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SUPER 4-ANTIMAGIC LABELING OF UNIFORM
SUBDIVISION OF WHEEL ~

Muhammad IMRAN?, Muhammad Kamran SIDDIQUI?, Muhammad NUMAN?

This paper deals with the problem of labeling the vertices, edges and faces
of uniform subdivision of wheel. A weight of a face is the sum of the label of a face

and the labels of the vertices and edges surrounding that face. In a super d -
antimagic labeling the vertices receive the smallest labels and the weights of all s -
sided faces constitute an arithmetic progression of difference d , for each s that
appearing in the graph.

The paper examines the existence of super d -antimagic labelings of type

(1,1,1) for uniform subdivision of wheel for certain differences d.
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1. Introduction and Definitions

Let G=(V,E,F) be a finite connected plane graph without loops and multiple
edges, where V(G), E(G) and F(G) are its vertex set, edge set and face set,
respectively. General reference for graph-theoretic notions is [16].

A labeling of ype (1,1,1) assigns labels from the set
{1,2,...,|V(G)|+| E(G) |+| F(G)|} to the vertices, edges and faces of plane
graph G in such a way that each vertex, edge and face receives exactly one label
and each number is used exactly once as a label.

The weight of a face under a labeling of type (1,1,1) is the sum of labels carried
by that face and all the edges and vertices surrounding it.

A labeling of type (1,1,1) of a plane graph G is called d -antimagic if for every
positive integer s the set of weights of all s-sided faces is
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W.={a,,a,+d,a,+2d,...,a,+(f, —1)d} for some integers a, and d >0, where
£, is the number of the s -sided faces. We allow different sets 1, for different s.
Somewhat related types of antimagic labelings were defined by Hartsfield and
Ringel in [10] and by Bodendiek and Walther in [9].
The graph labeling has caught the attention of many authors and many new
labeling results appear every year. This popularity is not only due to the
mathematical challenges of graph labeling, but also for the wide range of its
application, for instance X-ray, crystallography, coding theory, radar, astronomy,
circuit 1design, network design and communication design.
The concept of the  -antimagic labeling of plane graphs was defined in [7]. This
labeling is a natural extension of the notion of magic labeling (i.e. 0-antimagic
labeling) defined by Lih [12].
The d -antimagic labelings of type (1,1,1) for the hexagonal planar maps,
generalized Petersen graph P(n,2) and grids can be found in [3], [5] and [6],
respectively. Lin et al. [13] and Sugeng et al. [14] described d -antimagic
labelings of type (1,1,1) for prisms D, .
A d -antimagic labeling is called super if the smallest possible labels appear on
the vertices. The super d -antimagic labelings of type (1,1,1) for antiprisms and
for disjoint union of prisms are presented in [2] and [1]. The existence of super
d -antimagic labeling of type (1,1,1) for the plane graphs containing a special
Hamilton path is examined in [4] and super d -antimagic labelings of type (1,1,1)
for disconnected plane graphs are investigated in [8].
In this paper we examine the existence of super d -antimagic labelings for
uniform subdivision of wheel. The concept of uniform subdivision of wheel is
given in [15].

2. Uniform subdivision of wheel

The wheel W, consist of a cycle C, and a new vertex ¢ called central vertex or
the hub, adjacent with all vertices of C,. Let W, , n>3, m=1 be the graph
obtained by inserting m new vertices on each edge of W or equivalently by
subdividing each edge of W, with m vertices. The graph W, , n=3, m>1, has

n vertices of degree 3, 2mn vertices of degree 2, one vertex of degree n,
2n(m+1) edges, n internal 3m+3-sided faces and one external mn+ n-side
face. Let the vertex set, edge set and face set of ¥, be defined as follows (see
Figure 1).

viw,,)={c.x,, ¥\, 2, :1<i<n,1< j<m},

n,m i
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EGW,,) ={xyi, ezl xz (SiSiyOfyl Y 202 i< 1S j<m-1)

U{x,pil<i<n-1}o{ny
F(I/Vnm) {f;.'fé""’f;l’f;xt}'
1

Fig 1. The graph of W

n,m

Note that under the study of 4 -antimagic labeling of , , we will consider a

weight of the external mn+ n-side face only if m=1 and »=3. In other cases
the external mn+ n-side face is unified and comparing its weight to weights of
internal 3m + 3-sided faces is without sense. Let us denote

Wi, (f) =00+ YLs (@) + 0 () + 0, (V] + 0 (1) + 0, (3,.1)

=
+, (CZD +,(x,z, ) +¢,(x, J’1) +, ('x1+1ym) + @, (x1+1zl+1)

+o,(fL)+ @ (CZ:IL+1)+Z[¢d (Z/ ,+1)+§0d (ZHl ;11)"'%1 o y,-+1)]

as a weight of the internal 3m + 3-sided facjezlji+1, 1<i<n-1,and
wi, (/1) =@a(c)+ 2[% () +0.(2) + @, D1+, (x,) + 9, (%)
=
+¢,(cz)) + 9, (x,2,) + 0, (x,30) + 0, () + 9, (x,2,,)
RGN CERITACE RIS
=

as a weight of the internal 3m +3-sided face f, and
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wt,(fo) = i[(/)d (x)+ @, (xy)]+ ianﬂd (V) + @, ()

j=1i=1

n-1 m-1 n
+ Z(pd (X1 V) + ZZﬁ”d (v .l,‘y .lj+1) +9,(/fo)
i=1 =

as a weight of the external mn + n-sided face.

The first theorem shows the existence of a super d -antimagic labeling of type
(1,1,1) for w,,.

Lemma. 1. 1 For de{0,1,2,3,4}, the graph W,, has a super d -antimagic
labeling of type (1,1,1).

Proof. Figure 2 shows the required result for n =3, and d €{0,1,2,3,4}.

d=2 d=3 a=4
Fig 2. The graphs of W, with d €{0,1,2,3,4}

Theorem. 1. 2 For d €{0,1,2,3,4} and for every n >4, the graph W, , has a
super d -antimagic labeling of type (1,1,1).
Proof. First we define labelings ¢, of type (1,1,1) which assign labels from the
set {1,2,...,8n+ 2} to the vertices, edges and faces of the graph W, .
For1<i<nm,

9, (c)=1, 9,(x)=1+i, @,(0) =n+1+i, @,(z)=2n+1+i,

¢d(xiyi) =4n+2-i, ¢,(x)))=4n+2, ¢,(f,,)=8n+2,

@,(x ) =5n+2—i,for 1<i<n-1,

o,(cz)) = @,(cz)) =Tn+2—i,for 1<i<n,
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( i) 6n+1—i, if1<i<n-1 ) Tn+2+i, ifl1<i<n-1
xz) = ; )= .
P TV 6net,  ifiza PNV k2, ifizn
. , Tn-2i, ifl<i<n-1
@(cz))=8n+2—i,forl<i<n, qol(xizi):{n : f =
Tn, ifi=n
5n+3+2i, If1<i<n-1 ; ) ]
¢1(ﬁ):{5n+3, ifi=n ; @,(xz)) =5n+1+i,for 1<i<n,
_[7Tn+2, ifi=1 . N Y= 6nt2—i
@, (f) = 81+3—i, ifZSiSn’ @s(cz;) = @, (cz,) =6n+2-i,
. 6n+3, ifi=1
z)=6n+2i,for1<i<n, )= .
@3(x,2;) = 6n +2i Isn o (/) {8114—5—21', if2<i<n
. Tn+l+i, if1<i<n-1 6n+1+i, ifl<i<n-1
@, (x,2;) = s s o) = o
Tn+1, ifi=n 8n+1, ifi=n

It is easy to verify that the weights of the internal 3m + 3 -sided faces for 1<i<n,
form an arithmetic sequence with the desired differences: wt,(f)) =47n+19,

wt, (f;)=49n+19—i, wt,(f;) =46n+18+2i, wi,(f;) = 46n+17+3i,
wt,(f;) = 46n+16+4i.
This completes the proof. O

Theorem. 2. 3 For every n >3, the graph W,, has a super d -antimagic labeling
of type (1,1,1) for d €{5,6}.

Proof. First we define labelings ¢,, which assign labels from the set
{1,2,...,8n+2} to the vertices, edges and faces of the graph W, ,. For 1<i<n,
9,(0)=1, ¢,(x)=1+i, ¢,(cz) =6n+2~i,0,(xy)=4n+2, ¢,(f.,)=8n+2,
@,(x.,,3,)=5n+2—i,for1<i<n-1,

0 2n+2, ifi=1 ) n+2, ifi=1

= zH) =

PV irei if2<i<n PV T onaled, if2<i<n

. 3n+2+i, if1<i<n-1 ; i .

(Dd(xiyl):{3n+2, ii=n v @(x,z)=6n+2i, forl<i<n,
6n+3, ifi=1 ; Tn+l+i, if1<i<n-1

@s(f) = - . @s(x,2;) = .
8n+5-2i, if2<i<n n+1, ifi=n

6n+1+i, ifl<i<n-1

%(ﬁ)z{8n+l, ifi=n
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Case d =5.
In the labeling ¢, the weights for the 6-sided faces constitute an arithmetic

progression 45n+20,45n+25,...,50n+15. However if n =3, wt,(f,,) is not be

a member of the arithmetic progression with difference d =5 of the weights of
6 -sided faces. So if we swap the vertex value ¢.(x,) =3 with the the vertex

value ¢,(z2)=9, and the edge value ¢.(x,))')=14, with the face value
o (f,) = 21, then the weights of 6 -sided faces form the arithmetic sequence with
difference 5.

Case d =6.
In the labeling ¢, the weights for the 6-sided faces constitute an arithmetic

progression 45n+20,45n+26,...,51n+14 . However if n =3, we,(f,,) is not be

a member of the arithmetic progression with difference 4 =6 of the weights of
internal 6 -sided faces. So if we swap the vertex value ¢,(x;)=i+1 with

@s(z,) =7+i, for 2<i <3, then the weights of 6 -sided faces are 149, 155, 161

and 167.
This completes the proof. O

Theorem. 3. 4 For d €{7,8,9,10,11,12} and for every n>3, the graph W,, has
a super d -antimagic labeling of type (1,1,1).
Proof. First we define labelings ¢, of type (1,1,1) which assign labels from the
set {1,2,...,8n+ 2} to the vertices, edges and faces of the graph W, .
For1l<i<n,
0,)=1, 0,(x)=1+i, 9,(0n) =n+1+i, ¢, (z) =2n+1+i, @, (x ) =4n+2,
; 3n+2+i, if1<i<n-1
¢d(xiyl)={3n+2’ ifi=n
P, (x.21) = 0y (x,2,) = @y (x,21) =61+ 21, ¢,(cz) = py(cz) = 6n+2~1i,
Po(czy) = Pro(cz1) = @y (cz)) = @i (cz;) =5n+1+1,
Forl1l<i<mn-1,
@ (%11) = @ (x.001) = @ (x,001) = P (%,001) = An+2+1,
Py (%,11) = Pro (%,,01) =5+ 21,
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6n+3, ifi=1
8n+5-2i, iIf2<i<n
6n+1+i, ifl<i<n-1
8n+1, ifi=n

Tn+1+i, if1<i<n-1
Tn+1, ifi=n

@, (1) =0 (f)) = u(f) = {
() =0 (1)) = 0, (f)) = {
23 (xizi) = P (xizli) = ¢ (xizi) = {

Case d =1.
For n>4, if we swap the vertex value ¢,(x,) =n+1 with the the vertex value

@, (¥) = 2n, and swapping the edge value ¢, (x,y;) = 3n+3, with the edge value
@, (x,z;) = 6n+2, then the weights of 6 -sided faces form the arithmetic sequence
44n+20,44n+27,...,51n+13. But for n =3, if modify the labels as follows,
@;(x,) =8, ¢7(le) =2, ¢7(xlzi) =25, ¢,(f,)=12, ¢7(x1y11) =20, ¢,(x,)=3,

¢’7(212) =9, (07()/12) =10, ¢’7(Zl3) =4, ¢,(x;) =6, (07()63)/13) =21, ¢, (f) =11,
then the weights of 6 -sided faces form the arithmetic sequence with difference 7.

Case d =8.
For n>4, if we swap the edge value ¢,(x,z') =7n+1 with ¢,(x,y/ ") =5n+1,

then the weights of 6 -sided faces are wt,(f;) =44n+12+8i, for 1<i<n. But for
n=3, wty(f,,) is not be a member of the arithmetic progression with difference
d =8 of the weights of internal 6 -sided faces. So if we swap the label ¢, (x;) =2
with ¢, (z;) =8, @,(x,31) =12 with ¢,(£;) =21, @ (x,)7) =13 with ¢,(f;) =25,
@, (6, y2) =16 with ¢,(x,2)) =22, @,(x,)7) =11 with ¢,(f;)=20, then the
weights of 6-sided faces f,f,,f; and f,, are 152, 160, 168 and 176
respectively.

Case d =9.

For n>4, if we swap the edge value ¢,(x,);)=3n+3 with ¢,(x,z)=6n+2,
and the edge value ¢, (x,y;) =5n+1 with ¢,(cz;) = 5n+2, then the weights of 6 -
sided faces are wty(f;) =43n+11+9i, for 1<i<n. But for n=3, wt,(f,,) is

not be a member of the arithmetic progression with difference 4 =9 of the
weights of internal 6 -sided faces. So if we swap the label ¢,(x;) =1+i with

@(z))=T7+i, for 1<i<3, the label ¢,(xz)=20 with ¢,(x);)=12,
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9y (czy) =17 with ¢y (x,31) =16, @,(x,37) =15 with @,(f;) =23, ¢, (x,y7) =14
with ¢, (f;) =21, then the weights of 6-sided faces f, f,, 1, and f,, are 149,
158, 167 and 176 respectively.

Case d =10.
For n>4, if we interchange the edge value ¢,(x,)')=4n+1 with

@, (x,z') = Tn+1, then the weights of 6 -sided faces form an arithmetic sequence
43n+20,43n+30,...,53n+10. But for n =3, if we swap the label ¢, (x,) =1+i
with ¢, (z]) =7+i, for 1<i <3, the edge labels ¢,,(x,)1) =12 with ¢, (f,) = 21,
P (32) =22 with @y, (x,07) =13, @y(x3)7) =11 with @,(f;) =20, then the
weights of 6 -sided faces form the arithmetic sequence with difference 10.

Case d =11.
For n>4, if we swap the edge value ¢, (x,);) = 3n+3 with the the vertex value

@, (x,z)=6n+2, and swapping the vertex value ¢, (z)=3n+1, with
@, (™) = 2n, then the weights of 6 -sided faces form the arithmetic sequence
42n+20,42n+31,...,53n+9. But for »=3, if modify the labels, ¢,(x,) =8,
Pu(z)=2,  @.(001)=20,  @,(6z)=12, @,()=15, @, (%) =25,
Pu(z)=6, ¢,(3) =10, ¢,(f;)=23, @,(x,)7)=16, then the weights of 6-
sided faces f,, f,, f, and f,, are 146, 157, 168 and 179 respectively.

Case d =12.
For n>4, if we interchange the vertex value ¢,(cz’)=6n+1 with

e, (x, i) =4n+1, @,(x,z)=Tn+1 with ¢,(x, ") =51+1, then the
weights of 6 -sided faces wt,(f;) =42n+8+12i, for 1<i<n.But for n =3, if
we swap the label ¢, (x,) =1+i with ¢, (z;) =7+i, for 1<i<3, the edge labels
(2 (xl)ﬁl) =12 with  ¢,(f,)=21, ¢, (0213) =19  with ¢, (xz)ﬁz) =13,
P (%527) =22 With ¢y, (x,37) =16, @,,(x307) =11 with ¢, (f;) =20, then the

weights of 6 -sided faces form the arithmetic sequence with difference 12.
So we have a super d -antimagic labeling of type (1,1,1) for , , for every n>3

and d €{7,8,9,10,11,12}.

This conclude the proof. O
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Lemma. 2. 5 For d e{13,14,15,16,17,18}, the graph W,, has a super d -

antimagic labeling of type (1,1,1).

Proof. Figure 3 shows the required result for » =3, and d €{13,14,15,16,17,18}.
d=183 d=14 d=15

d=16 d=17 d=18
Fig 3. The graphs of I, with d €{13,14,15,16,17,18}

Theorem. 4. 6 For d €{13,14,15,16,17,18} and for every n >4, the graph W, ,
has a super d -antimagic labeling of type (1,1,1).
Proof. First we define labelings ¢, of type (1,1,1) which assign labels from the
set {1,2,...,8n+ 2} to the vertices, edges and faces of the graph W, , .
For1<i<nm,

0,(c)=1, ¢,(z)=2n+1+i, ¢,(cz}) =5n+1+i,

; 3n+2+i, ifl<i<n-1

¢d(xiy1):{3n+2’ ifi=n
Pu(x) = 9 (%) = @5 (x) =1+1, 9,(1) = 2 01) = @5 (1) = n+1+14,
06 (%) = 07 (%) = 9 (x,) = 20, @i (11) = 0, (1) = @y (1) =1+ 21,
Pu(0,21) = i (%,2,) = 96 (x,21) = Pig(x,2) = 6+ 20,
P (1) = @5 (007) = 6 (x)7) = (') = 4n+ 2,
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os(f) = 0 (f}) =6n+1+2i, ¢, (x,y]) = ¢, (x))') =3n+3,
Forl<i<mn-1,

D13 (xi+1y1i) =P (xiﬂy{) =bn+2-1i,
Dy (xi+1J/i) =@y (x,-+1y{) =3n+3+2i,
D15 (xi+1J7i) = O (ley{) =4n+2+2i,

6n+3, iri=1
¢15(ﬁ):¢18(ﬁ)={6n+1+2i’ iffzgign
6n+1+i, ifl<i<n-1
8n+1, ifi=n
n+l+i, if1<i<n-1
Tn+1, ifi=n

P (f) =@y () = {
(1! (xizji) =@y (xizji) = {

Cases d =13 and d =16.
If we swap the edge value ¢,(x);)=3n+3 with ¢, (xz)=6n+2,

@, (x,3) =5n+1 with @,(cz))=5n+2, @,(cz;)=6n+1 with
@, (x, . v/™) =4n+1, then the weights of 6-sided faces, wt,(f;) =41n+7+13i,
for 1<i<n. Moreover for d =16, we swap ¢, (y;) =3 with ¢, (z)=2n+2
then the weights of 6 -sided faces, wt, (f;) = 40n+3+16i, for 1<i<n.

Cases d =14 and d =17.
If we swap the edge value ¢,(x))=3n+4 with ¢, (xz)=Tn+2,

Pulczy) =6n+1 with @, (x, ,»7) =52, @,(x,)=n with ¢,()")=2n, then
the weights of 6 -sided faces, wz,,(f;) = 41n+7+14i, for 1<i<n. Moreover for
d =17, we swap ¢ (cz/)=6n+1 with ¢, (x, /") =51n+1 @,(z')=3n+1 with

¢, (™) = 2n-1 then the weights of 6 -sided faces, wt,,(f;) =40n+3+17i, for
1<i<n.

Cases d =15 and d =18.
If we swap the edge value ¢,(x);)=3n+3 with ¢, (xz)=6n+2,

@, (cz))=6n+1 with ¢, (x v/ ") =4n+1, ¢,(z')=3n+1 with ¢, (/™) =2n,
then the weights of 6-sided faces, wt.(f;)=40n+5+15/, for 1<i<n.
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Moreover for d =18, we swap ¢,,(17) =3 with ¢, (z) = 2n+2 then the weights
of 6 -sided faces, wt,(f;) =39n+1+18i, for 1<i<n.
So we have a super d -antimagic labeling of type (1,1,1) for , , for every n>3
and d €{13,14,15,16,17,18}.
This conclude the proof. O
Theorem. 5. 7 For d €{0,1,2,3,4} and for every n>3, m>2, the graph W, ,
has a super d -antimagic labeling of type (1,1,1).
Proof. First we define labelings ¢, of type (1,1,1) which assign labels from the
set {1,2,...,4mn+4n+2} to the vertices, edges and faces of the graph W, ..
Forl<i<n,1<j<m,
0,(0)=1, ¢, (x)=1+i, ¢,(cz)) =3n(m+1)+2—i, ¢,(x.y}) = 2n(m+1)+2 -1,
¢d(yj') =nj+1+i, (/)d(z;.) =mn+nj+1+i, @, (x,y)=3mn+n+2,
o,(f.,,)=4mn+4n+2,
Forl1<i<n,1<j<m-1,

(pd(yj.yj.ﬂ) =2n(m+1)+nj+2-1i, (od(zj.z;.ﬂ) =3n(m+1)+nj+2-1i,

@,(x,,))=3mn+2n+2—-i,for 1<i<n-1,

; Admn+3n+1—i, if1<i<n-1
qDO(x[Zm)z HVA
dmn+3n+1, ifi=n
Amn+3n+2+i, if1<i<n-1
@ (f}) = o
Admn+3n+2, ifi=n
: dmn+4n—-2i, if1<i<n-1
¢1(xizm): H .-
dmn +4n, Ifi=n
Amn+2n+3+2i, if1<i<n-1
(/)= o
dmn+2n+3, Ifi=n

3mn+5n+2, ifi=1
Admn+4n+3—i, if 2<i<n
dmn+2n+3, ifi=1
Admn+4n+5-2i, if 2<i<n

@,(x,z,)=3mn+4n+1+i,for 1<i<n, ¢,(f) ={

@s(x,z,) =4mn+2n+2i, for 1<i<n, (03(fl.)={

; Admn+3n+1+i, if1<i<n-1
9. (x,2,) = o
dmn+3n+1, ifi=n
Admn+2n+1+i, if1<i<n-1
@, (f)) = o
dmn+4n+1, ifi=n
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It is easy to verify that the weights of the internal 3m +3-sided faces for 1<i<n,
form an arithmetic sequence with the desired differences:

wiy (f;) =13m’°n+23mn+9m +11n +10,

wt, (f,) =13m°n+23mn+9m +12n+10—i,
wt,(f,) =13m°n+23mn+9m+14n+9+ 2i,
wiy(f,) =13m*n+23mn+9m +10n+8+3i
wt,(f}) =13m’n+23mn +9m +10n +7 + 4i.

This completes the proof. O
Theorem. 5. 8 For m>2, n>3 and d €{5,6}, the graph W, , admits a super
d -antimagic labeling of type (1,1,1).
Proof. Define the labeling
o, VW, YOEW, YOFW, )—>{123,...,4mn+4n+ 2} as follows:
For1<i<n,1<j<m

4mm ¢,(c) =1, ¢,(z}) = mn+1+nj+i, ¢,(cz) =3mn+2+3n—i,

amm @, (x,y")=2mn+2+n, @, (x,,v.)=2mn+2+2n-i,
Forl<i<n-1
4mm ¢, zjzjﬂ) =3mn+2+3n+nj—i,forl<i<n,1<;j<m-1
amm o, (x,) = 2i, ¢,(x,y}) =3mn+2n+3-2i, for 1<i<n
amm @, (x.) =3i-1, @,(x.y;) =3mn+2n+4-3i,for 1<i<n
amm @, (f.,) =4mn+4n+2.

; Amn+3n+1+i, if1<i<n-1
9,(x;z,) = o ;
dmn+3n+1, ifi=n
Amn+2n+1+i, if1<i<n-1
9,(f) = o
dmn+4n+1, ifi=n
; 2i+1, if j=1,1<i<n
(Ps(y‘,-)z . . . .
nj+l+i, if2<j<m1<i<n

3i+j-1, if j=1,2,1<i<n

nj+1+i, if3<;<m1<i<n

3mn+2n+2-2i, if j=1,1<i<n
3mn+2n+2-nj—i, if2<j<m-11<i<n
3mn+2n+4—-j-3i, if j=1,2,1<i<n
3mn+2n+2-nj—i, if3<;j<m-1,1<i<n

Ps (yl,) = {
@5 (V) 5a) = {

P (Viyi) = {
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We can observe that the labeling ¢,, d €{5,6}, uses each integer from the given

set exactly once and also it is easy to verify that the weights of the internal
3m+3-sided faces form an arithmetic sequence with the desired differences:

wi; () =13m*n+23mn+9m+10n+6+5i , for 1<i<n

wiy(f)) =13m*n+23mn+9m+10n+5+6i, for 1<i<n. O
In the next theorem we show the existence of 4 -antimagic labelings of the graph
w, . forall d>7 but with restriction for m .
Theorem. 6. 91f m+2>d >7 and n>3 then the graph W, . has a super d -
antimagic labeling of type (1,1,1).
Proof. Let n>3 and m+2>d>7. For vertices, edges and faces of W, we
define the labeling y, such that
Forl<i<n,
wa(©) =Ly, (x) = 2+ (d =3)(i-1), v, (xy;) = 3mn+2n—2+d —(d -3)i,
w,(cz) =3mn+2+3n-i,
w,(z))=mn+1+nj+i, for1<i<n,1<j<m,
w,(2,2,,,) =3mn+2+3n+nj—i,for1<i<n,1<j<m-1

w,(x!)=2mn+2+n, v, (x.,y)=2mn+2+2n—i,for 1<i<n-1

') = 2+(d-3)(i-1)+/j, if1<j<d-4,1<i<n
ValD 1+i+nj, if d-3<j<m1<i<n
Oy )= 3mn+2n+1-j—(d-3)(i-1), if1<;j<d-4,1<i<n
ValliVra 3mn+2n+2—i— jn, if d-3<j<m-1,1<i<n
. Admn+3n+1+i, if1<i<n-1
l//d(x[zm) = - .
dmn+3n+1, ifi=n
Admn+2n+1+i, if1<i<n-1
v, (f)= o
Amn+4n+1, ifi=n
We can see that the labeling y, is a bijective function. The weights of the internal
3m+3-sided faces constitute the set
{wt,(f) =13m’n+23mn+9m+10n+4+di:1<i<n} which implies that the
labeling w, is a super d -antimagic labeling of type (1,1,1). O

3. Concluding remarks

In the foregoing section, we studied super d -antimagic labelings of type (1,1,1)
for W and we showed the existence of such labelings for different values of

n,m
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d >0, but with restrictions. We are not able to prove or disprove the existence of
such labelings for 4 >19, when m=1 and for m+1<d if d>7. So, we
conclude the paper with the following open problems.

Open Problem. 1. 10 For the graph W, ,, n>3, determine if there is a super d -
antimagic labeling of type (1,1,1) with d >19.

Open Problem. 2. 11 For the graph W, ,, 3<m+1<d, n >3, determine if

there is a super d -antimagic labeling of type (1,1,1) with d > 7.

,m?’
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