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1. Introduction and Preliminaries

Completely positive linear maps are an important tool in quantum information theory.
The structure of completely positive maps, the description of the order relation on their set,
the characterization of pure maps and extremal maps according to their structure play an
important role in understanding a lot of problems. Stinespring’s representation theorem
is a structure theorem for operator valued completely positive maps on C∗-algebras. A
completely positive map φ : A → L(H) is of the form φ (·) = V ∗π (·)V where π is a ∗-
representation of A on a Hilbert space K and V is a bounded linear operator from H to
K [8]. A Stinespring type theorem for a class of unital maps on Hilbert C∗-modules was
proved by Asadi in [1] and Bhat, Ramesh and Sumesh in [3]. In [5], Joiţa introduced the
notion of operator valued covariant completely positive map on Hilbert C∗-modules and she
provided a covariant Stinespring construction associated to such map. Pliev and Tsopanov
[7] introduced the notion of n-tuple of completely positive maps on Hilbert C∗-modules and
they provided a Stinespring construction for n-tuples of completely positive maps on Hilbert
C∗-modules. In this note, we introduce the notion of n-tuple of covariant completely positive
maps on Hilbert C∗-modules and we prove a covariant Stinespring type theorem for such
maps.

A Hilbert C∗-module over a C∗-algebra A is linear space X which is also a right A-
module equipped with an inner product ⟨·, ·⟩ which is A-linear in the second variable, ⟨x, x⟩
≥ 0 for all x ∈ X, ⟨x, x⟩ = 0 if and only if x = 0 and ⟨x, y⟩∗ = ⟨y, x⟩ for all x, y ∈ X and

such that X is complete with respect to the norm ∥x∥ = ∥⟨x, x⟩∥
1
2 . It will be denoted by

(X,A). If the closed bilateral ∗-ideal ⟨X,X⟩ of A generated by {⟨x, y⟩ ;x, y ∈ X} coincides
with A, we say that X is full. For more details we refer the reader [6].

Let H and K be Hilbert spaces. Then L(H,K) has a natural structure of Hilbert
C∗-module over L(H) with the module structure given by

T · S = T ◦ S for all T ∈ L(H,K) and S ∈ L(H)

and the inner product given by

⟨T1, T2⟩ = (T1)
∗ ◦ T2 for all T1, T2 ∈ L(H,K).
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A morphism of Hilbert C∗-modules from a Hilbert C∗-module (X,A) to a Hilbert
C∗-module (Y,B) is a map Ψ : X → Y with the property that there is a C∗-morphism
ψ : A→ B such that ⟨Ψ(x) ,Ψ(y)⟩ = ψ (⟨x, y⟩) for all x, y ∈ X [2, p. 184]. If (X,A) is full,
then the underlying C∗-morphism ψ of Ψ is unique. An isomorphism of Hilbert C∗-modules
is a bijective morphism of Hilbert C∗-modules Ψ such that Ψ−1 is also a morphism of Hilbert
C∗-modules.

An action of a locally compact group G on a full Hilbert C∗-module (X,A) is a
pair (γ, α), where α is an action of G on A, γ is a group morphism from G to the group
Aut(X,A) of all isomorphisms of Hilbert C∗-modules on (X,A) such that, for each x ∈ X,
the map g → γg (x) fromG toX is continuous, and for each g ∈ G, (γg, αg) is an isomorphism
of Hilbert C∗-modules.

A representation of a full Hilbert C∗-module (X,A) on the Hilbert spaces H and K

is morphism of Hilbert C∗-modules from (X,A) to (L(H,K), L(H)).
A 5-tuple ((πX , πA) , u, v,H,K) consisting of a representation (πX , πA) of (X,A) on

H and K and two unitary representations (u,H) and (v,K) of G such that

πX (γg (x)) = vgπX (x)u∗g

for all g ∈ G and for all x ∈ X is called a representation of (X,A), covariant with respect to
the action (γ, α) of G on (X,A) [5]. If ((πX , πA) , u, v,H,K) is a representation of (X,A),
covariant with respect to (γ, α) and X is full, then (πA, u,H) is a representation of A,
covariant with respect to the action α of G on A.

Asadi [1] introduced the notion of operator valued complete positive map on Hilbert
C∗-modules. A map Φ : (X,A) → (L(H,K), L(H)) is completely positive if there is a
completely positive map φ : A→ L(H) such that

⟨Φ(x) ,Φ(y)⟩ = φ (⟨x, y⟩)
for all x, y ∈ X. Bhat, Ramesh and Sumesh [3] provided a Stinespring construction associated
to a unital completely positive map Φ : (X,A) → (L(H,K), L(H)) in terms of the Stinespring
construction associated to the underlying completely positive map φ : A→ L(H).

Let (u,H) and (v,K) be two unitary representations of G. A completely positive map
Φ : (X,A) → (L(H,K), L(H)) is (u, v)−covariant with respect to (γ, α) , if

Φ (γg (x)) = vgΦ (x)u∗g

for all g ∈ G and for all x ∈ X [5].

2. n-tuples of completely positive maps

Let (X,A) be a Hilbert C∗-module.
We recall that a completely n-positive linear map [φ] from a C∗-algebra A to another

C∗-algebra B is a matrix [φij ]
n
i,j=1 of linear maps from A to B such that [φ]

(
[aij ]

n
i,j=1

)
=

[φij (aij)]
n
i,j=1 and [φ] :Mn(A) →Mn(B) is completely positive.

Definition 2.1. [7] An n-tuple Φ = (Φ1,Φ2, ...,Φn) of linear maps from X to L(H,K) is
completely positive if there is a completely n-positive linear map [φ] = [φij ]

n
i,j=1 from A to

L(H) such that
[⟨Φi (x) ,Φj (y)⟩]ni,j=1 = [φij (⟨x, y⟩)]ni,j=1

for all x, y ∈ X.

Example 2.1. Let X = M2(C) and A = M2(C). Consider the maps Φ1,Φ2 : M2(C) →
L
(
C2,C4

)
given by

Φ1 (a) =

[
a
−a

]
, respectively Φ2 (a) =

[
ia
−ia

]
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and the linear maps φkj :M2(C) → L
(
C2

)
, k, j ∈ {1, 2}, given by

φ11 (a) = φ22 (a) = 2a;φ12 (a) = 2ia and φ21 (a) = −2ia.

Clearly,

Φk (a)
∗
Φj (b) = φkj (a

∗b)

for all a, b ∈M2(C) and for all k, j ∈ {1, 2}. Since[
φ11 (a) φ12 (b)
φ21 (c) φ22 (d)

]
=

[
2a 2ib

−2ic 2d

]
=

[ √
2I2 0

0 −
√
2iI2

] [
a b
c d

] [ √
2I2 0

0
√
2iI2

]
for all a, b, c, d ∈M2(C), where I2 denotes the unity of M2 (C) and i ∈ C with i2 = −1, the

map [φ] =

[
φ11 φ12

φ21 φ22

]
is a completely 2-positive map from M2(C) to L

(
C2

)
. Therefore,

the pair (Φ1,Φ2) is completely positive.

Example 2.2. Let X =M2 (C) , A =M2 (C) . The map πX :M2 (C) → L(C4) given by

πX (a) =

[
0 a
a 0

]
is a representation of X, since

πX (a)
∗
πX (b) =

[
a∗b 0
0 a∗b

]
for all a, b ∈M2(C) and the map πA :M2 (C) → L(C4) given by

πA (a) =

[
a 0
0 a

]
is a representation of M2 (C) on C4.

Let V1 =

[
I2 I2
0 0

]
, V2 =

[
0 I2
I2 I2

]
, W1 =

[
0 0
I2 0

]
and W2 =

[
0 −I2
I2 0

]
.

For each i, j ∈ {1, 2}, consider the map φij :M2 (C) → L(C4) given by

φij (a) = V ∗
i πA (a)Vj

and for each i ∈ {1, 2}, consider the map Φi :M2 (C) → L(C4) given by

Φi (a) =W ∗
i πX (a)Vi.

Then [φ] =

[
φ11 φ12

φ21 φ22

]
is a completely 2-positive linear map from M2 (C) to L(C4) [4,

Proposition 4.1.7] and it is easy to check that

V ∗
i πX (a)

∗
WiW

∗
j πX (a)Vj = φij (a

∗b)

for all a, b ∈ M2 (C) and for all i, j ∈ {1, 2}. Therefore, Φi (a)
∗
Φj (b) = φij (a

∗b) for all
a, b ∈M2 (C) and for all i, j ∈ {1, 2}, and so the pair (Φ1,Φ2) is completely positive.

In the general case, we have the following result.

Proposition 2.1. Let (X,A) be a Hilbert C∗-module, let (πX , πA) be a representation of
(X,A) on H and K, V1, ..., Vn ∈ L (H) and W1, ...,Wn ∈ L (K) such that

V ∗
i πX (x)

∗
WiW

∗
j πX (y)Vj = V ∗

i πA (⟨x, y⟩)Vj
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for all x, y ∈ X and for all i, j ∈ {1, 2, ..., n}. Then, the n-tuple (Φ1,Φ2, ...,Φn) of linear
maps from (X,A) to L(H,K), where

Φi (x) =W ∗
i πX (x)Vi, x ∈ X, i ∈ {1, ..., n},

is completely positive.

Proof. For each i, j ∈ {1, 2, ..., n}, consider the linear map φij : A→ L (H) defined by

φij (a) = V ∗
i πA (a)Vj .

Then [φ] = [φij ]
n
i,j=1 is a completely n-positive map from A to L (H) . Since

Φi (x)
∗
Φj (y) = V ∗

i πX (x)
∗
WiW

∗
j πX (y)Vj

= V ∗
i πA (⟨x, y⟩)Vj = φij (⟨x, y⟩)

for all x, y ∈ X and for all i, j ∈ {1, 2, ..., n}, the n-tuple (Φ1,Φ2, ...,Φn) is completely
positive. �

In [7, Theorem 2.1], Pliev and Tsopanov shown that for an n-tuple Φ = (Φ1,Φ2, ...,Φn)
of completely positive maps from (X,A) to L(H,K), there are a representation (πX , πA) of
(X,A) on the Hilbert spaces H1 and K1, Vi ∈ L(H,H1) andWi ∈ L(K,K1), i ∈ {1, 2, ..., n}
such that

Φi (x) =W ∗
i πX (x)Vi, i ∈ {1, 2, ..., n}.

Moreover, if H1 = Span{πA (a)Viξ, a ∈ A, ξ ∈ H, i = 1, .., n} and K1 = Span{πX (x)Viξ,
x ∈ X, ξ ∈ H, i = 1, .., n},then the above writing is unique up to unitary equivalence [7,
Theorem 2.2]. The 2n+ 3-tuple

((πX , πA) ,H1, K1, V1, ..., Vn,W1, ...,Wn)

is called the minimal Stinespring construction associated to the n-tuple Φ = (Φ1,Φ2, ...,Φn)
of completely positive maps from (X,A) to L(H,K).

3. n-tuples of covariant completely positive maps

Let (X,A) be a full Hilbert C∗-module, let G be a locally compact group G, let (γ, α)
be an action of G on X, and let (u,H) and (v,K) be two unitary representations of G.

Definition 3.1. An n-tuple (Φ1,Φ2, ...,Φn) of linear maps from (X,A) to L(H,K) is com-
pletely positive, (u, v)-covariant with respect to the action (γ, α) if there is a completely
n-positive linear map [φ] = [φij ]

n
i,j=1 from A to L(H) such that

[⟨Φi (x) ,Φj (y)⟩]ni,j=1 = [φij (⟨x, y⟩)]ni,j=1

for all x, y ∈ X and
Φi (γg (x)) = vgΦi (x)u

∗
g

for all g ∈ G, for all x ∈ X and for all i ∈ {1, 2, ..., n}.

Remark 3.1. From

φij (αg ⟨x, y⟩) = φij (⟨γg (x) , γg (y)⟩) = ⟨Φi (γg (x)) ,Φj (γg (y))⟩
=

⟨
vgΦi (x)u

∗
g, vgΦj (y)u

∗
g

⟩
= ugφij (⟨x, y⟩)u∗g

for all g ∈ G, for all x, y ∈ X and for all i, j ∈ {1, 2, ..., n}, we conclude that [φ] is u
-covariant with respect to α.

Proposition 3.1. Let (X,A) be a full Hilbert C∗-module, let ((πX , πA) , u
′, v′,H,K) be a

representation of (X,A) , covariant with respect to (γ, α), V1, ..., Vn ∈ L (H) andW1, ...,Wn ∈
L (K) such that

(1) u′gVi = Viug for all g ∈ G and for all i ∈ {1, 2, ..., n};
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(2) v′gWi =Wivg for all g ∈ G and for all i ∈ {1, 2, ..., n};
(3) V ∗

i πA (⟨x, y⟩)Vj = V ∗
i πX (x)

∗
WiW

∗
j πX (y)Vj for all x, y ∈ X, and for all i, j ∈

{1, 2, ..., n}.
Then, the n-tuple (Φ1,Φ2, ...,Φn) of linear maps from (X,A) to L(H,K), where

Φi (x) =W ∗
i πX (x)Vi, x ∈ X, i ∈ {1, ..., n},

is completely positive, (u, v)-covariant with respect the action (γ, α).

Proof. By Proposition 2.1, (Φ1,Φ2, ...,Φn) is completely positive. For each i ∈ {1, 2, ..., n},
we have

Φi (γg (x)) = W ∗
i v

′
gπX (x)

(
u′g

)∗
Vi

= vgW
∗
i πX (x)Viu

∗
g = vgΦi ((x))u

∗
g

for all g ∈ G and for all x ∈ X, and so (Φ1,Φ2, ...,Φn) is (u, v)-covariant with respect the
action (γ, α). �

Theorem 3.1. Let Φ = (Φ1,Φ2, ...,Φn) be an n-tuple of completely positive maps from
(X,A) to L(H,K), (u, v)-covariant with respect to the action (γ, α). Then there is a co-
variant representation (

(
πΦ, π[φ]

)
, vΦ, wΦ,HΦ,KΦ) of (X,A) on the Hilbert spaces HΦ and

KΦ and there are the bounded linear operators V Φ
1 , ..., V

Φ
n ∈ L(H,HΦ) and WΦ

1 , ...,W
Φ
n ∈

L(K,KΦ) such that:

(1) φij (a) =
(
V Φ
i

)∗
π[φ] (a)V

Φ
i for all a ∈ A and for all i, j ∈ {1, 2, ..., n};

(2) Φi (x) =
(
WΦ

i

)∗
πΦ (x)V Φ

i for all x ∈ X and for all i ∈ {1, 2, ..., n};
(3) vΦg V

Φ
i = V Φ

i ug for all g ∈ G and for all i ∈ {1, 2, ..., n};
(4) wΦ

g W
Φ
i =WΦ

i vg for all g ∈ G and for all i ∈ {1, 2, ..., n};
(5) Span {π[φ] (a)V

Φ
i ξ; a ∈ A, ξ ∈ H, i = 1, 2, ..., n} = HΦ;

(6) Span {πΦ (x)V Φ
i ξ;x ∈ X, ξ ∈ H, i = 1, 2, ..., n} = KΦ.

Proof. Let (π[φ], v
[φ],H1, V1, ..., Vn) be the covariant Stinespring construction associated to

[φ] (see, for example, [4, Theorem 6.1.3]). Recall that (A⊗alg H)
n
/N, where

N = Span{(ai ⊗ ξi)
n
i=1 ;

n∑
i,j=1

⟨ξi, φij (a
∗
i aj) ξj⟩ = 0},

is a pre-Hilbert space with the inner product given by

⟨(ai ⊗ ξi)
n
i=1 +N, (bi ⊗ ηi)

n
i=1 +N⟩ =

n∑
i,j=1

⟨ξi, φij (a
∗
i bj) ηj⟩

and H1 is its completion, the representation π[φ] is given by

π[φ] (a) ((ai ⊗ ξi)
n
i=1 +N) = (aai ⊗ ξi)

n
i=1 +N

Vjξ = lim
→
ξj,λ, where ξj,λ = (eλ ⊗ δijξ)

n
i=1+N and {eλ}λ is an approximate unit of A and v[φ]

is a unitary representation ofG onH1 given by v
[φ]
g ((ai ⊗ ξi)

n
i=1 +N) = (αg (ai)⊗ ug (ξi))

n
i=1+

N. Moreover, H1 is generated by {π[φ](a)Viξ; a ∈ A, ξ ∈ H, i = 1, 2, ..., n} and v
[φ]
g Vi = Viug

for all g ∈ G and for all i ∈ {1, 2, ..., n}.
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LetK1 be the vector subspace ofK generated by {Φi(x)ξ;x ∈ X, ξ ∈ H, i = 1, 2, ..., n}.
From

vg

 m∑
j=1

n∑
i=1

Φi (xij) ξij

 =

m∑
j=1

n∑
i=1

vgΦi (xij) ξij

=

m∑
j=1

n∑
i=1

Φi (γg (xij))ugξij

for all g ∈ G, we deduce that K1 is invariant under v. Then wΦ = v|K1 is a unitary
representation of G on K1.

For each x ∈ X, the linear map πΦ (x) given by

πΦ (x)

 m∑
j=1

n∑
i=1

π[φ] (aij)Viξij

 =
m∑
j=1

n∑
i=1

Φi (xaij) ξij

defines a bounded linear map from H1 to K1 [7, Theoem 2.1]. Thus, we obtain a map
πΦ : X → L(H1,K1). Moreover, since πΦ (x)

∗
πΦ (y) = π[φ] (⟨x, y⟩) for all x, y ∈ X, and

since

wΦ
g πΦ (x)

(
v[φ]
g

)∗
 m∑

j=1

n∑
i=1

π[φ] (aij)Viξij


= wΦ

g πΦ (x)

 m∑
j=1

n∑
i=1

π[φ]

(
αg−1aij

) (
v[φ]
g

)∗
Viξij


= wΦ

g πΦ (x)

 m∑
j=1

n∑
i=1

π[φ]

(
αg−1 (aij)

)
Viu

∗
gξij


= wΦ

g

 m∑
j=1

n∑
i=1

Φi

(
xαg−1 (aij)

)
u∗gξij


=

m∑
j=1

n∑
i=1

vgΦi

(
xαg−1 (aij)

)
u∗gξij

=
m∑
j=1

n∑
i=1

Φi

(
γg

(
xαg−1 (aij)

))
ξij

=

m∑
j=1

n∑
i=1

Φi (γg (x) aij) ξij

= πΦ (γg (x))

 m∑
j=1

n∑
i=1

π[φ] (aij)Viξij

 ,

((
πΦ, π[φ]

)
, v[φ], wΦ,H1,K1

)
is a representation of X, covariant with respect to (γ, α).

For each i ∈ {1, 2, ..., n}, WΦ
i denotes the orthogonal projection of K on the vector

subspace generated by {Φi(x)ξ;x ∈ X, ξ ∈ H}. Moreover, since Span{Φi(x)ξ;x ∈ X, ξ ∈ H}
is invariant under the unitary representation v, wΦ

g W
Φ
i = vgW

Φ
i = WΦ

i vg for all g ∈ G and
for all i ∈ {1, 2, ..., n}.

Let HΦ = H1, KΦ = K1, vΦ = v[φ] and V Φ
i = Vi, i ∈ {1, 2, ..., n}. Then ((πΦ, π[φ]),

vΦ, wΦ,HΦ,KΦ) is a representation of (X,A) , covariant with respect to (γ, α) such that
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vΦg V
Φ
i = V Φ

i ug and wΦ
g W

Φ
i = WΦ

i vg for all g ∈ G and for all i ∈ {1, 2, ..., n}. Clearly,
Span {πΦ (x)Viξ;x ∈ X, ξ ∈ H, i = 1, 2, ..., n} = KΦ, Span{π[φ](a)Viξ; a ∈ A, ξ ∈ H, i =
1, 2, ..., n} = HΦ and

φij (a) =
(
V Φ
i

)∗
π[φ] (a)V

Φ
i

for all a ∈ A and for all i, j ∈ {1, 2, ..., n}. It is easy to check that

Φi (x) =
(
WΦ

i

)∗
πΦ (x)V Φ

i

for all x ∈ X and for all i ∈ {1, 2, ..., n}. �

The 2n + 5-tuple (
(
πΦ, π[φ]

)
, vΦ, wΦ,HΦ,KΦ, V

Φ
1 , ..., V

Φ
n ,W

Φ
1 , ...,W

Φ
n ) constructed

in the above theorem is called the minimal covariant Stinespring construction associated
to the n-tuple Φ = (Φ1,Φ2, ...,Φn) of completely positive maps from (X,A) to L(H,K),
(u, v)-covariant with respect to the action (γ, α).

Theorem 3.2. Let Φ = (Φ1,Φ2, ...,Φn) be an n-tuple of completely positive maps from
(X,A) to L(H,K), (u, v)-covariant with respect to the action (γ, α). If ((πX , πA), v

′, w′,H′,K′)
is a representation of (X,A) , covariant with respect to (γ, α), V1, ..., Vn are elements in
L(H,H′), W1, ...,Wn are elements in L(K,K′) and the following relations hold:

(1) φij (a) = V ∗
i πA (a)Vi for all a ∈ A and for all i, j ∈ {1, 2, ..., n};

(2) Φi (x) =W ∗
i πX (x)Vi for all x ∈ X and for all i ∈ {1, 2, ..., n};

(3) v′gVi = Viug for all g ∈ G and for all i ∈ {1, 2, ..., n};
(4) w′

gWi =Wivg for all g ∈ G and for all i ∈ {1, 2, ..., n};
(5) Span {πA (a)Viξ; a ∈ A, ξ ∈ H, i = 1, 2, ..., n} = H′;
(6) Span {πX (x)Viξ;x ∈ X, ξ ∈ H, i = 1, 2, ..., n} = K′,

then there are two unitary operators U1 ∈ L(HΦ,H
′) and U2 ∈ L(KΦ,K

′) such that:

(a) U2πΦ (x) = πX (x)U1 for all x ∈ X,
(b) U1π[φ](a) = πA(a)U1 for all a ∈ A,

(c) v′gU1 = U1v
Φ
g , w

′
gU2 = U2w

Φ
g for all g ∈ G,

(d) Vi = U1V
Φ
i and Wi = U2W

Φ
i for all i ∈ {1, 2, ..., n}.

Proof. Since (πA, v
′,H′, V1, ..., Vn) is unitarily equivalent to the covariant Stinespring con-

struction associated to [φ] (see, for example, [4, Theorem 4.1.8]), there is a unitary operator
U1 ∈ L(HΦ,H

′) such that U1π[φ](a) = πA(a)U1 for all a ∈ A, Vi = U1V
Φ
i , v′gU1 = U1v

Φ
g for

all g ∈ G, and for all i ∈ {1, 2, ..., n}. Moreover,

U1

 m∑
j=1

n∑
i=1

π[φ] (aij)V
Φ
i ξij

 =
m∑
j=1

n∑
i=1

πA (aij)Viξij .

Since ((πX , πA) , w
′, v′,H′, V1, ..., Vn,W1, ...,Wn) is unitarily equivalent to the Stinespring

construction associated to Φ [7, Theorem 2.2], there is a unitary operator U2 : KΦ → K′

such that

U2

 m∑
j=1

n∑
i=1

πΦ (xij)V
Φ
i ξij

 =
m∑
j=1

n∑
i=1

πX (xij)Viξij
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for all xij ∈ X and for all ξij ∈ H,i ∈ {1, 2, ..., n}, j ∈ {1, 2, ...,m}. Moreover, U2πΦ (x) =
πX (x)U1 for all x ∈ X and W ′

i = U2W
Φ
i for all i ∈ {1, 2, ..., n}. From

w′
gU2

 m∑
j=1

n∑
i=1

πΦ (xij)V
Φ
i ξij


= w′

g

 m∑
j=1

n∑
i=1

πX (xij)Viξij


=

m∑
j=1

n∑
i=1

πX (γg (xij)) v
′
gViξij

=
m∑
j=1

n∑
i=1

πX (γg (xij))Viugξij

= U2

 m∑
j=1

n∑
i=1

πΦ (γg (xij))V
Φ
i ugξij


= U2

 m∑
j=1

n∑
i=1

wΦ
g πΦ (xij)V

Φ
i ξij


= U2w

Φ
g

 m∑
j=1

n∑
i=1

πΦ (xij)V
Φ
i ξij


we deduce that w′

gU2 = U2w
Φ
g for all g ∈ G. �
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