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CONVERGENCE THEOREMS FOR OPERATORS WITH
CONDITION (E) IN HYPERBOLIC SPACES

Cristina Calineats!, Cristian Ciob#nescu®

‘We introduce convergence results of iteration process Sy, by Sintunavarat and
Pitea [J. Nonlinear Sci. Appl., 2016, 9, 2553-2562] in the framework of hyperbolic spaces,
introduced by Kohlenbach [Trans. Am. Math. Soc., 2005, 357, 89-128]. This study is
carried out on a remarkable class of operators, that of mappings with condition (E),
introduced by Garcia-Falset et al. [J. Math. Anal. Appl., 2011, 375, 185-195]. This
work presents both results on A-convergence and also some strong convergence results,
under additional conditions. We conclude the paper with at least two possible ways for
further study.
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1. Introduction

Several mathematical problems arising in nonlinear analysis can be solved by means
of fixed point theory, currently an active direction of study. This approach supposes finding
suitable classes of operators and adequate study framework, which ensure necessary topolog-
ical and geometric properties for the existence of fixed points. Once the existence is proved,
numerical modeling and simulation are necessary for finding them. So, versatile numerical
algorithms are desired to make complete such a study.

During the last period, several remarkable classes of operators for fixed point problems
are introduced. We mention here: Suzuki in 2008 [25], Garcia-Falset et al. in 2011 [10],
Aydi et al. in 2012 [5], Kamran et al. in 2016 [13], Donghan et al in 2018 [9], Bejenaru and
Postolache in 2020 [7], Ali et al in 2021 and 2017, respectively [3, 4]. As concerns recent
designed algorithms for fixed point problems, we mention a few references: Sahu et al. [21],
Thakur et al. [27, 28], Usurelu et al. [29, 30], Yao et al. [31, 32].

Given the theme of the paper, we will focus on hyperbolic spaces, as generalization of
metric spaces, in the sense introduced by Kohlenbach [16]. For other works in this regard,
please, see: Goebel and Kirk [11], Reich and Shafrir [20]. The axiomatic system of these
spaces shows that the convex structure of Takahashi is fructified herein (see [26], [19]). On
the other hand, it should also be noted that hyperbolic spaces represent a natural gener-
alization of CAT(0) spaces, which have the additional assumption of satisfying a condition
named (CN) (see [8], [12], [14]), in which various convergence properties are studied, as it
happens in [1] or in [6].
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Based on the four properties of hyperbolic spaces, certain results can be studied in
this direction and, also, the classic iterations can be stated in a new context, as suggested by
Ahmad et al. [2], in a recent paper. Inspired by all these aspects, we consider that dealing
with problems in this context is an important starting point of development, which deserves
to be followed closely, given all the results that can be produced.

2. Preliminaries
First, we will present some results regarding hyperbolic spaces.

Definition 2.1 ([16]). A hyperbolic space is a metric space (X,d) together with a map
W: X2 x[0,1] — X, with the following properties:

() d (u, Wz, 9,0)) < (1 — a)d(us, 2) + ad(u, y);

(11) d (W((E, Y, a)7 W($7 Y, ﬂ)) = |a - ﬁ‘ d($7 y);

(iii) W(z,y,a) = W(y,z,1 — a);

(iv) d W (x, z,a), W(y,w,a)) < (1 —a)d(z,y) + ad(z,w), for all z,y,z,w € X and
for all a, 8 € [0, 1].

In this case, we will denote the hyperbolic space with (X, d, W).

It is useful to notice that relation (i) is the well known convex structure introduced
by Takahashi [26].

Definition 2.2 ([26], [24]). We will consider the hyperbolic space (X, d, W).
(i) A subset S of this hyperbolic space is called convex if
W(x’ y? a) 6 S?

for all z,y € S and for all « € [0, 1].
(ii) This hyperbolic space is said to be strictly convex if for any z, y € X and A € [0, 1],
there exists a unique element z € X such that

d(z,x) = Ad(z,y)
and
(iii) This hyperbolic space is said to be uniformly convex if for all u,z,y € X, r > 0
and € € (0, 2], there exists ¢ € (0,1] so if d(x,u) <, d(y,u) < r and d(x,y) > er, then

o (w (s 2) ) <1

(iv) A map n: (0,00) x (0,2] — (0, 1] with the property that § = n(r,¢), for a given
r > 0 and € € (0,2] is said to be a modulus of uniform convexity. Furthermore, the map 7
is called monotone if it decreases with respect to r, for a fixed e.

Remark 2.1 ([17]). We can see that a uniformly convex hyperbolic space is strictly convex.

Considering the fact that one of the main results is referred to as A-convergence,
further we will detail some aspects regarding this concept.

Definition 2.3. We will consider the hyperbolic space (X,d, W) and {z,} a bounded
sequence in this space.
For x € X, define a continuous functional

r({zn}): X = [0,00), r(z,{x,}) = lim sup d(z, z,).

n—oo
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(i) The asymptotic radius is defined as follows

r({z,}) =inf {r (z,{z,}) : x € X}.
(ii) The asymptotic center of a bounded sequence {z,,} from a subset S of X is defined
as follows

As{zn ) ={z e X : r(z,{z,}) <r(y,{x,})for any y € S}.

In the more general case, where the asymptotic center is considered for the space X,
it will be denoted by A ({z,}).

Lemma 2.1 ([18]). Let (X,d,W) be a complete uniformly convex hyperbolic space with a
monotone modulus of uniformly convexity.

Then every bounded sequence {x,} in X has a unique asymptotic center with respect
to any nonempty closed convex subset S of X.

Definition 2.4. We will consider the hyperbolic space (X,d,W). A sequence {z,} in X
is said to A-converge to an element x € X if x is the unique asymptotic center of every
subsequence {uy,} of {x,}.

So, we will note A- li_>m 2, = = and z is called the A-limit of the sequence {z,}.

Lemma 2.2 ([15]). Let (X,d, W) be a uniformly convex hyperbolic space with a monotone
modulus of uniformly convexity. We will consider an element © € X and a sequence {ay,}
in [a,b] provided that 0 < a <b < 1. If {z,} and {y,} are sequences in X such that
lim sup d(x,,z) <7,
n—oo

lim sup d(yn,z) <r

n—oo

and
lim d(W(iEnayru Oén)71') =T

n—oo
for some r > 0, then

lim d(zp,yn) =0.

n—oo

In 2008, Suzuki [25] introduced a new nonexpansivity condition (the class of operators
with property (C)), which was later extended in 2011 by Garcia-Falset et al. in [10], by
introducing the so-called operator class with condition (E).

Definition 2.5 ([10]). Let S be a nonempty subset of a Banach space X and p > 1. Any
mapping T: S — X which satisfies the inequality

[z = Tyl| < pllz — Tzl + llz - yll,

for all z,y € S, is said to be endowed with (E,) property. Furthermore, T satisfies condition
(E) on S if T satisfies condition (E,), for some p > 1.

In the following definition, we will adapt Definition 2.5 in the context of hyperbolic
spaces, because the study is based on this class of operators with condition (E).

Definition 2.6. Let (X, d, W) be a complete uniformly convex hyperbolic space. A mapping
T: S — X satisfies condition (E,) provided that

d(z,Ty) < pd(z, Tx) + d(z,y),

for all z,y € S, where S is a nonempty subset of a space X.
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We will present a lemma with important results regarding this class of operators,
which will also be used in the context of uniformly convex hyperbolic spaces.

Lemma 2.3 ([10]). Let (X,d) be a metric space, S a nonempty subset of X and T: S — S
a operator with condition (E).

(i) If T satisfies condition (C), then T satisfies condition (E).

(ii) If T has conditions (E) and p is a fized point of the operator T, then

d(T'z,p) < d(z, p),

forallz € S.
(i) If T satisfies condition (E), then its fived point set is always closed.

In the following, we will review a few things about the iterative process used in the
next section. For the beginning, we mention that in the following we will understand by S a
subset of a hyperbolic space and, on the other hand, the operator T satisfies condition (E)
and F represents the set of its fixed points.

In 2016, Sintunavarat and Pitea [23] introduced an iterative scheme in connection
with Berinde-type operators. For an arbitrary z; € S, a sequence {z, } results as output of
the following three-step procedure:

(1 - /Bn) Ty + ﬂnTﬂjn
zn = (1= 9) T + Ynn (2.1)
Tnt1 = (1 — ap) Tz + anTyn,

for all n > 1, where {a,}, {8,} and {~,} are real sequences in (0, 1).
This iteration (2.1) can be extended in the context of hyperbolic spaces as follows.
For an arbitrary z; € S, a sequence {z,} is generated by the iterative scheme:

Z/n = W(T'T'fwxna ﬁn)
2n = W (Yn, Tn,Yn) (2.2)
Tn+1 = W(TynaTva an)v

for all n > 1, where {a,}, {8,} and {~,} are real sequences in (0, 1).

Last but not least, we will recall another recently introduced condition, which will
be the basis for the generalization of convergence results. It should be noted, however, that
this definition is an adaptation of the classic one, introduced in 1974 by Senter and Dotson
[22].

Definition 2.7 ([2]). Let (X,d, W) be a complete uniformly convex hyperbolic space, S
a nonempty subset of X and f: [0,00) — [0,00) a nondecreasing function. A mapping
T: S — S satisfies the condition (A) if

(i) f(a) =0 if and only if a = 0;

(ii) f(a) > 0, for each a > 0;

(iii) d(z,Tx) > f(d(x, F)), for each x € S.

3. Main results

To begin with, we will present several preparatory results, useful in developing our
convergence results. In the following, by F' we will denote the set of fixed points of the
operator T
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Lemma 3.1. Let (X,d, W) be a complete uniformly convex hyperbolic space, S a closed
nonempty convexr subset of X and T: S — S an operator with the property that F # &, and
d(Tz,p) < d(z,p) foranyx € X, andp € F. If p € F and the sequence {x,} is generated
by (2.2), then nlgl;o d(xn,p) exists.

Proof. Using Lemma 2.3 (ii), we can say that

(W(Tzy, x40, Bn),p)
— Bn)d(xn, p) + Bnd(Txn, p)
- ﬂn)d(l‘n,p> + ﬂnd(.fmp)
(Tn,p)-

d(Yn,p)
(3.1)

A IA
QU A

Based on (3.1), we have

AW (Yn, T, Yn)s P)

(1 = vn)d(zn, p) + Vnd(Yn,p)
(1 - 'Yn)d(xnvp) + 'Ynd(xnap)
d(xmp)'

p(Zn, )
(3.2)

IAIA

Using (3.1) and (3.2), we get

Y

(W(TyanZman)vp)

(1 — ap)d(Tzp,p) + and(Tyn, p)

(1 = an)d(2n,p) + and(Yn, p) (3.3)
(1 — ap)d(xn,p) + and(zn, p)

=d(zn,D).

This last inequality implies that the sequence {d(z,,p)},, is bounded and nonincreas-

d($n+17p)

INIAIA I

ing, for any p € F. So, we obtain that nlgrolo d(xn,p) exists, for any p € F. O

Lemma 3.2. Let (X,d,W) be a complete uniformly convex hyperbolic space, S a closed
nonempty convex subset of X and T: S — S an operator with condition (E) and with the
property that F # &. If the sequence {x,} is generated by (2.2) with {a, }, {Bn}, {gamma,,}
bounded away from zero, then

lim d(zp,Tz,)=0.

n—o0
Proof. First of all, take p € F. According to Lemma 3.1, the limit nh_)néo d(xn,p) exists, for
a fixed point p of the operator T. Therefore, we can consider that
nhﬁrrgo d(x,,p) =1 (3.4)
Using again Lemma 2.3 (ii), we can use that
d(Tzn,p) < d(2n,p)
and taking limsup in (3.4), we have

lim sup d(Tx,,p) <. (3.5)

n— oo

But from the relation (3.1), we know that
A(Yn,p) < d(zn,p)

and using a procedure similar to the one above mentioned and the relationship (3.4), we
obtain
lim sup d(yn,p) < r. (3.6)

n—oo
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and Lemma 3.1, we obtain

(1 = an)d(zn,p) + cnd(yn, p)

(1 = an)d(W (Y Tns Yn), P) + @nd(Yn, p)

(1 - an)(l - 'Yn)d(mnap) + [(1 - O‘n)'Yn + an] d(yn7p)
(@n,p) + [1 = (1 = )1 — an)] (d(yn, p) — d(2n, D)) ,

From relation (3.3

d($n+1ap)

| VAN VAN

=

which proves that

d(xni1,p) — d(an,p)
T (=) (1 = ey = U = dlan, )

Given these things, there exists A > 0 so that

1 d(xn ,p) — d(xnvp>
Z(d($n+lap) —d(zn,p)) < 1_ (T_ Yn) (1 — )

Using this last inequality and (3.4), we get

< d(Yn,p) — d(wn,p).

<Tim i
r< hg&lf d(Yyn,p)- (3.7)
Obviously, from (3.6) and (3.7), we have
Jim_d(yn, p) =,
and from this it follows that

lim sup d(W(TrTn; Tn, ﬂn)vp) =T (38)

n—oo

Finally, from (3.4), (3.5), (3.8) and using Lemma 2.2, we deduce that
lim d(zp,Tz,) =0,

n—oo

which concludes the proof. O

Considering the previous two results, we will now be able to give a A-convergence
result.

Theorem 3.1. Let (X,d, W) be a complete uniformly convex hyperbolic space, S a closed
nonempty convex subset of X and T: S — S an operator with condition (E) and with the
property that F # &. Then, the sequence {x,} generated by (2.2) with {an}, {Bn}, {1n}
bounded away from zero, A-converges to a point p € F.

Proof. Considering the fact that the sequence {z,} is bounded, it has essentially a unique
asymptotic center

As ({zn}) = {zo} -

On the other hand, we will consider a subsequence {u,} of {z,} such that
As ({un}) = {uo} -

Using Lemma 3.2, we get

lim d(up, Tuy,) = 0. (3.9)

n—oo
Next, we will prove that ug € F.
Using the fact that the operator T satisfies the condition (F), we have

d(uvu TUO) < ﬂd(una Tun) + d(una ’LL()),

for some p > 1.
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From here and using (3.9), follows that
 (Tuo, {un}) = lim sup d(Tug, )

n— oo
< lim sup d(ug, uy)
n— oo

=7 (uo, {un}).
Given the uniqueness of the asymptotic center, we can say that Tug = ug so ug €
F. All that remains now is to prove that ug is the unique asymptotic center for every
subsequence {u,} of {z,} and therefore, we will assume by reductio ad absurdum that
there is another asymptotic center, which we will note vy.
From Lemma 3.1, we deduce that le d(xn,ug) exists. But, on the other hand, it
can be seen that o

lim sup d(up,u,) = lim sup d(vo,uy,
n— 00 n— o0
< lim sup d(vg, Tp,
n—oo
< lim sup d(
(

n— o0

Ug, Tn

— — ~— ~—

= lim sup d(ug, un
n—oo

)

which is obviously a contradiction.
So, ug € F is the unique asymptotic center for each subsequence {u,} of {z,} and
finally, we conclude that {z,,} A - converges in the set F'. |

In the following, we will detail three results regarding the strong convergence.

Theorem 3.2. Let (X,d, W) be a complete uniformly convex hyperbolic space, S a compact
nonempty convex subset of X and T: S — S an operator with condition (E) and with the
property that F # &. Then, the sequence {x,} generated by (2.2) with {an}, {Bn}, {1n}
bounded away from zero, converges strongly to a point p € F'.

Proof. In the first place, we will consider an element z € S. Because S is a compact set,
we can say that there exists a subsequence, which we will note {x,, } of the sequence {x,}
such that

lim d({xn,},z)=0.
k—o0

Using now the fact that the operator T is part of the class of mappings with the
condition (E), we have that

d(ﬂ:nk,Tﬂj) S ﬂd(xnkaTmnk)+d(mnka$)a (310)

for some p > 1.
From Lemma 3.2, we get

lim d({zn,},T {zn,}) =0.
k—o0
Taking the limit when & goes to oo in relation (3.10), it is immediately inferred that
lim d({xn,},Tz)=0.
k—o0

Given the uniqueness of the limit for the convergent sequences, we have Tx = z,
so x € F and using Lemma 3.1, one has that lim d(x,,x) exists, hence the conclusion is
n—oo

obtained. O
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Theorem 3.3. Let (X,d,W) be a complete uniformly convex hyperbolic space, S a closed
nonempty convex subset of X and T: S — S an operator with condition (E) and with the
property that F # @. Then, the sequence {x,} generated by (2.2) converges strongly to a
point p € F if and only if

lim d(z,, F)=0.

n—oo

Proof. We will first assume that the sequence {x,,} converges strongly to a point p € F.
From Lemma 3.1, we have

lim d(z,,p) =0,

n—roo
S0
lim d(z,, F)=0.
n—oo
The inverse implication uses the Lemma 2.3 (iii), which guarantees that the set F' is
closed in S and uses arguments quite similar to Theorem 2 from [22]. ]

At the end of this section, using the property (A) of the operators, we will provide
another strong convergence result.

Theorem 3.4. Let (X,d, W) be a complete uniformly convex hyperbolic space, S a closed
nonempty convex subset of X and T: S — S an operator with condition (E) and with the
property that F' # &. If, in addition, the operator T also satisfies condition (A), then the
sequence {x,} generated by (2.2) converges strongly to a point of F.

Proof. First of all, using Lemma 3.2, we get

lim inf d(x,, Tz,) = 0. (3.11)

n—oo

As T satisfies condition (A), we can write
d(xp, Txy) > f(d(zn, F)). (3.12)
From (3.11) and (3.12), we deduce
lirgg}ff (d(xn, F)) =0
and from here it is immediately obtained that
1i£££1f d(xn, F) = 0.

Finally, using Theorem 3.3, we can conclude that the sequence {z, } admits a strong
limit in the set F', which is what we wanted to prove. ]

4. Conclusions

The objective of the paper is to introduce certain convergence results for an iterative
process in three steps, in the context of hyperbolic spaces. These results indicate two aspects:
on the one hand, the fact that the chosen iterative process is extremely versatile, can be
adapted in various situations. On the other hand, the idea that important results can be
obtained, regarding strong convergence, without too many additional conditions, fact which
represents an important point of study in the field of nonlinear analysis and fixed point
theory. Furthermore, it should be noted that this study is only a first step in the framework
given by these spaces, and can be continued in the context of the same iteration or other
iterative processes, to obtain common fixed point results. Finally, it is worth to be noted
that this can be done using other classes of operators, newly introduced.
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