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NONLINEAR EFFECTS IN SOI MICRO-RING RESONATORS 

Andreea FAZACAŞ1, Paul STERIAN2 

By using the Finite Difference Time-Domain Method (FDTD), nonlinear 
effects in ring resonator were studied. FDTD Method is a powerful mathematical 
tool to solve Maxwell equations in micro-structured optical devices, in our case. 
These devices have various applications ranging from filters to ultrafast signal 
processing and sensing. 

In this paper we studied two types of dispersive effects in nonlinear materials 
of a SOI (Silicon on insulator) micro-ring resonator: second-order effect and third 
order effect. SOI micro-rings are of particular interest due to their operation 
wavelength near 1.55 µm, due to their optical confinement and due to their low cost 
for microelectronics integration. 

In our simulations we used different wavelengths, in order to obtain high 
quality factors of the micro-ring resonators, but also to determine the applications 
of these photonic structures. 

This method can be used by designers to obtain optimal parameters for their 
applications. 
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1. Introduction 

Solving Maxwell equations by Finite-Difference Time-Domain (FDTD) 
Method was of great interest in late years, due to the simple implementation in 
software simulations. This mathematical method was used in a variety of photonic 
based studies [1-6]. Previous work of authors analyzed the second and third order 
dispersion effects in optical fibers [7, 21] by using another numerical method 
(Split-Step Fourier Method).  

By using FDTD Method, Hagness et all. described, in their work [4,13-
18], the design and experimental realization of a simple ring-resonator. Modelling 
micro-ring resonators is of great importance, due to this type of devices to offer a 
large free spectral range, but also a narrow band.    

If the power density of the light is large, then the nonlinear effects will 
appear in materials. Nonlinear analysis has been used intensively in the last years, 
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due to its importance in a variety of applications, even at low power levels. Also, 
the study of nonlinearities in ring-resonators is of great importance since the 
intensity in the waveguide is much lower than the intensity in the ring. 

The linear and nonlinear characteristics of optical slow-wave structures 
made of direct coupled Fabry-Pérot and ring-resonators were discussed by 
Mellonini et all. [6] in 2003. Also, in this paper there are suggested a series of 
applications, where the slow-wave propagation can increase the performance of 
the modern optical devices [6,19]. Another study presents the modelling of the 
dispersive nonlinear effects in ring-resonators [7,14].  

Nonlinear effects can occur, also, in silica even at modest input powers. 
These effects occur due to the confinement of the light in the narrow core of the 
waveguides. A particular study revealed that silicon micro-rings can be used for 
optical manipulation [9]. 

The Silicon on Insulator (SOI) technology was used lately to reduce the 
parasitic device capacitance. The effect of the reduced capacitance is the 
performance improvement of the photonic device. Also, this material can be 
easily integrated in photonic devices, due to their compact dimensions. A large 
bandwidth for slow light devices in cascade passive silicon on insulator micro-
rings was obtained by Yuntao et all. The obtained results were remarkable: a 57 
ps group delay and an 83 Gbps bit rate was suggested according the measured 
3dB spectral bandwidth in the 8-stage cascaded micro-rings [7].  

The nonlinear behaviour in a 200 mm SOI wafer with a thickness of the 
Silicon layer of 220 nm and buried oxide of 1 µm was studied by Priem et all. 
They demonstrate optical bistability for input powers as low as 0,277 mW [8].  
Another study reveals the cascade excitability in a micro-ring with high quality 
factor, which at certain wavelengths (blue light) undergoes a subcritical 
Andronov-Hopf bifurcation. If the input light is red, in the bistability region, a 
supercritical Andronov-Hopf bifurcation occur [9-12].  

In this study we simulated the amplitude for a simple ring-resonator 
coupled to a single waveguide. First, we used a SOI based micro-ring resonator. 
Then we changed the material of the waveguide to be nonlinear. This paper 
studies the second order and third order nonlinearities in SOI based micro-ring 
resonators. Nonlinear effects induced major changes in the quality factors of the 
micro-ring resonators. Our simulations were made with OptiFDTD Software [13, 
22-23] for different resonant wavelengths.   
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2. Mathematical background 

The simplest configuration of a micro-ring resonator consists of a 
unidirectional coupling between a waveguide and a ring resonator, as we can see 
in Fig. 1 [13]. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. Single micro-ring resonator with single waveguide. 
 
 The simplest micro-ring resonator is described by the following matrix 
relation: 
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where 1tE  and 2tE are the transmitted fields in the ring and in the waveguide, 1iE  
and 2iE are the input fields in the waveguide and in the ring, t and k are the 
coupler parameters and the * represents the complex value of t and k [10]. 
 If we chose 11 =iE then the round trip in the ring resonator will be given by 
the following relation: 
 ,22 t

j
i EeE θα ⋅=  (2) 

where α is the loss coefficient of the ring, θ = ωL/c, L being the circumference of 
the ring and c the phase velocity of the ring mode and the fixed angular frequency 
ω = k1c0, c0 the speed of light in vacuum and k1= 2π/λ is the vacuum wave 
number. 

The ring coupling relations are given by: 
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where β is the propagation constant, neff is the effective refractive index, λ is the 
wavelength of the laser, θ is the phase shift per circulation and r is the ring radius 
measured from the center of the ring to the center of the waveguide [13]. 
 From this we obtain the other components of the field: 
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 The transmission power in the output waveguide and the circulating power 
in the ring will be: 
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where t  is the coupling losses and tϕ the phase of the coupler [13]. 
On the resonance equation (5) becomes: 
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If we have zero losses in the ring (α = 1) we can see that all the power 
remains in the ring and that nothing passes into the waveguide (Pt1 is equal to zero 
for all t 2). The ring-resonator may be used as band stop filter (Fig. 2.).  

If the losses in the ring are at the maximum (α = 0) all the signal passes 
through the waveguide, but nothing passes into the ring. In this case, Pt1 increases 
strongly with the increase of the coupling losses coefficient. The waveguide may 
be used for telecommunication applications (Fig. 2.). 
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Fig. 2. The transmission power at the output of the waveguide (Pt1) and the circulating power in 

the ring (Pi2), for different values of the loss coefficient in the ring α. 
 
To describe the FDTD algorithm we consider a region of space with no 

electric or magnetic current sources. Consequently, the time-dependent Maxwell’s 
equations are described by the following equations: 

 ME
t
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where E  is the electric field (V/m), D is the electric flux density (C/m2), H is the 
magnetic field (A/m), B is the magnetic flux density (Wb/m2), and J is the electric 
current density (A/m2) [1-2]. 
 We can relate D  to E  and B  to H using the relations: 

 ErED 0εεε == ; HrHB 0μμμ == ,    (8) 
where ε (F/m), εr is the relative permittivity, ε0 is the free-space permittivity 
(8.85×10-12), µ is the magnetic permeability (H/m), µr is the relative permeability, 
and µ0 is the free-space permeability ( 7104 −×π H/m) [1-3]. 
 J  and M can act as independent sources of E  and H  field energy and can 
be written as:  

        H*         ; σσ +=+= sourceMMEsourceJJ    (9) 
where σ is the electric conductivity (S/m) and *σ is the magnetic loss ( m/Ω ). 
Using (7), (8) and (9) we obtain the Maxwell’s curl equations in linear, isotropic, 
non-dispersive, lossy materials: 
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 If we write the vector components of the curl operators in Cartesian 
coordinates we will obtain the following system of six coupled scalar equations: 
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if we consider that σ* and σ are equal to zero [1-3, 20]. 
The system of six coupled partial differential equations forms the basis of 

the FDTD numerical algorithm for electromagnetic wave interactions with general 
three-dimensional objects[1-3,19-20]. 

If we consider the bi-dimensional case when the photonic device is in the 
X-Z plane and the propagation is made along the Z axis and the Y axis is 
considered infinite, then the Maxwell equations derive into two sets of 
independent equation, namely transversal electric (TE) and transversal magnetic 
(TM) [22-23]. 

In our paper we studied the only the TE waves. In this case the 

components of the field are Hx, Ey, Hz ≠ 0 and the propagation is made along the z 

axis: 
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The Ey field is considered to be the center of the FDTD space cell (Figure 
3). The dashed lines form the FDTD cells. The magnetic fields Hx and Hz are 
associated with cell edges. The locations of the electric fields are associated with 
integer values of the indices i and k. The Hx field is associated with integer i and 
(k + 0.5) indices. The Hz field is associated with (i + 0.5) and integer k indices 
[10,11,22].  

The numerical analog in equation (12) can be derived from the following 
relation: 
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After numerical discretization we obtain: 
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where n labels the time steps while the indices i and k label the space steps and 
along the x and z directions, respectively. The time step is determined by the 
Courant limit  tΔ [13-14]. 

 
Fig. 3. The location of the TE fields in the computational domain [22-23] 

 The components of the field can be written as: 
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The quality factor of an optical ring-resonator can be described 
quantitatively as: 

 ,FLeffn
Q ⋅=

λ
      (7) 
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where neff is the effective refractive index of the material, L is the circumference 
of the ring, λ  is the wavelength and F the finesse. The method to determine the 
finesse is well described in [10-11].  

 
Fig. 4. The evolution of amplitude versus wavelength for 2 observation points  

(the Observation Point 1 is located at the input and Observation Point 2 at the output). 
 
 In Fig. 4 we presented an example of the evolution of amplitude versus 
wavelength at the input and at the output of the waveguide (at the input the signal 
is almost flat, while at the output we obtained the wavelength resonances). The 
quality factor is obtained, numerically, as the ratio between the free spectral range 
(FSR defined as the distance between two resonances from Fig. 4 on Observation 
Point 2)  and the full width half maximum (FWHM). 

3. Silicon on insulator micro-ring resonator 

For our numerical simulation we considered a micro-ring resonator as seen 
in Fig.5. The length of the waveguide was considered to be 15 μm and the radius 
of the ring to be 2,02 μm. Consequently, we obtain the value for the length of the 
ring to be equal to L = 2πr = 12,7 μm.  

 
Fig. 5. Geometrical section - silicon on insulator micro-ring resonator. the width of the ring is 

equal to 0,5 μm ; b. the gap between the ring and the waveguide is equal to 0,51 μm 
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We considered the input signal a Gaussian Modulated Continuous Wave. 
The time step size was equal to 161055,1 −⋅ with 5000 time steps.  

The refractive index of the Si was considered 3,47 and of SiO2 1,45. The 
obtained value for the effective refractive index of the structure is equal to 3,03. 

 
             a.                                                                                      b. 

Fig. 6. a. Evolution of the amplitude versus the wavelength for telecom based applications;  
b. Evolution of the Ey component versus the propagation distance for 1,55 μm. 

 

 
                     a.                                                                                     b. 

Fig. 7. a. Evolution of the amplitude versus the wavelength for different wavelengths;  
b. Evolution of the Ey component versus the propagation distance for different wavelengths. 

Λ = 1,55 μm 

Λ = 2,9 μm 

Λ = 4,25 μm 

Λ = 5,24 μm 
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The case of telecommunication wavelength is presented in Fig. 6. We can 
observe that the waveguide has a normal behaviour and transmits the entire signal 
from the input to the output of the waveguide smoothly. 

If we increase the wavelength to 2.9 μm we observe a tiny signal in the 
ring, but if we choose to simulate at the resonance wavelengths (4,25 μm and    
5,24 μm) we find out that the signal in the ring is higher than the signal in the 
waveguide. In the cases presented in Fig. 7 we obtained quality factors between 
200 and 500.    

4. Silicon on insulator micro-ring resonator in the presence of a 
second order and third order waveguide materials 

For a waveguide with a nonlinear material (polymer PBZT) of second 
order (with relative linear permittivity = 2,7225 and second order susceptibility = 
5*10-13 (m/V)) we observed, even at telecommunication wavelength, a dispersion 
of the signal (Fig. 8). 

 
Fig. 8.  Evolution of the Ey component versus the propagation distance at 1,55 μm  

for the second order nonlinear material in the waveguide. 
 
 If we considered the resonance wavelength of 2,5 μm, we obtained a 

higher quality factor for the micro-ring. From Fig. 10 we obtained a quality factor 
of around 550. For bio-sensing applications the quality factor must have orders of 
magnitude of thousands. These micro-rings can be used to detect cancer 
molecules, due to the following propriety: the transmission spectrum of the micro-
ring is very sensitive to the refractive index changes. 
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Fig.9. Evolution of the Ey component versus the propagation distance at 2,5 μm  

for the second order nonlinear material in the waveguide. 

 
Fig.10. Relative power versus distance at 2,5 μm for the second  

order nonlinear material in the waveguide 
 
The same waveguide was analyzed considering the third order nonlinearity 

(with relative linear permittivity = 2,7225 and third order susceptibility = 1,25*10-

18 (m2/V2)). As in the previous case we observed, even at telecommunication 
wavelength, a dispersion of the signal. 

 
a.                                                                                 b. 

Fig. 11. a. Evolution of the Ey component versus the propagation distance at 2,41 μm;  
b. The projection (X, Z axes) at 2,41 μm.  
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Considering the resonance wavelength of 2,41 μm we obtained a high 
quality factor of around 720 (Fig. 11). At this resonance wavelength we can 
observe that the signal remains in the micro-ring, but if we choose another 
resonance wavelength of 2,5 μm (Fig. 12) we observe that the quality factor 
decreases. Consequently, in this case we obtained a better signal in the 
waveguide.  

 
a.                                                                      b. 

Fig. 12. a. Evolution of the Ey component versus the propagation distance at 2,5 μm;  
b. The projection (X, Z axes) at 2,5 μm . 

5. Conclusions 

In this paper we studied the nonlinear behaviour in Silicon-on-Insulator 
based micro-ring resonators. For our simulations we used he Finite Difference 
Time-Domain Method, a powerful mathematical tool to solve Maxwell equations.  

Nonlinear effects are of great interest, due to their importance in different 
types of applications, ranging from filters to sensing. For different wavelengths 
our simulations revealed good quality factors. 

The cost to manufacture these photonic devices is still high and here we 
highlighted the importance of numerical modelling. Finite Difference Time-
Domain Method can be used by designers to obtain optimal parameters for their 
applications. 
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