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TWO ENDPOINT RESULTS FOR β-SHRINKING AND

β-CONVERGENT MULTIFUNCTIONS WITH APPLICATION TO

AN INTEGRAL EQUATION
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We introduce β-shrinking, β-convergent and β-generalized weak contrac-
tive multifunctions, and give some results about the existence of endpoint of these
classes of multifunctions. We show that our main result generalizes a recent re-
lated theorem. Finally, we provide two applications for our main results.
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1. Introduction

One of valuable recent techniques in fixed point theory is the notion of α-ψ-
contractive mappings which introduced by Samet, Vetro and Vetro in 2012 ([13]).
Some authors used it for some subjects in fixed point theory (see for example [5],
[8], [9] and [12]). Later, it was generalized to β-ψ-contractive multifunctions (see
for example [2], [3], [7] and [10]). In this paper, we introduce the new notion of β-
shrinking, β-convergent and β-generalized weak contractive multifunctions and by
using this notion, we generalize a recent related result in fixed point theory.

2. Preliminaries

Let (X, d) be a metric space, CB(X) the collection of all nonempty bounded
and closed subsets of X, T : X → 2X a multifunction and H, the Hausdorff metric

with respect to d, that is, H(A,B) = max
{
supx∈A d(x,B), supy∈B d(y,A)

}
for all

A,B ∈ CB(X), where d(x,B) = infy∈B d(x, y). An element x ∈ X is said to be an
endpoint of T whenever Tx = {x} ([4]). We say that the multifunction T has the
approximate endpoint property whenever infx∈X supy∈Tx d(x, y) = 0 ([4]). A function
g : R → R is called upper semi-continuous whenever lim supn→∞ g(λn) ≤ g(λ), for all
sequence {λn}n≥1 with λn → λ ([1]). In 2010, Amini-Harandi proved the following
result ([4]).

Theorem 2.1. Let ψ : [0,∞) → [0,∞) be an upper semi-continuous function such
that ψ(t) < t and lim inft→∞(t − ψ(t)) > 0, for all t > 0, (X, d) a complete metric
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space and T : X → CB(X) a multifunction satisfying

H(Tx, Ty) ≤ ψ(d(x, y)), ∀ x, y ∈ X.

Then T has a unique endpoint if and only if T has the approximate endpoint
property.

Later, Moradi and Khojasteh by introducing generalized weak contractive mul-
tifunctions, improved it by providing the following result ([11]).

Theorem 2.2. Let ψ : [0,∞) → [0,∞) be an upper semi-continuous function such
that ψ(t) < t and lim inft→∞(t − ψ(t)) > 0, for all t > 0, (X, d) a complete metric
space and T : X → CB(X) a generalized weak contractive multifunction, that is,
satisfying

H(Tx, Ty) ≤ ψ(N(x, y)), ∀ x, y ∈ X,

where N(x, y) = max
{
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(y, Tx)

2

}
.

Then T has a unique endpoint if and only if T has the approximate endpoint
property.

In this paper, we introduce β-shrinking, β-convergent and β-generalized weak
contractive multifunctions and generalize Theorems 2.1 and 2.2 for the class of mul-
tifunctions.

3. Main Results

Let (X, d) be a metric space and β : 2X × 2X → [0,∞) a mapping. A multi-
function T : X → 2X is called β-generalized weak contraction whenever there exists
a nondecreasing upper semi-continuous function ψ : [0,+∞) → [0,+∞) such that
ψ(t) < t, for all t > 0, and

β(Tx, Ty)H(Tx, Ty) ≤ ψ(N(x, y)), ∀ x, y ∈ X.

We say that the multifunction T is β-shrinking whenever for each sequence {xn} inX
with lim

n→∞
diam (Txn) = 0, there exists a natural numberN such that β(Txn, Txm) ≥

1, for all m > n ≥ N . A multifunction T is said to be β-convergent whenever for
each convergent sequence {xn}, with xn → x, there exists a natural number N such
that β(Txn, Tx) ≥ 1, for all n ≥ N .

Now, we are ready to state and prove our main results.

Theorem 3.1. Let (X, d) be a complete metric space, β : 2X × 2X → [0,∞) a map-
ping and T : X → CB(X) a β-shrinking and β-convergent multifunction satisfying

β(Tx, Ty)H(Tx, Ty) ≤ ψ(d(x, y)), ∀ x, y ∈ X,

where ψ : [0,∞) → [0,∞) is an upper semi-continuous function with ψ(t) < t, for
all t > 0.

Then T has an endpoint if and only if T has the approximate endpoint property.

Proof. It is clear that T has the approximate endpoint property whenever T has an
endpoint.

Suppose that T has the approximate endpoint property.
Choose a sequence {xn} in X such that sup

y∈Txn
d(xn, y) → 0. Thus, we obtain

H({xn}, Txn) → 0 and diam (Txn) → 0. Since T is β-shrinking, there exists a
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natural number N such that β(Txn, Txm) ≥ 1 for all m > n ≥ N . Hence for each
m > n ≥ N , we have

d(xn, xm) ≤ H({xn}, Txn) +H(Txn, Txm) +H(Txm, {xm})

≤ H({xn}, Txn) + β(Txn, Txm)H(Txn, Txm) +H(Txm, {xm})
≤ H({xn}, Txn) + ψ(d(xn, xm)) +H(Txm, {xm}).

Because ψ is upper semi-continuous, we get

lim sup
n,m→∞

d(xn, xm) ≤ lim sup
n,m→∞

ψ(d(xn, xm)) ≤ ψ(lim sup
n,m→∞

d(xn, xm)).

Since ψ(t) < t for all t > 0, lim supn,m→∞ d(xn, xm) = 0 and so {xn} is a Cauchy
sequence.

Choose x0 ∈ X such that xn → x0.
If there exists a natural number n0 such that d(xn, x0) = 0 for all n ≥ n0,

then we have xn = x0 and H(Txn, Tx0) = 0, for all n ≥ n0. Thus, for each n ≥ n0,
we obtain

H({x0}, Tx0) ≤ d(x0, xn) +H({xn}, Txn) +H(Txn, Tx0) ≤ H({xn}, Txn)
and so H({x0}, Tx0) = 0.

If this is not, then without loss of generality (by replacing a subsequence) we
can suppose that d(xn, x0) > 0 for all n. Since xn → x0 and T is β-convergent, there
exists a natural number N1 such that β(Txn, Tx0) ≥ 1, for all n ≥ N1. Thus, for
each n ≥ N1 we have

H({x0}, Tx0) ≤ d(x0, xn) +H({xn}, Txn) +H(Txn, Tx0)

≤ d(x0, xn) +H({xn}, Txn) + β(Txn, Tx0)H(Txn, Tx0)

≤ d(x0, xn) +H({xn}, Txn) + ψ(d(xn, x0)) < 2d(xn, x0) +H({xn}, Txn).
Hence, H({x0}, Tx0) = 0. Therefore, T has an endpoint. �

Now, we add an assumption to obtain the uniqueness of endpoint. In this
respect, we introduce a new notion.

Let X be a set and β : 2X × 2X → [0,∞) a map. We say that the set X has
the property (Gβ) whenever β(A,B) ≥ 1, for all subsets A and B of X, with either
A * B or B * A.

Corollary 3.1. Let (X, d) be a complete metric space, β : 2X ×2X → [0,∞) a map-
ping and T : X → CB(X) a β-shrinking and β-convergent multifunction satisfying
β(Tx, Ty)H(Tx, Ty) ≤ ψ(d(x, y)) for all x, y in X, where ψ : [0,∞) → [0,∞) is an
upper semi-continuous function with ψ(t) < t, for all t > 0.

If T has the approximate endpoint property and X has the property (Gβ), then
T has a unique endpoint.

Proof. By using Theorem 3.1, T has a endpoint. If T has two distinct endpoints x∗

and y∗, then β(Tx∗, T y∗) = β({x∗}, {y∗}) ≥ 1 because X has the property (Gβ).
Hence,

d(x∗, y∗) ≤ H(Tx∗, T y∗) ≤ β(Tx∗, T y∗)H(Tx∗, T y∗)

≤ ψ(N(x∗, y∗)) < N(x∗, y∗) = d(x∗, y∗)

which is a contradiction. Thus, T has a unique endpoint. �
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If we consider β : 2X × 2X → [0,+∞), β(A,B) = 1, for all A,B ⊆ X, then
every multifunction is β-shrinking and β-convergent. Also, X has the property (Gβ).
Thus, Theorem 2.1 is a consequence of Theorem 3.1.

In 2011, Haghi, Rezapour and Shahzad showed that there are some fixed point
generalizations which are not real generalizations ([6]). Next example shows that
Theorem 3.1 is a real generalization of Theorem 2.1.

Example 3.1. Let X = [0, 1] ∪ [32 ,∞) and d(x, y) = |x− y|. Now, define

T : X → CB(X), Tx =


[x4 ,

x
2 ], x ∈ [0, 1]

{1}, x ∈ [32 ,∞).

Put x = 1 and y = 3
2 . Then,

H(Tx, Ty) = H(T1, T
3

2
) = H([

1

4
,
1

2
], {1}) = 3

4
> ψ(

1

2
) = ψ(d(x, y)),

where ψ : [0,∞) → [0,∞) is an arbitrary upper semi-continuous function, with
ψ(t) < t, for all t > 0. Thus, the condition of Theorem 2.1 does not hold.

Now, we show that the conditions of Theorem 3.1 hold for this multifunction.
In this respect, define ψ(t) = 7

8 t for all t ≥ 0 and β : 2X×2X → [0,∞) by β(A,B) = 0

whenever A ⊆ (18 ,
1
2 ], and B = {1} and β(A,B) = 1 otherwise.

If 0 ≤ x ≤ y ≤ 1, then β(Tx, Ty) = 1 and so

β(Tx, Ty)H(Tx, Ty) = H([
x

4
,
x

2
], [
y

4
,
y

2
]) =

1

2
d(x, y) ≤ 7

8
d(x, y) = ψ(d(x, y)).

If 0 ≤ x ≤ 1
2 and y ≥ 3

2 , then β(Tx, Ty) = 1 and so

β(Tx, Ty)H(Tx, Ty) = H(Tx, Ty) = H([
x

4
,
x

2
], {1}) = 1− x

4

=
3

8
+

5

8
− x

4
≤ 3

8
+

5

8
d(x, y)− x

4
=

2

8
.
3

2
+

5

8
y − 5

8
x− x

4

≤ 2

8
y +

5

8
y − 5

8
x− 2

8
x =

7

8
y − 7

8
x =

7

8
d(x, y) = ψ(d(x, y)).

If 1
2 < x ≤ 1 and y ≥ 3

2 , then Tx ⊆ (18 ,
1
2 ] and Ty = {1}. Hence, β(Tx, Ty) = 0

and so β(Tx, Ty)H(Tx, Ty) = 0 ≤ ψ(d(x, y)).
If x, y ≥ 3

2 , then β(Tx, Ty) = 1 and so

β(Tx, Ty)H(Tx, Ty) = H(Tx, Ty) = H({1}, {1}) = 0 ≤ ψ(d(x, y)).

Thus, β(Tx, Ty)H(Tx, Ty) ≤ ψ(d(x, y)) for all x, y ∈ X.
Now, we show that T is β-shrinking.
Suppose that {xn} is a sequence in X with diamTxn → 0.
If xn ∈ [0, 1] for all n ≥ N , then β(Txn, Txm) ≥ 1 for all m > n ≥ N .
If xn ∈ [32 ,∞) for all n ≥ N , then β(Txn, Txm) ≥ 1, for all m > n ≥ N .
If there exist subsequences {xnk

} and {xni} of {xn} such that {xn} = {xnk
}∪

{xni}, xnk
∈ [0, 1] and xni ∈ [32 ,∞), for all k and i, then there exist natural numbers

N1 such that xnk
∈ [0, 18 ] and xni ∈ [32 ,∞) for all k, i ≥ N1. Thus, it is easy to see

that β(Txn, Txm) ≥ 1 for all m > n ≥ N1. Hence, T is β-shrinking.
Now, we show that T is β-convergent.
Suppose that {xn} is a sequence in X with xn → x.
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If x ∈ [0, 1], then there exists a natural number N1 such that xn ∈ [0, 1] for all
n ≥ N1. Hence, β(Txn, Tx) ≥ 1 for all n ≥ N1.

If x ∈ [32 ,∞), then there exists a natural number N2 such that xn ∈ [32 ,∞)
for all n ≥ N2. Hence, β(Txn, Tx) ≥ 1 for all n ≥ N2. Thus, T is β-convergent.

Finally, note that supy∈T0 d(0, y) = 0 and so infx∈X supy∈Tx d(x, y) = 0.
Hence, T has the approximate endpoint property. Also, T0 = {0}.

Corollary 3.2. Let (X, d) be a complete metric space, β : 2X ×2X → [0,∞) a map-
ping, k ∈ [0, 1) and T : X → CB(X) a β-shrinking and β-convergent multifunction
satisfying β(Tx, Ty)H(Tx, Ty) ≤ kd(x, y) for all x, y in X.

Then T has an endpoint if and only if T has the approximate endpoint property.
If T has the approximate endpoint property and X has the property (Gβ), then

T has a unique endpoint x0 and Fix (T ) = {x0}.

Proof. Define ψ : [0,∞) → [0,∞), ψ(t) = kt. Then by using Theorem 3.1, T has an
endpoint if and only if T has the approximate endpoint property.

Now, suppose that T has the approximate endpoint property and X has the
property (Gβ). Then by using Corollary 3.1, T has a unique endpoint such x0.

Let y be a fixed point of T . We have to show that y = x0.
If Tx0 = Ty, then x0 = y.
If Tx0 ̸= Ty, then β(Tx0, T y) ≥ 1 because X has the property (Gβ). There-

fore, we obtain d(x0, y) ≤ H(Tx0, T y) ≤ β(Tx0, T y)H(Tx0, T y) ≤ kd(x0, y), and
we get d(x0, y) = 0. �

Next corollary shows us the role of a point in the existence of endpoints.

Corollary 3.3. Let (X, d) be a complete metric space, x∗ ∈ X a fixed element and
T : X → CB(X) a multifunction such that H(Tx, Ty) ≤ ψ(d(x, y)) for all x, y ∈ X
with x∗ ∈ Tx ∩ Ty, where ψ : [0,∞) → [0,∞) is an upper semi-continuous function
such that ψ(t) < t for all t > 0.

Suppose that for each sequence {xn} in X with diam(Txn) → 0, there exists
a natural number N1 such that x∗ ∈ Txn ∩ Txm for all m > n ≥ N1.

Also, assume that for each convergent sequence {xn} with xn → x, there exists
a natural number N2 such that x∗ ∈ Txn ∩ Tx for all n ≥ N2.

Then T has an endpoint if and only if T has the approximate endpoint property.

Proof. It is sufficient to define β : 2X × 2X → [0,∞) by β(A,B) = 1 whenever
x∗ ∈ A ∩B and β(A,B) = 0 otherwise, and then we use Theorem 3.1. �

Let (X, d,≤) be an ordered metric space. Define the order ≼ on arbitrary
subsets A and B of X by A ≼ B if and only if for each a ∈ A there exists b ∈ B
such that a ≤ b. It is easy to check that (CB(X),≼) is a partially ordered set.

Corollary 3.4. Let (X, d,≤) be a complete ordered metric space and T a closed
and bounded valued multifunction on X such that H(Tx, Ty) ≤ ψ(d(x, y)), for all
x, y ∈ X with Tx ≼ Ty, where ψ : [0,+∞) → [0,+∞) is an upper semi-continuous
function such that ψ(t) < t for all t > 0.

Suppose that for each sequence {xn} in X with diam(Txn) → 0, there exists
a natural number N1 such that Txn ≼ Txm for all m > n ≥ N1.

Also, assume that for each convergent sequence {xn} with xn → x, there exists
a natural number N2 such that Txn ≼ Tx for all n ≥ N2.
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Then T has an endpoint if and only if T has the approximate endpoint property.

Proof. It is sufficient to define β(A,B) = 1 whenever A ≼ B and β(A,B) = 0
otherwise, and then we use Theorem 3.1. �
Theorem 3.2. Let (X, d) be a complete metric space, β : 2X × 2X → [0,∞) a
mapping and T : X → CB(X) a β-shrinking, β-convergent and β-generalized weak
contractive multifunction.

Then T has an endpoint if and only if T has the approximate endpoint property.

Proof. It is clear that T has the approximate endpoint property whenever T has an
endpoint.

Suppose that T has the approximate endpoint property.
Choose a sequence {xn} in X such that supy∈Txn d(xn, y) → 0. Thus, we

obtain that H({xn}, Txn) → 0 and diam (Txn) → 0. But, we have

N(xn, xm) = max{d(xn, xm), d(xn, Txn), d(xm, Txm),
d(xn, Txm) + d(xm, Txn)

2
}

≤ d(xn, xm) +H({xn}, Txn) +H({xm}, Txm)
= d(xn, xm)−H({xn}, Txn)−H({xm}, Txm) + 2H({xn}, Txn) + 2H({xm}, Txm)

≤ H(Txn, Txm) + 2H({xn}, Txn) + 2H({xm}, Txm)
for all m,n ≥ 1. Since T is β-shrinking, there exists a natural number N such that
β(Txn, Txm) ≥ 1 for all m > n ≥ N .

For each m > n ≥ N , we have

N(xn, xm) ≤ H(Txn, Txm) + 2H({xn}, Txn) + 2H(Txm, {xm})
≤ β(Txn, Txm)H(Txn, Txm) + 2H({xn}, Txn) + 2H(Txm, {xm})

≤ ψ(N(xn, xm)) + 2H({xn}, Txn) + 2H(Txm, {xm}).
Because ψ is upper semi-continuous, we get

lim sup
n,m→∞

N(xn, xm) ≤ lim sup
n,m→∞

ψ(N(xn, xm)) ≤ ψ(lim sup
n,m→∞

N(xn, xm)).

Since ψ(t) < t for all t > 0, lim supn,m→∞N(xn, xm) = 0. This implies that
lim supn,m→∞ d(xn, xm) = 0. Hence, {xn} is a Cauchy sequence.

Now, choose x0 ∈ X such that xn → x0.
If there exists a natural number n0 such that N(xn, x0) = 0 for all n ≥ n0,

then d(xn, x0) = 0 for all n ≥ n0. Hence, xn = x0 and H(Txn, Tx0) = 0 for all
n ≥ n0. Thus, for each n ≥ n0 we have

H({x0}, Tx0) ≤ d(x0, xn) +H({xn}, Txn) +H(Txn, Tx0) ≤ H({xn}, Txn)
and so H({x0}, Tx0) = 0.

If this is not, then without loss of generality (by replacing a subsequence) we
can suppose that N(xn, x0) > 0 for all n.

Since xn → x0 and T is β-convergent, there exists a natural number N1 such
that β(Txn, Tx0) ≥ 1 for all n ≥ N1. Thus, for each n ≥ N1 we have

H({xn}, Tx0)−H({xn}, Txn) ≤ H(Txn, Tx0)

≤ β(Txn, Tx0)H(Txn, Tx0) ≤ ψ(N(xn, x0)) < N(xn, x0)
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≤ d(xn, x0) +H({xn}, Txn) +H({x0}, Tx0).
Hence, N(xn, x0) → H({x0}, Tx0).
Since ψ is upper semi-continuous, we get lim supn→∞ ψ(N(xn, x0)) ≤ ψ(H({x0}, Tx0)).
Now, from last inequalities, we conclude thatH({x0}, Tx0) ≤ ψ(H({x0}, Tx0)).

Thus, H({x0}, Tx0) = 0. Therefore, T has an endpoint. �

Corollary 3.5. Let (X, d) be a complete metric space, β : 2X × 2X → [0,∞) a
mapping and T : X → CB(X) a β-shrinking, β-convergent and β-generalized weak
contractive multifunction.

If T has the approximate endpoint property and X has the property (Gβ), then
T has a unique endpoint.

It is easy to check that Theorem 2.2 is a consequence of Theorem 3.2. More-
over, Example 3.1 shows us that Theorem 3.2 is a real generalization of Theorem
2.2. In fact, one can easily check that the multifunction T in Example 3.1 is a
β-generalized weak contractive multifunction while is not a generalized weak con-
tractive multifunction.

Corollary 3.6. Let (X, d) be a complete metric space, β : 2X ×2X → [0,∞) a map-
ping, k ∈ [0, 1) and T : X → CB(X) a β-shrinking and β-convergent multifunction
satisfying β(Tx, Ty)H(Tx, Ty) ≤ kN(x, y) for all x, y in X.

Then T has an endpoint if and only if T has the approximate endpoint property.
If T has the approximate endpoint property and X has the property (Gβ), then

T has a unique endpoint x0 and Fix (T ) = {x0}.

Corollary 3.7. Let (X, d) be a complete metric space, x∗ ∈ X a fixed element and
T : X → CB(X) a multifunction such that H(Tx, Ty) ≤ ψ(N(x, y)) for all x, y ∈ X
with x∗ ∈ Tx ∩ Ty, where ψ : [0,∞) → [0,∞) is an upper semi-continuous function
such that ψ(t) < t for all t > 0.

Suppose that for each sequence {xn} in X with diam (Txn) → 0, there exists
a natural number N1 such that x∗ ∈ Txn ∩ Txm for all m > n ≥ N1.

Also, assume that for each convergent sequence {xn} with xn → x, there exists
a natural number N2 such that x∗ ∈ Txn ∩ Tx for all n ≥ N2.

Then T has an endpoint if and only if T has the approximate endpoint property.

4. Applications

Let L be a positive real number and I = [0, L]. Denote the set of all real
valued continuous functions on I by C(I). If we endow this set with the uniform
distance, d(u, v) = supt∈I |u(t) − v(t)|, then (C(I), d) becomes a complete metric
space. Suppose that K : I × I × R → R and g : R → R are continuous functions.
Consider the integral equation

u(t) =

∫ L

0
K(t, s, u(s))ds+ g(t), ∀ t ∈ I.

Now, let X be a set and φ a selfmap on X. Define the multifunction Tφ : X → 2X ,
Tφx = {φx}. In this case, it is easy to check that H(Tφx, Tφy) = d(φx, φy) for all
x, y ∈ X.
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Theorem 4.1. Suppose that K : I × I × R → R and g : R → R are continuous
functions and there exist two non-negative maps β : 2C(I) × 2C(I) → [0,∞) and
α : R × R → [0,∞) such that supt∈I α(u(t), v(t)) = β({u}, {v}) ≥ 1, for all u, v ∈
C(I).

Assume that, there exists a continuous function G : I × I → R such that

|K(t, s, x)−K(t, s, y)| ≤ G(t, s)
|x− y|

2
, ∀ x, y ∈ R, t, s ∈ I.

Also, suppose that

inf
u∈C(I)

sup
t∈I

∣∣∣u(t)− ∫ L

0
K(t, s, u(s))ds− g(t)

∣∣∣ = 0,

and

sup
t∈I

(∫ L

0

G2(t, s)ds)
1
2 , α

(∫ L

0

K(t, s, u(s))ds+ g(t),

∫ L

0

K(t, s, v(s))ds+ g(t)
))

≤ 1√
L
.

Then the integral equation has a solution.

Proof. Define φ : C(I) → C(I), φu(t) =

∫ L

0
K(t, s, u(s))ds + g(t), for all t ∈ I.

Then, we have

|φu(t)− φv(t)| ≤
∫ L

0
|K(t, s, u(s))−K(t, s, v(s))|ds

≤
∫ L

0
G(t, s)

|u(s)− v(s)|
2

ds.

By using the Cauchy-Schwartz inequality, we obtain

|φu(t)− φv(t)| ≤ (

∫ L

0
G2(t, s)ds)

1
2 (

∫ L

0
(
|u(s)− v(s)|

2
)2ds)

1
2

for all t ∈ I and u, v ∈ C(I).
Hence,

α(φu(t), φv(t))|φu(t)− φv(t)|

≤ α(φu(t), φv(t))(

∫ L

0
G2(t, s)ds)

1
2 (

∫ L

0
(
|u(s)− v(s)|

2
)2ds)

1
2

≤ sup
t∈I

α(φu(t), φv(t))(

∫ L

0
G2(t, s)ds)

1
2 (

∫ L

0
(
|u(s)− v(s)|

2
)2ds)

1
2

≤ 1√
L
(

∫ L

0
(
|u(s)− v(s)|

2
)2ds)

1
2 ≤ d(u, v)

2
,

for all t ∈ I and u, v ∈ C(I).
This implies that

β(Tφu, Tφv)H(Tφu, Tφv) ≤ ψ(d(u, v))

for all u, v ∈ C(I), where ψ(t) = t
2 , for all t ≥ 0.

It is easy to check that Tφ a β-shrinking and β-convergent multifunction.
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Since

inf
u∈C(I)

d(u, Tφu) = inf
u∈C(I)

sup
t∈I

∣∣∣u(t)− ∫ L

0
K(t, s, u(s))ds− g(t)

∣∣∣ = 0,

Tφ has the approximate fixed point property. Thus, by using Theorem 3.1, Tφ has
a fixed point u∗, which is a solution for the integral equation. �

Now, let f : R → R and ψ : C(I) → C(I) be two functions. Put

J(x, y) = max
{
|x− y|, |x− fx|, |y − fy|, |x− fy|+ |y − fx|

2

}
,

for all x, y ∈ R and

Nψ(u, v) = max
{
d(u, v), d(u, ψu)d(v, ψv),

d(v, ψu) + d(u, ψv)

2

}
,

for all u, v ∈ C(I). Note that, Nψ(u, v) = supt∈I J(u(t), v(t)).
By using a similar proof of Theorem 4.1 and Theorem 3.2, one can prove next

result.

Theorem 4.2. Suppose that K : I × I × R → R and g : R → R are continuous
functions and there exist two non-negative maps β : 2C(I) × 2C(I) → [0,∞) and
α : R × R → [0,∞) such that supt∈I α(u(t), v(t)) = β({u}, {v}) ≥ 1 for all u, v ∈
C(I).

Assume that, there exists a continuous function G : I × I → R such that

|K(t, s, x)−K(t, s, y)| ≤ G(t, s)
J(x, y)

2
, ∀ x, y ∈ R, t, s ∈ I.

Also, suppose that

inf
u∈C(I)

sup
t∈I

∣∣∣u(t)− ∫ L

0
K(t, s, u(s))ds− g(t)

∣∣∣ = 0,

and

sup
t∈I

(∫ L

0

G2(t, s)ds)
1
2 , α

(∫ L

0

K(t, s, u(s))ds+ g(t),

∫ L

0

K(t, s, v(s))ds+ g(t)
))

≤ 1√
L
.

Then the integral equation has a solution.
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