Vi€ =1lim¢&; 5, where &y = (ex ® 0;;€)_, +N and {ey} is an approximate unit of A and vl#]
—

is a unitary representation of G on H; given by vg[f] ((a; ® &)y +N) = (g (a5) @ ug (&) +
N. Moreover, 3; is generated by {m,(a)Vi;a € A, € H,i=1,2,...,n} and vé“a]‘/i = Viu,
for all g € G and for all i € {1,2,...,n}.
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Let K7 be the vector subspace of X generated by {®;(z)&; 2 € X, £ € H,i=1,2,....,n}.
From

ZZCI)Z Lij g’t] = szg xz] E'L]

Jj=11i=1 Jj=11:i=1

Z Z Di (g (w45)) uglij

j=1 i=1

for all ¢ € G, we deduce that X; is invariant under v. Then w® = v|y, is a unitary
representation of G on X;.
For each z € X, the linear map 7o (z) given by

m n

SO g laig) Vig | = D0 @i (waij) &y

j=1i=1 j=1i=1

defines a bounded linear map from H; to Xy [7, Theoem 2.1]. Thus, we obtain a map
Te : X — L(Hy,XKy). Moreover, since mg ()" 7o (y) = m, ((z,y)) for all z,y € X, and
since

wlre @) (o17) | 223w (as) Vit

j=1i=1

= wime ( (Z g (og-1a:5) (Ugo])*vigij

j=11:=1

= szg a”)) U;ﬁij
j=11:=1

= D > i (v (ag- (ai)) &
j=11i=1

== Zz@z '—Yg a’L] §1j
j=11:=1

= (’Yg Z T[] au ngj ,

j=11i=1

((7Tq>, 77[@]) Jolel w® Ky, 9(1) is a representation of X, covariant with respect to (v, a).

For each i € {1,2,...,n}, W2 denotes the orthogonal projection of X on the vector
subspace generated by {®;(z)¢;x € X, & € H}. Moreover, since Span{®;(z)¢;x € X, & € H}
is invariant under the unitary representation v, wq’W‘I’ = ng‘I’ W‘bvg for all g € G and
for all i € {1,2,...,n}.

Let Ho = 9—(1, Ko = K1, v® =vl¥l and Ve =V, i€ {1,2,...n}. Then ((Ta, 7)),
v®, w?® Hyp,Kg) is a representation of (X, A), covariant with respect to (v, a) such that
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veV® = VPuy and wy WP = Wou, for all g € G and for all i € {1,2,...,n}. Clearly,

Span {7g (z) Vi{;z € X, € € H,i = 1,2,...,n} = Ke, Span{my,(a)Vi&a € A, € H,i =
1,2,..,n} = He and

ij(a) = (Vi*) i) (@) Vi

for all a € A and for all 4,5 € {1,2,...,n}. It is easy to check that

O (z) = (W) 7o (x) V;®

K3

for all x € X and for all i € {1,2,...,n}. |

The 2n + 5-tuple ((7T<1>,7T[<p]) 02, w'i’,?'ﬁp,fK@,Vf’, e V,?,Wf’, e WE’) constructed
in the above theorem is called the minimal covariant Stinespring construction associated
to the n-tuple ® = (&1, Py, ..., P,) of completely positive maps from (X, A) to L(H,XK),
(u,v)-covariant with respect to the action (v, a).

Theorem 3.2. Let & = ($1,Po,...,D,,) be an n-tuple of completely positive maps from
(X, A) to L(K,X), (u,v)-covariant with respect to the action (v, ). If ((mx,ma), v, w', H', K)
is a representation of (X, A), covariant with respect to (v,«a), Vi,...,V, are elements in
L(H, H"), Wy, ..., W, are elements in L(K,XK') and the following relations hold:

(1) wij (a) =V*ma(a)V; for alla € A and for all 4,5 € {1,2,...,n};
i(@) =W nx (x)V; for allz € X and for alli € {1,2,...,n};
o Vi = Viug for all g € G and for all i € {1,2,...,n};
Wi =Wiv, for all g € G and for all i € {1, 2 ey}
Span {ma(a)Vi&a € A6 € H,i=1,2,....,n} = H';
Span {nx (x) Vi€iw € X, € € i = 1,2,.,n} = X,
then there are two unitary operators Uy € L(He, H') and Uz € L(Kg,XK') such that:

(a) Usmg (z) = mx () Uy for all z € X,

()U17T ()—7‘[‘,4( )UlforallaEA

(c) V] U1 Ulv w UQ Ugw for all g € G,

(d) V U, Ve andW UQVV(I> for allie {1,2,...,n}.

Proof. Since (ma,v',H', V1,...,V,,) is unitarily equivalent to the covariant Stinespring con-
struction associated to [¢] (see, for example, [4, Theorem 4.1.8]), there is a unitary operator
Ui € L(Hg,H') such that Uyn,)(a) = ma(a)U; for alla € A, V; = U, V2 v U1 Ulv‘I’ for
all g € G, and for all i € {1,2,...,n}. Moreover,

m n

ZZT([@ azg V gz] :ZZ'H—A (aw)‘/;gzg

j=1i=1 j=1i=1

Since ((mx,ma),w v, H Vi, ..., Vo, W1, ..., W,,) is unitarily equivalent to the Stinespring
construction associated to ® [7, Theorem 2.2], there is a unitary operator Us : Ko — K’
such that

m n

DD ma(wiy) ViR | =D wx (wy) Vi

j=1i=1 j=1i=1
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for all z;; € X and for all §; € 3,i € {1,2,...,n},j € {1,2,...,m}. Moreover, Uy (z) =
mx (x) Uy for all 2 € X and W/ = UsW for all i € {1,2,...,n}. From

m n

wiUs | DD me () Vi

j=11i=1
= w; Z ZWX (zi5) Viiz
j=11i=1
= D wx (v (i) vy Vi
j=11i=1

m n

= Z Z x (Vg (45)) Viug€sj

j=11i=1

m n

= Uz | D> ma (g (i5)) ViPuyly

j=1i=1

n

= Ua | DD wime (wi;) Vi

j=1i=1

= Uowy | Y 7a (wi) Vi

j=14=1
we deduce that w;UQ = UQ’U};I) for all g € G. |
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