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EXISTENCE, STABILITY AND WELL-POSEDNESS OF FIXED POINT
PROBLEM WITH APPLICATION TO INTEGRAL EQUATION

R. K. Sharma!, S. Chandok?

In this paper, we consider a fized point problem related to the notion of Wj-
contraction mappings and obtained some sufficient conditions for the existence of so-
lution for such class of mappings in a framework of orthogonal F-metric space. As
applications of the obtained results, we investigate the Ulam-Hyers stability of a fized
point problem and of a Volterra integral equation. Some illustrative examples are also
provided to support the new findings.
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1. Introduction

In the theory of Ulam’s stability, one can find the efficient tools to evaluate the errors,
that is to study the existence of an exact solution of the perturbed functional equation which
is not far from given function (see [7, 10, 16] and references cited therein). The study of the
stability of functional equations has an important role in mathematics and allied sciences
because of its many applications, for instance, in economics and optimization theory (see

3)).

In recent years, there are many interesting generalizations (or extensions) of the metric
space concept appeared in the literature such as Czerwik [4] introduced the notion of b-
metric with a coefficient 2 and this notion was further generalized by the author in [5] with
a coeflicient K > 1. Matthews [15] gave the concept of partial metric space, Branciari [2]
introduced a notion of a v-generalized metric space, Khamsi et al. [13] reintroduced the
notion of b-metric as metric type, Fagin et al. [6] gave the notion of s — relaxzed, metric
(see, also [14]) and thereafter many researchers gave different and wonderful concepts. Jleli
et al. [11] presented a very fascinating generalization called as F-metric space. Recently,
Gordji et al. [9] introduced the concept of an orthogonal set (briefly, O-set) and presented
some fixed point theorems in orthogonal metric spaces. Many researchers (see [8, 9, 12,
20]) proved the existence of fixed points using the concept of many interesting contraction
mappings in various abstract spaces. In this paper, we present some results for the existence
of solutions for the fixed point problem and as application to investigate the Ulam-Hyers
stability problem in the setting of orthogonal F-metric spaces. Also, some examples are
provided for the usability of the results.

2. Preliminaries

In this section, we give some notations and basic definitions to be used in the sequel.
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Definition 2.1. [9] Let 2" # 0 and L.C Z x Z be a binary relation. If L satisfies the
following condition:

there exists wo € 2 such that (for all x € 2, s L wy) or (for all x € X7, wy L ),
then it is called an orthogonal set (briefly O-set). We denote this O-set by (2, L1).

Example 2.1. [9] Let 2" = Z. Define m L n if there exists k € Z such that m =k n. It is
easy to see that 0 L n for alln € Z. Hence (2, 1) is an O-set.

For more interesting examples see [9].

Definition 2.2. Let (2, 1) be an O-set. A sequence {wy}nen is called an orthogonal
sequence (briefly, O-sequence) if (for all n,w, L w,y1) or (for all n,w,41 L wy,).

Definition 2.3. Let (£, L) be an O-set. A mapping T : Z — X is said to be L-preserving
if 7(w) L T(5), then w L ». Also, T : & — Z is said to be weakly L-preserving if
T (w) L T (3) or T(x) L T (w), then w L .

It is easy to see that every _L-preserving mapping is weakly |-preserving. But the
converse is not true (see [9]).
Let F be the set of function f : (0,400) — R satisfying the following condition:
(©1) f is non-decreasing, that is 0 < A < g = f(A) < f(u)
(63) for every sequence {u,} C (0,+00), we have
lim p, =04 lm f(u,) = —occ.
n— oo

n—oo

Definition 2.4. [11] Let 2 # 0, and D : 2 x Z — [0,00) be a mapping. Suppose that

there exists (f,a) € F x [0,00) such that

(D1) (w,2) € Zx X, D(w,») =0 w=x

(D2) D(w, ) = D(s3,w), for all (w,») € £ x Z .

(Ds3) For every (w,») € X x X, for everyn € Nyn > 1, and for every (w;)!"_, C Z with
(wi, wit1) = (w, »), we have

D(w,») > 0= f(D(w, ) < f <z_: D(wi,wiﬂ)) + o

i=1
Then D is said to be F-metric on X, and the pair (£, D) is said to be a F-metric space.

Definition 2.5. [11] Let (27, D) be an F-metric space. A sequence {w,} is F-convergent
tow € X if {wwy} is convergent to 2~ with respect to topology Ts.

Definition 2.6. [11] Let (2, D) be an F-metric space and {wy} be a sequence in Z". A
sequence {wy,} is said to be F-Cauchy if
lim D(wy,wn) =0.

m,n— 00
Definition 2.7. (see [8, 17, 18]) Let (2", D) be a F-metric space and T : X — X be a self
mapping. A sequence {w,} defined by wpi1 = T (wy) = T"wyg is called a Picard sequence
based at point wy € Z . A self mapping Z is said to be a Picard operator if it has a unique
fized point »x € & and = lim J"w for allw € Z .

n— oo

Definition 2.8. [11] Let (2, D) be an F-metric space and {wy} be a sequence in Z . A
sequence {wy} is said to be F-complete if every F-Cauchy sequence in 2 is F-convergent
to a certain point in 2.

Definition 2.9. [11] Let (27, D) be an F-metric space and < be a non empty subset of 2.
A is said to be F-compact if o is compact with respect to the topology Ty on X .
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3. Orthogonal Fixed Point
To start with, we have the following notations and definitions:

Definition 3.1. Let (27, L, D) be an orthogonal F-metric space ((Z', L) is an O-set and
(Z,D) is a F-metric space).

Example 3.1. Let (2" =1[0,1], D) be a F-metric space with F-metric defined as

elr=dl.p#q
0,p=gq,

me—{

forallp,qe X, f(t) = _Tl,t >0anda=1. Definep L q as pqg < p or pqg < q. Then for
alpe Z,0Lp, so(X,1)is an O-set and (£, L, D) is an orthogonal F-metric space.

Definition 3.2. Let (27,1, D) be an orthogonal F-metric space. Then T : X — X is
said to be orthogonally F-continuous (or L-F-continuous) at a € £ if, for each O-sequence
{an} in X with a,, = a, we have T (a,) = T (a). Also, T is said to be L-F-continuous
on X if T is L-F-continuous for each a € Z .

Definition 3.3. Let (£, L, D) be an orthogonal F-metric space. Then Z is said to be
orthogonally F-complete (briefly, O-F-complete) if every Cauchy O-sequence is F-convergent.

Definition 3.4. Suppose that ® denotes the family of functions ¢ : [0,00) — [0,00) satis-
fying following conditions:

(i) ¢ is nondecreasing
(i) ¢™(t) = 0 as n — oo, fort € [0, 0).

Now, we give Wj;—contraction which will be used in our results.

Definition 3.5. Let (27, L, D) be an orthogonal F-metric space and T : X — 2 be a self
mapping. A mapping T is called an orthogonal Wy, — contraction if there exists a ¢ € ® such
that for all w,» € X', with w L », D(Tw, T ») >0 we have

D(Tw, T %) < p(D(w, »)). (1)

Theorem 3.1. Let (27,1, D) be an O-complete orthogonal F-metric space and T : X —
Z be an orthogonal Wy-contraction. Suppose that Z is | -preserving and | -continuous. If
there exists wg € X such that wg L Twg or Twy L @y, then T has a unique fized point
n 2.

Proof. Let wg € 2 be such that wy L T (wg) or Twy L wy. Take wy := Twy, we =
Ty = T?wy. We define sequence {w,} 2 by wpy1 = Tw, = T g for all n €
NU{0}. Since J is L-preserving, we have @, | w, 1 or wy41 L w, for all n € NU {0}.
This implies that {w,} is an orthogonal sequence.

If there exists ng € N such that w411 = wy,, then w,, is a fixed point of T'. There-
fore, we may suppose that D(w,,@,+1) > 0. Since  is an orthogonal Wj-contraction, we
have

D(wna wn—i—l) - D(ywn—la ywn)
(D(wn—lywn)) = @(D(ywn—% gwn—l))
2<D(wn727wn71))

IN

¥
%)

IN A

(pn_l(D(yWQ, 9721))
¢" (D(wo, w1)).

IAIA
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Therefore, we have D(wy,, wn11) < ¢"(D(wq, 1)), for all n € N. Taking limit n — oo and
using Definition 3.4, we have

lim D(wy, wnt1) < lim ¢"(D(wg, w1) — 0.

n— oo n—oo

Hence

lim D(wy,wn41) = 0. (2)

n—oo
Let (f,a) € F x [0,00) be such that (Ds) is satisfied. Suppose that € > 0 is given.
By (©1), there exists a § > 0 such that for 0 < ¢ < §, we have
10) < 1) ~ o Q@

We may suppose that D(wg, 1) > 0. Using (2), we have lim D(w,, @w,+1) = 0. Further,
n— o0

we have
m—1
Z D(wi7wi+1) = D(wn7wn+1) + D(w77,+17wn+2) +...+ D(wm—lawm)~ (4)

It implies that

m—1

Y D(wiwir1) < " (D(wo,@1)) + " (D(wo, @1)) + ...+ ¢" H(D(wo, w1)).  (5)

i=n
Hence, we have

©"(D(w0, 1))
— ¢(D(wo,@1))

m—1
Z D(w;, wit1) < T
i=n

Since lim ¢" (D(wo, @1))
D) )
@™ (D(w@o, w1 |
< 8, for n > N. Hence by (3) and (6;), we obtain
1 — o(D(wo, 1)) v (3) (©1)

/ <§ D(wi,wi+1)> <f (1@_”;?5(3;0?;)1)))) < f(e)—a, m>n>N. (6)

= 0, for a given § > 0 there exists N € N such that 0 <

Using (D3) and (6), we obtain

f(D(wn, @m)) < f <z_: D(wi,wi+1)> +a < f(e).

Using ©1, we have
D(wy,, wm) < &,

for m,n > N. Hence {w,} is an orthogonal F- Cauchy.
Since (£, D) is an orthogonal F-complete, there exists w* € 2 such that {w,} is
orthogonal F- convergent to w*, that is

nlgr;o D(w,,w") =0. (7)
Using the |-continuity of .7, we have T w* = liIJIrl T w, = lim w11 = w*. Thus @*
n—-+0oo n—oo

is a fixed point of 7.

Now, to prove the uniqueness of the fixed point, let x* be another fixed point of 7.
Then we have S "k* = k* for all n € N. By our choice of wg, we have wy L k* or k* L wj.
Since 7 is L-preserving, we have I "wy L I "k* or T"k* L T "wq for all n € N.
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Suppose that D(J ™wy, k*) > 0. By (Ds3), we have
D(T"wg, k%) < o(D(T™ Ly, k"))
<.
< " (D(wo, k%))
Taking n — oo, we have lim w, = k*. Further, uniqueness of limit implies that @w* = x*.

n— oo

Hence the result. O

Corollary 3.1. Let . : & — Z be a self mapping on an orthogonal F—metric space
(2, L,D). Suppose that the following conditions are satisfied:

(i) 2 is an orthogonal F—complete;
(ii) T is L-preserving and L -continuous;
(iii) there exists k € (0,1) such that for all (w, ) € X' x X withw L 3, D(Tw, T ) >0,
we have
D(Tw, T ) < kD(w, »).
If there exists wg € X such that wy L Twg or Twy L wg, then Then J has a unique
fized point.
Example 3.2. Let 2 =10,3] and D : Z x X — Z be the mapping defined by
D(w, ) = (w — »)*

for all (w, %) € Z x Z'. Define a relation L on Z by w L s if and only if wsx € {w, »} C
Z. Then (Z',L,D) is an O-complete orthogonal F-metric space with f(t) = In(t) and
a=1.
Let 7 : 4 — Z be a mapping defined by
w
=—+41
Tw 5 +
for allz € Z'. Define ¢ : [0,00) = [0,00) as ©(t) =t, t > 0. So it satisfies the following
conditions:
(i) ¢ is non decreasing
(i) ¢™(t) = 0 as n — oo, fort € [0, 0).
Then T is an orthogonal Wy— contraction and has a unique fized point.

Proof. Let Tw = % + 1, for each w € Z". Consider

D(ﬁw,yz):(erlfffl)Q

2 2
w2
-5-9
_ (w - x)?
B 4
B D(w, )
—
Therefore, D(JTw, T3) < @(D(w,s)). Therefore 7 has a unique fixed point and fixed
point of w = % + 1 is 2 (see Figure 1). O

Example 3.3. Let £ = {w, =1n (W)} :n € N endowed with F-metric given by

elP=alp #q
0,p=gq,

D(w, ») = {
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4,,
nw=w
3 . :w
V4 2+
2,,
1
—2 -1 1 2 3 4

FiGURE 1. Graph of w = % + 1, showing the intersecting point (fixed

point) of curve is 2.

with f(p) = _71 and o = 1. For all wy,w, € 2, define wy, L wy if and only if (w >
2An=1). Then (2, L, D) is an orthogonal F-metric space.
Define T : X — X2 as

wi,n =1

y(wn):{

Take ¢(t) =t,t > 0. Here D(T w,,, Twy,) > 0, so for every w > 2, we have

Wp—1,n > 1.

eFw—1—-w1
Ww—1"Wuw

D(T w, 9ww)eD(gwl,yww)—D(wl,ww) _

—e¢
D(w17 ww) eww — W1
w—1
=— —e W<l
w+1

Hence all the hypothesis of Theorem 8.1 are satisfied and . has a unique fixed point.

4. Ulam-Hyers stability

The Ulam-Hyers stability of various functional equations has been investigated by
many authors in various abstract spaces. In this section, we investigate the Ulam-Hyers
stability result using the fixed point techniques by generalizing the results of [1, 19] in the
setting of orthogonal F— metric space.

Definition 4.1. Let  : & — Z be an operator on an orthogonal F— metric space
(Z, D). The fized point equation
w=9(w), we X (8)
is Ulam-Hyers stable if there exists a strictly increasing and surjective function £ : [0, 00) —
[0,00) with B(r) =r —@(r), r € [0,00), where ¢ is a non-decreasing function ¢ : [0,00) —
[0,00) and lim ¢™(t) = 0 and such that for each € > 0 and each solution s»* of the inequality
n— oo

D(5, T (x)) < e, for each » € X, there exists a solution w* of equation (8) such that
D(*,w*) < B71(e).

Definition 4.2. The fized point problem (8) for T is said to be well-posed if it satisfies the
following conditions:
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(i) 7 has a unique fived point w* € X
(ii) if for any O-sequence {wy} in Z such that

lim D(Jwy,w,) =0,

n—0o0

then

lim D(w,,w") =0.
n—oo

Theorem 4.1. Suppose that all the hypotheses of Theorem 3.1 are satisfied. Then the
following conditions hold:

(a) The fized point problem (8) is Ulam-Hyers stable, that is, if for each € > 0 and each
solution »* of the inequality D (3¢, T (x)) < €, for each »x € 2, there exists a solution
w* of equation (8) such that
D(*,w*) < 71 (e).
(b) If {wn} is an O-sequence in X such that hm D(Twy,wy) =0 and @w* is a fived
point of 7 then the fized point problem (8) is well posed.
Proof.  (a) Using Theorem 3.1, there is a unique w* € 2" such that @w* = Jw* that is

w* € £ is solution of the fixed point equation (w = Jw). Assume that ¢ > 0 and
»* € 2. Using (D3), we have

F(D(e*,w™)) < fID(5¢*, T ) + D(T 5", @) + @
< fle + D(T »", ﬂw*)]—b—a

< fle+ (D", @) +
Kt mpli that F(D(w, ) — @ < fle + DO =) or SD0e=) —a
F(DG, ) < fle+p(D(s¢", ")), Therefore, f(D (3", w)) < fle+p(D(¢", ).
Hence using property of (1), we have D(s*, w* ) < e—l—np(D(% w*)), or D(3*, w*) —

©D(3*,w*) < e. Further, we have S(D(>*,w*) < . Hence
D", w*) < B~ (e),
which completes the proof.
(b) If {&,} is an O-sequence in 2" such that lim D(JE,,§,) = 0 and @w* is a unique
n— oo

fixed point of 7 (using Theorem 3.1). From the contractive condition and triangle
inequality, we have

fD(n, @) < fID(En, TEn) + D(T&n, @) + @
fID(&n, T6n) + D(T&n, Tw")] +
f

[D(&n; T&n) + (D (&, @"))] + a,

ININ A

or we have

f(D(Enw™)) — a < fID(n, TEn) + 0D (§n, @")].
On the same lines of above cases, we have 3(D(&,,w*)) < D(&,, T&,). Taking limit

n — 00, we get

lim B(D(§,=") < lim D(n, 7).

n—oo

Therefore, lim B(D(&,,w*)) = 0. Hence D(&,,z*) = 0. This shows that the fixed
n—oo

point problem (8) is well-posed.
|
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Theorem 4.2. Assume that all the hypotheses of Theorem (3.1) are satisfied. If 4 : " —
Z be a mapping such that there exists n > 0 with

D(7¢,9¢) <,
for all € € &, then for any fized point »* of 4, we have
D(w*,5") < B~ ().

Proof. Assume that ¥4 : 2 — 2 is a mapping such that there exists n > 0, with
D(TE,9€) <, for all £ € 2. Choose »* be the fixed point of 4 then by triangle in-
equality, we have

f(D(w", ") < f(D(w", 7)) + a
< f(D(fw Gx5")) +
< fID(Tw*, Tx")+ D(T ", 9%+ a
< fle(D(w", )) + D(T ", 9")] +
< fle(D(@™, %)) + ] + o

Therefore, we have

or

f(D(@", ") —a < f(D(w", %) < flp(D(@", %)) +1]-
Hence f(D(w", ") < flp(D(@", ")) + 1, D(@", ") < o(D(w", 7)) +n, D(w", »") —
p(D(w*, »*)) < n. Therefore, we get S(D(w*, )) <mn, or D(w*, %) < B~ 1(n). Hence the
result. ]

Remark 4.1. Let T : & — Z be a self mapping on an orthogonal F— metric space
(Z',L,D). Suppose that the following condition are satisfied:

(i) 2 is an orthogonal F—complete;
(ii) T is L-preserving and L-continuous;
(iii) there exists k € (0,1) such that for all (w, ) € X' x X withw L 3, D(Tw, T ) >0
we have

D(Tw, Tx) < kD(w*, 5", (w*,5") € X x Z.

Then the fixed point problem for 7 is well posed.
Indeed, Tw* = w* and let w, € Z,n € N, be such that
D(wy,, Twy) — 0 as n — oo. we have

f(D(wy,w")) < f[D(wn, Town) + D(Tw,, w")] + «
< fID(wy, Tw,) + kD(w,, w")] + a.

Since f is increasing and taking o is 0, we have
D(w,,w") < D(wy, Twy) + kD(wy, w").
So

D(w,,w") < ——D(wy, Tw,) = 0 as n — .
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5. Stability of integral equation

Now using the theorems proved in previous section, we have the Ulam-Hyers stability
of a Volterra integral equation on [0, 00).
Consider the equation

¢
() = / w(s)ds, t € Ry )
0
in 2" = C(R;) endowed with the F—metric

D(w, ) = sup | w(t) — »(t) | .
teRy
Define the orthogonality relation L on 2 by w L » < w(t)sx(t) > w(t) or w(t)s(t) >
#(t) for all t € Ry. Then (£, L, D) is an orthogonal F-metric space.
The equation (9) has in 2" = C(R4) a unique solution @* = 0. On the other hand,
we remark that »*(t) = ee’ is a solution of the inequation

0 [ d(s)ds

Now using (Dj), for every (w*,s*) € Z x &, for every n € N, n > 1, and for every
{w;}1-, C X with (wy,w,) = (w*, »*), we have

< eforallteR,.

D(w®, ") > 0= f(D(w", %)) < f <Z D(Wuwiﬂ)) t+a (10)

n—1 n—1
> D(wi,@iy1) =Y _sup | @i — wip |
i=1 i=1

=sup | w; —ws | +sup | wa — w3 | ... +sup | wp_1 — wp |
=sup (| wy —wa | + | w2 — w3 | +..... + | wpo1 —wn |)
>sup (| wy — wo + @y — w3 + e + Wpo1 —@n |)

=sup | w1 — @y |
=sup |w" —@

Therefore, we have

n—1

Zsup|wi—wi+1 | >sup |w* —w™ |

i=1

=sup|0—ee'|.
Further, it implies that
1 1
Z?;l sup | @; — w1 | sup |ee’ |
Taking limit t — oo, we get
1 <0 (11)
n—1

dimy SUp | @i —@ig1 [
1
Now from (10) and (11) with taking f(t) = 3 t>0and a =0, we get

f(D(w@", ")) <e,
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Further, we get

D(@*, ") < f7(e).

Hence the result.

6. Conclusions

In this paper, we study some sufficient conditions for the existence of solution for

a fixed point problem in the setting of orthogonal F—metric space by generalizing many
known results of the literature. Also, we obtain some results on the Ulam-Hyers stability
problem and well-posedness of the fixed point problem.
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