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BEURLING AND MATRIX ALGEBRAS, (APROXIMATE) 
CONNES-AMENABILITY 

Amin MAHMOODI1 

We characterize the approximate Connes-amenable Beurling algebras 
( )ω,1 S  through the existence of some specified nets in ∗∞ × )( SS , where S is 

a discrete, weakly cancellative semigroup. For a discrete group G, we prove that 
approximate Connes-amenability and approximate amenability of ( )ω,1 G  are 
the same. We show that Connes-amenability of a dual Banach algebra A  and that 
of )(AM n  are equivalent. 
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1. Introduction 

In [ ],5 F. Ghahramani and R.J. Loy introduced the notion of approximate 
amenability for Banach algebras which modifies Johnson's original definition of 
amenability [ ]7  by relaxing the structure of the derivations. Another modification 
of the concept of amenability was introduced by V. Runde in [ ]10 , where it had 
been studied previously under different names (see for instance [ ]8,6 ), that make 
sense for dual Banach algebras. We recall the definitions in Definitions 1.1 and 
1.3 below. Before proceeding further we recall some terminology.  

Let A   be a Banach algebra. The projective tensor product AA⊗  is a Banach 
A -bimodule under the operations defined by 

),,,(:).(,:).( Ayxayaxayxyaxyxa ∈⊗=⊗⊗=⊗  
and there is a continuous linear A -bimodule homomorphism AAA →⊗:π such 
that =⊗ )( baπ ab, for Aba ∈,, . Throughout, we use the term unital for a 
semigroup (or an algebra) X with an identity element Xe , if it exists. Let E  be a 
Banach space. The dual of E  is denoted by ∗E . In the case where E  is a 
Banach A -bimodule, ∗E  is also a Banach A -bimodule. We then have the 
canonical map **: EEE →ι defined by  μιμ ,)(, xxE =  for  ExE ∈∈ ,*μ . The 
closed unit ball of E  is denoted by ball E . For Banach spaces E  and F , we write 
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),( FEL for the Banach space of bounded linear maps between E  and F . It is 

standard that ( ) ( )**
, EFLFE =⊗  with the duality 

( ).,,;,, *EFLTFEyxTyxTyx ∈⊗∈⊗=⊗  
For a Banach algebra A , then we obtain a bimodule structure on 

( , ) ( )L A A A A∗ ∗= ⊗  through  

( . )( ) ( ),( . )( ) ( ). ( , , , ( , )).a T b T ba T a b T b a a b A T L A A∗= = ∈ ∈  
 
The reader may see [ ]1  for more information. 

Let A  be a Banach algebra and let E  be a Banach A -bimodule. A derivation 
is a bounded linear map EAD →:  satisfying 

( ) ( ).,.. AbaDbabDaabD ∈+=  
For Ex∈ , set axxaaEAadx ..,: −→→ . Then xad  is a derivation; these are 

the inner derivations. A derivation EAD →:  is approximately inner if there 
exists a net Ex ⊆αα )(   such that )..(lim axxaDa ααα −=  for every Aa∈ , the 
limit being in norm. 
 
Definition 1.1 A Banach algebra A  is approximately amenable if for each 
Banach A -bimodule E , every derivation ∗→ EAD : is a approximately inner. 
 
For unital Banach algebras we may re-write [ ]1.2,5 Theorem  as follows. 
 
Theorem 1.2 Let A  be a unital Banach algebra. Then the following are 
equivalent:  

(i) A  is approximately amenable . 
(ii) There is a net ( ) ( ) **

AAM ⊗⊆αα  such that for every Aa∈ , 
0.. →− aMMa αα  and ( ) AeM →απ ** . 

(iii) There is a net ( ) ( ) **
AAM ⊗⊆′ αα such that for every Aa∈ , 

0.. →′−′ aMMa αα  and ( ) AeM =′απ ** . 
Let A  be a Banach algebra. A Banach A -bimodule E  is dual if there is a 

closed submodule *E  of ∗E such that ∗
∗= )(EE . We call ∗E  the  predual of E. A 

dual Banach A -bimodule E  is normal if the module actions of A  on 
E are −∗w continuous. A  Banach algebra A  is dual if it is dual as a Banach A -
bimodule. We write ∗

∗= )(AA if we wish to stress that A is a dual Banach algebra 
with predual ∗A . 
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Definition 1.3 A dual Banach algebra A  is Connes-amenable if every 
−∗w continuous derivation from A  into a normal dual Banach A -bimodule is 

inner. 
The reader is referred to [ ]11  for basic properties of Connes-amenable dual 

algebras. Let ∗
∗= )(AA  be a dual Banach algebra and let E be a Banach A -

bimodule. We write )(Ewcσ  for  the set of all elements Ex∈  such that the maps 
.

, ,
.

a x
A E a

x a
⎧

→ →⎨
⎩

 

are weakw −∗  continuous. The space )(Ewcσ  is a closed submodule of E . It is 
shown in [ ]6.4,12 Corollary  that ( ) ( )AAwcA ⊗⊆σπ *

* . Taking adjoint, we can 

extend π to an A -bimodule homomorphism wcσπ  from ( )( )**
AAwc ⊗σ to A . A wcσ -

virtual  diagonal for a dual Banach algebra A  is an element 
(( ) )U wc A Aσ ∗ ∗∈ ⊗  such that aUUa .. =  and aUa wc =)(σπ  for Aa∈ . From 

[ ]12  we know that Connes-amenability of a dual Banach algebra A  is equivalent 
to existence of a −wcσ virtual diagonal for A . 

The concept of approximate Connes-amenability for dual Banach algebras, 
motivated by Definitions 1.1 and 1.3 was introduced and studied in [ ]4  , see also 
[ ]9 . 
 
Definition 1.4 A dual Banach algebra A is approximately Connes–amenable if for 
each normal dual  Banach A -bimodule ,E  every continousw −∗  derivation 

EAD →:  is approximately inner. 
We state the following, which is a combination of [ ]3.33.2Pr,4 andopositions . 

Proposition 1.5 Let A  be a unital dual Banach algebra. Then the following are 
equivalent:  

(i) A  is approximately Connes-amenable.   
(ii) There is a net ( ) ( )( )**

AAwcM ⊗⊆σαα such that  
. . 0a M M aα α− →  and ( )wc AM e a Aσ απ → ∈ . 

(iii) There is a net ( ) ( )( )**
AAwcM ⊗⊆′ σαα such that 

. . 0a M M aα α′ ′− → and )( AaeM Awc ∈=′ασπ . 
In section 2, we briefly extend the Daws's result to the approximate case; M. 

Daws proved that Connes-amenability and amenability are the same notion for a 
Beurling algebra 1( , )G w , where G is a discrete group [ ]3 . For a discrete weakly 
cancellative semigroup S , we show that the approximate Connes-amenability  of 
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Beurling algebra 1( , )S w  is equivalent to existence of a net in 

( )S S∞ ∗× which is an object analogous to −wcσ virtual diagonal for Connes- 
amenability. 

In section 3, we first consider a kind of diagonal for a dual Banach algebra A   
and see that the existence of such a diagonal is equivalent to Connes-amenability 
of A . Then we study Connes-amenability of )(AM n  with predual  )( ∗AM n , 
where ∗A  is the predual of A . We show that )(AM n  is Connes-amenable if and 
only if A  is Connes-amenable. For comparison, we recall [ ]7.2,2 Theorem  that a 
Banach algebra A  is amenable if and only if )(AM n  is amenable. 

2. Approximate Connes-amenability of weighted semigroup algebras 

Let S  be a discrete semigroup. A function ( )∞→ ,0: Sω  is a weight if 
( ) ( ) ( )tsst ωωω ≤ for each ., Sts ∈  If S  is unital then, without loss of generality, we 

put )( Seω =1. The Banach space  

( ) ( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

∞<=⊆= ∑
∈

∈∈
Sg

gSggSgg gaaCaS ωω :,1 , 

with the convolution product is a Banach algebra, called a Beurling algebra. 
Following [ ]3  we consider ( )ω,1 S  as the Banach space ( )S1  with the product 

: ( , ),g h gh g hωδ δ δ∗ = Ω where ( )( , ) : ( , )
( ) ( )

ghg h g h S
g h
ω

ω ω
Ω = ∈  and extend ω∗  to 

( )S1  by linearity and continuity. We define the maps SSRL ss →:,  by 
( ) sttLs =  and ( ) tstRs = . A semigroup S  is weakly cancellative if for each Ss∈ , 

the maps sL and sR are finite-to-one. In this case ( )ω,1 S  is a dual Banach 
algebra with predual ( )Sc0 , [3, Proposition 5.1]. 
 
Proposition 2.1 Let A  be a unital dual Banach algebra. Then the following are 
equivalent:  

(i) A  is approximately Connes- amenable. 
(ii) There is a net ( ) ( ) **AAM ⊗⊆αα such that  

0.., →− aMMaT αα  for every a A∈  and uniformly for all 

∈T ball ( )( )*, AALwcσ , and  AA eM →απι ***
*

. 

(iii) There is a net ( ) ( ) **AAM ⊗⊆′ αα such that 
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0.., →′−′ aMMaT αα for every a A∈  and  uniformly  for all 

∈T ball ( )( )*, AALwcσ , and  AA eM =′απι ***
*

. 

Proof. As ( )( )**
AAwc ⊗σ is a quotient of ( ) **

AA⊗ , this is just a re-statement of 
Proposition 1.5. 

For a set S , we recall that ( ) ( ) ( )SSSS ×=⊗ 111 , where hg δδ ⊗  is identified with 

( )hg ,δ  for ., Shg ∈  Thus we have ( ) ( )( ) ( ) ( )( ) ( ) ( )SSSSSSSSL ×=×=⊗= ∞∞ *1*111 , , 
where 1( ( ), ( ))T L S S∞∈  is identified with ( , ) ( , )( ) ( ),g h g h S ST S S∞

∈ × ∈ ×  where 

( , ) , ( ) .g h h gT Tδ δ=  

 
Theorem 2.2 Let S  be a discrete unital  semigroup, let ω  be a weight on S  and 
let 1: ( , ).A S ω=  Then the following are equivalent:  

(i) A  is approximately amenable. 
(ii) There is a net ( ) ( ) ( )***

SSAAM ×=⊗⊆ ∞
αα  such that 

( , ) ,( ( , ) ( , ) ( , ) ( , )) 0g h S Sf hk g h k f h kg k g Mα∈ ×Ω − Ω →  

for every ∈k S , where the convergence is uniformly for all ∈f ball ( )S S∞ × , 
and  

( )( )( ) SeSShggh fMhgf →′Ω
×∈ α,,

,
 

uniformly for all ∈f  ball ( )S∞ . 
(iii) There is a  net ( ) ( ) ( )***

SSAAM ×=⊗⊆′ ∞
αα such that 

( , ) ,( ( , ) ( , ) ( , ) ( , )) ' 0g h S Sf hk g h k f h kg k g M α∈ ×Ω − Ω →  

for every ∈k S , where the convergence is uniformly for all ∈f ball ( ),S S∞ ×  
and  

( )( )( ) SeSShggh fMhgf =′Ω
×∈ α,,

,
 

for all ∈f  ( )S∞ . 
 

Proof.  First, we notice that for every ( ) ( )g g Sf f S∞
∈= ∈  

 
( , )( ) ( , ( , )) ( ).gh g h S Sf f g h S Sπ δ∗ ∞

∈ ×= Ω ∈ ×  

Next, for every ( , ) ( )T L A A S S∗ ∞∈ = ×  and every k S∈  we have 
( ) ( ) ( ) ( )gkTkhTTT hkghkgkkhg ,,,,.., Ω−Ω=−⊗ δδδδδδδδ . 
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We also observe that 
SeAe δ=  and therefore .,

SeA fef =  
(i)→ (ii) We use Theorem 1.2. Suppose that A  is approximately amenable and 

take the net ( ) ( )*SSM ×⊆ ∞
αα  as in Theorem 1.2 (ii). For every ∈f ball ( )*SS ×∞ , 

then we have  
( )( )( ) ( ) ( ) .,,, ****

, AAeSShggh eMeMffMhgf
S

−≤−=−Ω
×∈ ααα ππ  

Take ballf ∈ ( ),S S k S∞ × ∈  and consider ( , ) ( )T L A A S S∗ ∞∈ = ×  defined 
by , ( ) ( , ).h gT f g hδ δ =  Then we see that 

( ) ( ) ( ) ( )( )( ) kkSShg MMMgkkghfkhghkf δδ ααα ..,,,,, , −≤Ω−Ω ×∈ . 

 
Hence, all in all, we have condition (ii). 

Similarly, we may prove the implications (ii)→ (i) and (i)↔ (iii). 
 
The following is [3, Proposition 5.5]. 

 
Proposition 2.3 Let S be a weakly cancellative semigroup, let ω  be a weight on 
S  and let ( )ω,1 SA = . Let ( , )T L A A∗∈  be such that ( ) ( ) ( )( )ScAT Sc 00

ι⊆  and 

( )( ) ( ) ( )( )ScAT ScA 0
*

0
ιι ⊆ . Then ( , )T W A A∗∈  and ( ( , ))T WAP W A A∗∈  if and only 

if, for each sequence )( nk  of distinct elements of S , and each sequence 
( , )m mg h of distinct elements of SS ×  such that the repeated limits 

( ) ( )mnmnhgkmn gkT
mmn

,limlim,,limlim Ωδδ  

( ) ( )nmmnnhgmn khkT
mm

,limlim,,limlim Ωδδ  
all exist, we have at least one repeated limit in each row is zero. 
 
Proposition 2.4 Let S  be a discrete, weakly cancellative semigroup, let ω  be a 
weight on S  and let ( )ω,1 SA = be unital. Then the following are equivalent:  

(i) A  is approximately Connes-amenable, with respect to the predual ( )Sc0 . 

(ii) There is a net ( ) ( ) ( )M A A S Sα α
∗∗ ∞ ∗⊆ ⊗ = × such that 

( , ) ,( ( , ) ( , ) ( , ) ( , )) 0g h S Sf hk g h k f h kg k g Mα∈ ×Ω − Ω →  

for each ∈k S and uniformly for all ∈f ball ( )S S∞ × ,which are such that the 
maps ),( ∗∈ AALT  defined by , ( ) ( , ),h gT f g hδ δ =  for , ,g h S∈  satisfy the 

conclusions of proposition 2.3, and  
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( )( )( ) ASShggh efMhgf ,,,
,

→Ω
×∈ α

 

uniformly for all f ∈  ball ( )Sc0 . 

( )iii There is a net ( ) ( ) ( )M A A S Sα α
∗∗ ∞ ∗′ ⊆ ⊗ = ×  such that 

( , ) ,( ( , ) ( , ) ( , ) ( , )) ) 0g h S Sf hk g h k f h kg k g Mα∈ × ′Ω − Ω →  

for each ∈k S and uniformly for all ∈f ball ( )S S∞ × ,which are such that the 
maps ),( ∗∈ AALT defined by , ( ) ( , ),h gT f g hδ δ =  for , ,g h S∈  satisfy the 

conclusions of proposition 2.3, and  
( )( )( ) ASShggh efMhgf ,,,

,
=′Ω

×∈ α
 

for all f ∈ ( )Sc0 . 
 

Proof. This follows as Theorem 2.2 but by using Proposition 2.1  in place of 
Theorem 1.2. 

 
 Let G  be a discrete group and let Gh∈ . Following Daws as in [ ]3 , we define 

( ) ( )GGJh
∞∞ →:  by 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ).;,,: 111 GffhhghghffJ
ggGghgh

∞
∈

−−− ∈=ΩΩ= ωω  

It is clear that ( ) ( ) ( )1−≤ hhfJh ωω , so that hJ  is bounded. 
 
Theorem 2.5 Let G be a discrete group, let ω  be a weight on G  and let 

( )ω,1 GA = . Then the following are equivalent: 
(i) A is approximately Connes-–amenable, with respect to the predual ( )Gc0 . 
(ii) A  is approximately amenable . 
(iii) There is a net ( ) ( )N Gα α

∞ ∗⊆  such that for 

every 0)(, →−∈ ∗
αα NNJGk K  and ( )( ) 1,, 1 →Ω ∈

−
αNgg Gg . 

     (iv) There is a net ( ' ) ( )N Gα α
∞ ∗⊆  such that for every            

0)(, →′−′∈ ∗
αα NNJGk K  and ( )( ) 1,, 1 =Ω ∈

−
αNgg Gg . 

Proof. The implications (ii)⇒ (i) and (iv)⇒ (iii) are clear . 
(i)⇒ (iv) Let the net ( ) ( )M G Gα α

∞ ∗′ ⊆ ×  be given as in Proposition 2.4 (iii). 
Define ( ) ( )GGG ×→ ∞∞:φ  by 

1

( , ), 1

,
( ) :

0 ,

g
g h

f g h
f

g h
δ φ

−

−

⎧ =⎪= ⎨
⎪ ≠⎩

. 
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Let : ( )N Mα αφ∗′ ′= . Then we have ( )( )( ) ( )( )( ) GGhgeghGg hggg
G ×∈∈

− Ω=Ω
,,

1 ,, δφ . 

Hence  
( )( ) ( )( )( ) ( )( ) 1,,,,, ,,,,,

1 ===′Ω=′Ω
×∈×∈∈

−
GGGGG eeeGGhgeghGGhgeghGg MhgNgg δδδδ αα , 

by the second condition on αα )(M ′ from Proposition 2.4 (iii). 

Fix k G∈  and ( ).f G∞∈  Define CGGF →×:  by 
1 1

,( , ) : ( ) ( ) ( ) ( , ).gh k gF g h f k hk h g h Gδ ω ω ω− −= ∈  

It is clear that F  is bounded and ( ) ( )1−
∞∞

≤ kkfF ωω . Let T  be the operator 
associated with F . The same argument as in the proof [3, Theorem 5.11] shows 
that F  satisfies the conditions of Proposition 2.3. Notice that  

1 1 1 1 1
( , ) ,, ( ( )) ( ) ( ) ( ) (( ) ) .g h k gh e kgJ f f kg g g k gδ φ δ ω ω ω ω− − − − −=  

Thus we have  
( ) ( ) ( ){ }GballfNNJfNNJ kk

∞∈′−′=′−′ :,sup **
αααα

 

                   ( ) ( )( ) ( ){ }GballfMfJf k
∞∈′−= :,sup αφφ                  

                   ( ) ( ) ( ) ( )( )( ) ( ){ }GballfMgkkghFkhghkF hg
∞∈′Ω−Ω= :,,,,,sup , α      

so that ( ) 0kJ N Nα α
∗ ′ ′− →  by the first condition on ( )Mα α′  from Proposition 

2.4 (iii). 
(iii)⇒ (ii): Let ( ) ( )N Gα α

∞ ∗⊆  be given as in (iii). Define 

: ( ) ( )G G Gψ ∞ ∞× →  by 1, ( ) : ( , )g F F g gδ ψ −= , for each ( )F G G∞∈ ×  

and Gg ∈ . Put : ( )M Nα αψ ∗=  for every α . Then it suffices to show that the net 
( )Mα α  has desired properties in Theorem 2.2 (ii). First, for every              

f ∈ball ( )G∞ , we see that 
( )( )( ) ( )( ) ( )( ) .1,,,,,, 11

,
−Ω≤−Ω=−Ω −−

ααα NggfNggffMhgf gegeehggh GGG
 

Next for an arbitrary bounded function CGGf →×: and an element Gk ∈ , it is 
clear that 

( ) ( ) ( ) ( )( )( )( ) ( ) ( ) ( ) ( )( ) .,,,,,,,, 111
, ghg gkkggfkggkgfgkkghfkhghkf Ω−Ω=Ω−Ω −−−ψ

 
Define CGGF →×: by ),(),(),( khghkfhgF Ω= , for each Ghg ∈, . Hence, it 
is readily seen that F  is bounded and .F f∞ ∞< Therefore 

1 1 1
( , ), ,( ( , ) ( , ) ( , ) ( , )) ( ( , ) ( , ) ( , ) ( , ))g h gf hk g h k f h kg k g M f g k g g k f g kg k g Nα α

− − −Ω − Ω = Ω − Ω  
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    ( ) ( ( )),kF J F Nαψ ψ= −  ( ), ( )kF N J Nα αψ ∗= −  αα NNJk −≤ )(* , 

as required. 

3. Connes-amenability for )(AM n  

We fix some matrix conventions from [2].  Let { }...3,2,1, =∈Nnm  and let S  
be a set. We write { }mNm ,...,2,1= . The collection of all m n×  matrices 

,( )i jx with entries from S  is denoted by  )(, SM nm , with )(SM n  for )(, SM nn and 

nmM ,  for )(, CM nm . If x  is an arbitary element in S , then we denote by ,( )i jx  

the element of )(, SM nm  with x  in the ( , )thi j  place and 0 elsewhere. In 
particular, nM  is a unital algebra with matrix units ji ,ε , so that likjlkji ,,,, εδεε = , 

).,,,( nNlkji ∈  The identity matrix in nM is ( ) ∑ =
==

n

i iijinI
1 ,, εδ . Let E  be a 

Banach space. We regard )(, EM nm as a Banach space by taking the norm to be 
specified by  

( ) { } ( ) ( )( ).,,: ,,,, ∑ ∈∈∈= EMxNjNixx nmjinmjiji  

We identify *
, )(EM nm  with )(,

∗EM nm , using the duality  

{ },,:,, ,,∑ ∈∈=Λ nmjiji NjNixx λ  

for ( ) ( )EMxx nmji ,, ∈=   and ( ) ( )*
,, EM nmji ∈=Λ λ . Let A  be an algebra. Then 

)(AM n  is also an algebra in the obvious way. The matrix )( , jia is identified with 

∑ =
⊗

n

ji jiji a
1, ,,ε  so that )(AM n is isomorphic to AM n ⊗ . In the case where A  

is a Banach algebra, the algebra )(AM n  is a Banach algebra with respect to the 
norm defined as above. Let A  be a Banach algebra and let E  be a Banach A -
bimodule. We shall regard )(EMn  as a Banach )(AM n -bimodule through 

( ) ∑ =
=

n

k jkkiji xaxa
1 ,,, .. and ( ) ∑ =

=
n

k jkkiji axax
1 ,,, .. . 

For )()( , AMaa nji ∈=  and ( ) ( )EMxx nji ∈= ,  . In particular )( *EM n  is a Banach 

)(AM n -bimodule. For )()( , AMaa nji ∈=  and ( ) ( )*
, EM nji ∈=Λ λ we notice that 

( ) ∑ =
=Λ

n

k kikjji aa
1 ,,, .. λ and ( ) ∑ =

=Λ
n

k ikjkji aa
1 ,,, .. λ . 
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Suppose that A  is a dual Banach algebra. It is known that A A⊗  is 
canonically mapped into ( )( )**

AAwc ⊗σ , [12]. Hence we may consider the *w -

topology on A A⊗  inherited from ( )( )**
AAwc ⊗σ . 

 
Definition 3.1 Suppose that A  is a dual Banach algebra. A net ( )uα in A A⊗  
is an approximate −wcσ diagonal for A  if for every Aa∈  

(i) . . 0wa u u aα α
∗

− ⎯⎯⎯→ in ( )( )**
AAwc ⊗σ , and  

(ii) ( ) w
wca u aσ απ

∗
⎯⎯⎯→  in A . 

We may characterize a dual Banach algebra to be Connes-amenable in terms of 
diagonals as follows. 
 
Proposition 3.2 Suppose that A  is a dual Banach algebra. Then the following are 
equivalent:  

(i) A  is Connes-amenable . 
(ii) There exists a −wcσ virtual diagonal for A . 
(iii) There exists a bounded approximate −wcσ diagonal for A . 

 
Proof . The equivalences of (i)  and (ii)  is just [12, Theorem 4.8]. 
(ii)⇒ (iii): Let U be a −wcσ virtual diagonal for A . Since A A⊗  is −∗w dense 
in ( )( )**

AAwc ⊗σ , there is a net ( )uα  in A A⊗ which tends to U  in the 

w∗ − topology. We know that ( )( )**
AAwc ⊗σ is a closed submodule of ( )*AA⊗ , 

and so restriction gives a quotient map ( ) (( ) )A A wc A Aσ∗∗ ∗ ∗⊗ → ⊗ . This, 
together with Goldstein's theorem, shows that ( )uα can be chosen to be a 
bounded net. Then, it is easy to check that ( )uα  is an approximate 

−wcσ diagonal for A . 

(iii)⇒ (ii): Let (( ) )U wc A Aσ ∗ ∗∈ ⊗  be a w∗ − accumulation point  of the given 
bounded approximate −wcσ diagonal ( )uα  for A . Without loss of generality, we 

may suppose that U = limw uα α
∗ −  . Then, it is readily seen that U  is a 

−wcσ virtual diagonal for A . 
 

We shall see the role of Proposition 3.2 in the proof of Theorem 3.7 below. 
The following is easy to verify. 
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Lemma 3.3 Suppose that E  is a Banach space and that )( , jiλ=Λ  and 

)( ,
α

α λ ji=Λ are elements of ( )nM E∗ . Then w
α

∗
Λ ⎯⎯⎯→Λ  in ( )nM E∗  if and only 

if , ,
w

i j i j
αλ λ

∗
⎯⎯⎯→   in E∗ , for all nNji ∈, . 

Let ∗
∗= )(AA  be a dual Banach algebra and let ∗

∗= )(EE be a normal, dual 
Banach A -bimodule. Then, using Lemma 3.3, it is not hard to see 
that ∗

∗= )()( EMEM nn  is a normal, dual Banach )(AM n -bimodule. In 
particular, ∗

∗= )()( AMAM nn  is a dual Banach algebra. 
Let A  be a Banach algebra, E  be a Banach  A -bimodule and let ∗→ EAD :  

be a derivation. We may consider the derivation ( ) ( )*:~ EMAMD nn →  by setting 

( )( ) ( )( )ijji aDaD ,,
~

= , where we note the transposition of i  and j  [ ]2 . Further, if A  

is dual and D  is −∗w continuous then it is easily seen that D~  is also a 
−∗w continuous derivation. 
Suppose that A  is a Banach algebra. We shall identify )(AM n  with AM n ⊗ , 

so that we can identify ( ) ( )n nM A M A⊗  with ( )AAM
n

⊗⊗2 . 
 
Definition 3.4 Let A  be a Banach algebra. For AAu ⊗∈  and nNsr ∈, , we 
define elements  

∑ =
⊗⊗=

n

ji ijji u
n

U
1, ,,

1 εε  and  ∑ =
⊗⊗=

n

j sjjr u
n

V
1 ,,

1 εε  

in ( )AAM n ⊗⊗2 . Moreover, for ( )( )*2 AAM
n

⊗⊗∈Ω we define ( )*AA⊗∈ω  by 

.,, Ω= Vu ω  Then for Aa∈  we have  

( ) ( ) ( )Ω⊗=Ω⊗=Ω⊗⊗= ∑ =
.,,.,.1., ,,1 ,, aUaUau

n
au srsr

n

j sjjr εεεεω  

and similarly ,, . , .( ) .r su a U aω ε= Ω ⊗  we also observe that 

  ( ) ( ) ( ) ( )aIVaIu
n

au
n

aU nn
n

j

n

j sjjrsjjrsr ⊗=⊗⎟
⎠
⎞

⎜
⎝
⎛ ⊗⊗=⊗⊗=⊗ ∑ ∑= =

..1.1.
1 1 ,,,,, εεεεε  

and that ,( ). ( ). .r s na U I a Vε ⊗ = ⊗   

Take **( )A Aφ∈ ⊗  and take the net ( )u A Aα ⊆ ⊗  such that φα →u  in the 

−*w topology on **( )A A⊗ . We consider the corresponding net ( )αU  and ( )αV in 
( )AAM n ⊗⊗2 , as Definition 3.4. We define the element 2

**( ( ))nM A AΦ∈ ⊗ ⊗  

(depends on φ ) through φω,, =ΦΩ for every 2
*( ( )) ,nM A AΩ∈ ⊗ ⊗ whereω  
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is given by Definition 3.4. Then it is easy to see that wVα
∗

⎯⎯⎯→Φ  

in 2
**( ( ))nM A A⊗ ⊗ . Hence we see that ,( ). ( ).w

r s na U I aαε
∗

⊗ ⎯⎯⎯→ ⊗ Φ  in 

2
**( ( ))nM A A⊗ ⊗ . Therefore  

( ) ( )
( ) ( )Ω⊗Φ=Ω⊗Φ=

Ω⊗=Ω⊗==

.,,.

,.lim.,lim.,lim., ,,

aIaI

aUaUaua

nn

srsr εεωωφ αααααα     

and similarly , . , .( ) .na I aφ ω = Φ Ω ⊗   
We keep the notations  of Definition 3.4 in the sequel. 

 
Lemma 3.5 Suppose that A  is a dual Banach algebra and that 

2( ( )) ).nwc M A Aσ ∗Ω∈ ⊗ ⊗  Then (( ) ).wc A Aω σ ∗∈ ⊗  

Proof. Suppose that aa w
i ⎯→⎯

∗

 in   A  and that ( )A Aφ ∗∗∈ ⊗ . By Lemma 

3.3, w
n i nI a I a∗⊗ ⎯⎯→ ⊗  in AM n ⊗ . Then by the assumption 

( ) ( ) ,.,., Ω⊗Φ→Ω⊗Φ aIaI nin  

and whence ωφωφ .,., aai → . A similar argument yields that 

aai .,., ωφωφ → , as required. 
 

We denote by Π  the corresponding diagonal operator for )(AM n . 
Lemma 3.6. Suppose that AAu ⊗∈ , nNsr ∈,  and that .a A∈  Then 

(i) ( ) ( );uIU n π⊗=Π  
(ii) ( )( ) ( ) ;,, auaU srsr πεε ⊗=⊗Π  
(iii) ( ) ( ) ( ).,, uaUa srsr πεε ⊗=Π⊗  

Proof. Take ∑∞

=
⊗=

1m mm bau and then 

( ) ( )∑∑ ⊗⊗⊗=⊗⊗⊗=
mji mijmjimji mmijji ba

n
ba

n
U

,, ,,,, ,, .11 εεεε  

Therefore 

( ) ( )∑ ∑∞

=
⊗=⊗=⊗=Π

mji m nmmnmmijji uIbaIba
n

U
,, 1,, .1 πεε  

Then we obtain 
( )( ) ( )( )( ) ( ) ,,,, auauIaU srsrnsr πεεπε ⊗=⊗⊗=⊗Π  

and analogously (iii). 
The following is our main result in this section. 
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Theorem 3.7. Suppose that *
*( )A A= is a dual Banach algebra and that .n N∈  

Then *
*( ) ( )n nM A M A= is Connes-amenable if and only if A  is Connes-amenble. 

Proof. Let )(AM n  be Connes-amenable. Let E  be a normal, dual Banach A-

bimodule and :D A E→  be a *w -continuous derivation. We consider the *w -
continuous derivation ( ) ( )EMAMD nn →:~  as before. By the assumption, there 

exists ,( ) ( )i j nx x M E= ∈ for which ( ) axxaaD ..~ −= , )(AMa n∈ . Take a A∈ and 

identify a  with the matrix ( ) .11a  Then 1,1x E∈  and 

( ) ( )( )( ) ( ) ( )( ) axxaaxxaaDaD ....~
1,11,11,111111,111 −=−==  

so that D is an inner derivation as required. 
Conversely, let A  be Connes-amenable. Let  ( )u A Aα ⊆ ⊗  be a bounded 

approximate wcσ -diagonal for A. We wish to show that the corresponding net 
( )Uα , defined in Definiton 3.4, is a bounded approximate wcσ -diagonal for 

( ).nM A  Take , ,nr s N a A∈ ∈  and 2( ( )) ).nwc M A Aσ ∗Ω∈ ⊗ ⊗  Then, using 

Lemma 3.5, we have 
( ) ( ) ( ) ( )

.0..,,..

,...., ,,,,

→−=−=

Ω⊗−⊗Ω=⊗−⊗Ω

auuauaa

UaaaUUa srsrsrsr

ααα

ααα

ωωω

εεεε
 

It follows that  
, ,, ( ). .( ) 0,i j i ja U U aα αΩ − →  

for all ( ) ( )AMa nji ∈,  and 2( ( )) ).nwc M A Aσ ∗Ω∈ ⊗ ⊗  

Next for *,Aψ ∈ by Lemma 3.6, we see that 

( ) ( ) ( ) ( )
,,,

,,,

,,

,,,,

aa

uauaUa

srsr

srsrsrsr

⊗⊗=→

=⊗⊗=Π⊗⊗

εψεψ

πψπεψεεψε ααα
 

and 
( ) ( ) ( ) ( )( ).,,,,,0,, ,,,, srlkNlkaUa nsrlksrlk ≠∈=⊗⊗=Π⊗⊗ εψεεψε α  

Hence for all  ( ) )(, AMa nji ∈  and ( ) )( *, AM nji ∈ψ we have 

( ) ( ) ( ) ( ) ( ) ,,, ,,,, jijijiji aUa ψψ α →Π  
which proves the claim. 
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4. Conclusions 

We briefly point out the original results obtained in this work.  We first, 
regarding a discrete weakly concellative semigroup S , Considered the Beurling 
algebras ( )ω,1 S , where ω  is a weight function  on S . We showed that the 
existence of some specified nets in ∗∞ × )( SSl  is equivalent to the approximate 
Connes-amenatility of ( )ω,1 S . Next, for a discrete group G , we proved that 
approximate Connes-amenability and approximate amenability are the same 
notion for the Beurling algebra ( )ω,1 G . Finally, for a dual Banach algebra A , 
we showed that the matrix algebra )(AM n  is a dual Banach algebra as well. We 
proved that )(AM n  is Connes-amenable if and only if A  is Connes-amenable, 
which is our last result in this paper. 
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