U.P.B. Sci. Bull., Series A, Vol. 77, Iss. 3, 2015 ISSN 1223-7027

APPROXIMATE FIXED POINTS OF SOME SET-VALUED
CONTRACTIONS

E. Alizadeh!, B. Mohammadi?, Sh. Rezapour®

By using and mizing some idea of some recent papers, we provide some results
about approximate fixed point and fired point results of some set-valued contractions.
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1. Introduction

Let (X,d) be a metric space, Cp(X) the set of closed and bounded subsets of X, T
a multifunction on X with closed and bounded values and H the Hausdorff metric with
respect to d, that is,

TEA
for all closed and bounded subsets A and B of X. We say that T" has approximate fixed
points whenever inf,cx d(z,Tx) = 0. By using the idea of iterative scheme method which
have been used in [1], [4], [9] and [10] and by mixing the method with the main idea of [2],
[3] and [5], we provide some results about approximate fixed point and fixed point results
of some set-valued contractions. For related results, please see [6, 7, 8, 11].

H(A, B) = max{sup d(z, B),sup d(y, A) }
yeB

2. Main results

Now, we are ready to state and prove our main results.

Theorem 2.1. Let (X, d) be a metric space and T : X — Cp(X) a multifunction. Suppose
that there exists r € [0,1) such that 1ird(x,Ta:) < d(x,y) implies H(Txz,Ty) < rd(x,y)
for all z,y € X. Assume that vo € X, {g;}2, is a sequence of positive numbers with
Y2 < 00 and there exists x;41 € Tx; such that d(z;, x11) < d(z;, Tx;) +¢e; for alli > 0.

Then T has approximate fixed points.

Proof. Since rid(x, T;) < d(xi, xi41) for all i > 0, we have
H(Tz;,Txiv1) < rd(zi,zit1)
for all ¢+ > 0. Note that,
d(@it1, i) < d(wipr, Txip1) +ip1 < H(Twy, Twigr) + eip1 < rd(@i, Tig1) + i1
for all i > 0. Hence, d(2n, Tnt1) < r"d(zo,21) + E?golrien,i for all n. Hence,

S (T, Tp1) < T2y (KM d(wo, 21) + XS5 en—)
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< d(xg,x1)X02 " + Zioil(Z‘;‘;orj)Ei < 0.

Thus, lim,—eo d(Tpn, Znt1) = 0 and so lim, oo d(zy,Tz,) = 0, and this implies that
infyex d(xz, Tx) = 0. Therefore, T has approximate fixed points. O

Corollary 2.1. Let (X,d) be a complete metric space and T: X — Cy(X) a multifunction.
Suppose that there exists r € [0,1) such that l—}rrd(x,Tx) < d(z,y) implies H(Txz,Ty) <
rd(z,y) for all x,y € X. Assume that o € X, {;}2, is a sequence of positive numbers
with 52 ,e; < 0o and there exists x;41 € Tx; such that d(x;, xi41) < d(x;, Tx;) + €; for all
i > 0. Then the sequence {x;};>0 converges to a fized point of T.

Proof. By following the proof of Theorem 2.1, we observe that
S (T, Tp1) < T2y (P d(wo, 21) + Xy en )

< d(zo, 71) X5 r" + E§1(Zﬁorj)5i < (ZnZor™)[d(zo, 71) + X5 en] < 00
and so it is easy to get that {z,} is a Cauchy sequence. Note that, d(z,,zn,+1) — 0
and so lim, o d(xy, Tx,) = 0. Choose z € X such that z, — 2. First, we show that

d(z,Tz) < rd(z,z) for all x € X\z. Let € X\z be given. Choose a natural number ng
such that d(z,z,) < 1/3d(z,z) for all n > ngy. Thus,

1
md(xn,Tzn) <d(xp,Tn+1) < d(z,z,) +d(z,2n11) < 2/3d(z, )

=d(z,z) — 1/3d(z,x) < d(z,z) — d(z,zy) < d(xp, )
and so H(Txz,,Tx) < rd(z,,z) for all n > ng. Hence,
d(xn, Tz) < d(xp,Txy,) + H(Tz,,T2) < d(zh, Tx,) + rd(z,, )
for all n > ng. This implies that d(z,Tz) < rd(z,z) for all z € X\z. Also, we have
d(z,Tx) < d(z,z) +d(z,Tz) < d(z,z) + rd(z, 2)
and so ﬁlrd(ame) < d(z,z) for all z € X\z. Thus, H(Tz,Tz) < rd(z,z) for all z.

Since d(z,Tz) = lim,— 00 d(Tpt1, T2) < limy—oo d(p, Txy) + limy, 00 H(Tx,, T2), we get
d(z,Tz) <limy,_,o rd(zp, 2) = 0. Since Tz is closed, z € T'z. O

Let (X,d) be a metric space and G a graph such that V(G) = X. We say that
X has the condition (C) whenever for each sequence {z,},>1 in X with z, — = and
(Tn, Tnt1) € E(GQ) for all n, there exists a subsequence {z,, }x>1 of {zn}n>1 such that
(Tn,,x) € E(G) for all k.

Lemma 2.1. Let (X,d) be a complete metric space, G a graph such that V(G) = X and
T : X — Cy(X) a multifunction on X via graphT = {(z,y) | vy € Tx}. Suppose that
there exists 0 < ¢ < 1 such that H(Txz,Ty) < cd(z,y) for all v,y € X with (z,y) € E(G),
graphT C E(G) and X has the condition (C). Then for every e > 0 there exists 6 > 0
such that for each v € X with d(x,Tx) < ¢ there exists x* € X such that z* € Tx* and
d(z,x*) < e.

Proof. Let € > 0 is given. Choose 6 > 0 such that 14750 < e. Let z € X be such that
d(x,Txz) < §. Put zy = z and choose x1 € Tz such that d(zg,x1) < §. Then, (xo,21) €
E(G). If 2y € T, then d(zg,21) < § < e. Assume that z1 ¢ Tz1. Put ¢ = 3¢ Then
¢ < q < 1. Since ¢g/c > 1, there exists zo € Tx; such that

d(xy,29) < d(x1,Tx1)q/c < H(Txo,Tx1)q/c < d(x0,21)g.
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If 29 € Txo, then

(w0, w2) < d(wo,21) + d(21,22) < (14 ¢)8 < 6525q" = T-¢ 1-¢ <e.

Assume that 25 ¢ Tas. Choose x3 € Tz such that
d(xa,x3) < d(29, Tx2)q/c < H(Tx1,Txs)q/c < d(x1,72)q < d(x0,21)q>.

By continuing this process, we obtain a sequence {zy},>1 in X such that z, € Tx,_1,
(zpn—1,2,) € E(GQ), xz,, ¢ Tx, and d(z,,zny1) < ¢"d(xg,21) for all n. Now, note that
ATy ) < S Vd(24, 2401) < BT NgRd (g, 1) for all m and n. This implies that {x,} is
a Cauchy sequence in X. Choose z* € X such that z,, — x*. Since X has the condition
(C), there exists a subsequence {x,, }x>1 of {,}n>1 such that (z,,,z) € E(G) for all k.
Thus,
d(z*,Tz*) = lim d(zp,4+1,7T2%) < lim H(Tx,,,Tr*) < lim c(d(zy,,,2*)) =0
k—o0 k—o0 k—o0

and so z* € Tz*. Since d(x¢,2*) = im0 d(z0, Tpt1) < limyyoo D oie o d(Ti, Tig1), We get
d(zo,2*) <32 ¢'d(zo,21) < ﬁ =2 O

Next example shows that the multifunction in last result is not a contraction neces-
sarily.

Example 2.1. Let X = [0,1] U {5/4} and d(z,y) = |z — y|. Define the multifunction
T:X— Cb(X) by

_J 0,z/2] xel0,1],

T(@) = { {5/9) x—5/d.
Put # =1 and y = 2. Then H(Tz,Ty) = H([0,1],{3}) = 2 > 1 = d(1,2). Hence, T is
not a contraction. Define the graph G by E(G) = {(5,3)}U ({z} x [0, g]) Note that,

graphT = E(G) and

H(T T2 o) = HUG }[ ]) 5= )G ==d55)

Let 2 € [0,1] and y € Tz = [0, §]. Then,

ey Yy [m =yl Alr—yl
H(Tz,Ty) = H(]0, = =) = < .
(12, 7y) = H([0, 5], 0. 4 = Z2 0 < 2
Hence, H(Tz,Ty) < ‘”xT_y‘ for all z,y € X with (x,y) € E(G). Also, it is easy to show that
X has the condition (C). Thus, for every € > 0 there exists § > 0 such that for each z € X
with d(z,Tx) < J there exists * € X such that z* € Tz* and d(z,2*) < e. In fact, we
choose § < min{23 £} for e > 0. If d(z,Tz) < §, then = € [0,1]. Put 2* = 0 € T0. Then,

367 2
d(z*,z) = x = 2d(z,[0, §]) <26 <e.

Theorem 2.2. Let (X,d) be a metric space, xo,0 € X, G a graph such that V(G) = X
and T : X — Cup(X) a multifunction on X wvia graphT = {(x,y) | y € Tx}. Suppose
that there exists 0 < ¢ < 1 such that H(Tz,Ty) < cd(z,y) for all z,y € X with (z,y) €
E(G), graphT C E(G), € > 0, d(x0,0) = M > 0 and (0,29) € E(G). Suppose that
there exist § € (0, min{%, 1}) and a sequence {xn}5%y in X such that xn11 € Tx, and
d(xn, xpt1) < d(xn, Txy) + 0 for alln > 0. Then T has approximate fized points.
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Proof. 1t is sufficient we show that there exists a natural number ng such that d(z,41,z,) <
e for all n > ng. Choose a natural number ng > 1 such that ¢"°(2M + 1+ d(0,70)) < 5.
Since (6, x0) € E(G), we get
d(.’lﬁo, Tﬂ?o) < d(x, 9) + d(9, T9) + H(T@, T.’Eo)
< 2d(x0,0) +d(0,T0) = 2M + d(0,T6)
and d(zo,z1) < d(zo,Txo) +9 < 2M +d(0,T9) + 1. Since xp41 € Txy, for all n > 0, it is
easy to see that (z,,z,+1) € E(G) for all n > 0. Thus,
d(xpi1,Tnye) < d(@pi1, Tany1) + 0 < H(Tzp, Txpi1) + 6 < cd(xy, Tpy1) +6
for all n. Hence, d(zy41, Tpy2) < (2o, 21)+ (Y i ¢:)d for all n > 0. Thus, d(zn, Tnt1)
d(wo, 1) + (X0y €)8 < M(2M +d(0,T60) + 1) + -8 for all n. If n > ng, then ¢ < ¢™
and 50 d(zy, Tpi1) < "0 (2M +d(0,T0) + 1) + -6 < e. This implies that d(z,,Tx,) — 0
and so T has approximate fixed points. O

IN

Corollary 2.2. Let (X,d) be a metric space, xg,0 € X, a: X x X — [0,00) a map G and
T:X — Cp(X) a multifunction on X such that graphT C {(z,y) : a(z,y) > 1}. Suppose
that there exists 0 < ¢ < 1 such that a(z,y)H Tz, Ty) < cd(z,y) for all z,y € X, e > 0,
d(zo,0) = M > 0 and a(6,x0) > 1. Suppose that there exist § € (O,min{(lgc)s,l}) and
a sequence {x,}22 o in X such that xn11 € Tay and d(xp, Tpy1) < d(zn, TTy) + 0 for all

n > 0. Then T has approzimate fized points.

Proof. Tt is sufficient we define the graph G by E(G) = {(z,y) : a(z,y) > 1} and V(G) = X.
Then by using Theorem 2.2 the proof is completed. ]

Theorem 2.3. Let (X,d) be a complete metric space, G a graph such that V(G) = X
and T : X — Cp(X) a multifunction on X. Suppose that there exists 0 < ¢ < 1 such
that H(Tz,Ty) < cd(x,y) for all z,y € X with (z,y) € E(G), X has the condition (C),
{ei}52y and {6;}32, are two sequences of positive numbers such that Y .o, e; < oo and
Yoo 8 < oo and {T;}22, is a sequence of closed and bounded valued multifunctions on X
such that H(T;x,Tx) < g; for all x € X and i > 0. If there exists a sequence {x;}32, in
X such that (z;,x;41) € E(G), zi41 € Tiz; and d(z;, x41) < d(x;, Tix;) + 0; for all i > 0,
then {x;}5°, converges to a fized point of T.

Proof. Note that, H(Txz;, Tx;1+1) < cd(z;,x;41) for all ¢ > 0. Hence,
d(Tiv1, Tiv2) < d(@ig1, Tip1%ig1) + 01 < d(@ipr, Txi1) + H(Txip1, Tip1@ig1) + diga
< d(@ig1, Txiz1) + €ip1 + 0it1 < H(Txs, Twiq1) + €ig1 + 6ia
< H(Twxi, Tix;) + H(Txi, Txigr) + €ip1 + 01 < cd(xi, T441) + & + €i41 + dig1
for all ¢ > 0. On the other hand, we have d(x1,z2) < cd(xo,21) + €0 + €1 + 61 and so

d(x9,x3) < cd(x1,x2) 4 €1 + €2 + 82 < Ad(xo, 1) + ¢(eo + &1 4 01) + (1 + €2 + da). By
following this process, it is easy to show that

d(Tn, Tpy1) < d(zo, 1) + En_olci(gn—i—l +en—i+ On—i)

=

for all n > 1. Hence,

—

oo n—

(En—im1 + €n—i+ 6n—s)
0

n=1

d(Zn, Tng1) < (Z c"Yd(zg,x1) + Z

n=1i=
oo

< (Z cd(xo, 1) + Z(&?n_i_l +en_i+ 0p_i)] < o0.

n=1
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Thus, {z,} is a Cauchy sequence. Choose z* € X such that x,, — a*. Since X has the
condition (C), there exists a subsequence {x,, }x>1 such that (z,,,z) € E(G) for all k.
Hence,

d(z*,Tz*) = lim d(zp,41,T2*) < lim (d(zp,+1, T2, ) + H(Tzp,, T2*))

k—o0 k—o0

< lim H(T,, zpn,,Txy,)+ klim cd(zp,,x*) = 0.
— 00

T k—oo

Thus, 2* € Tz* and so {z;}$2, converges to a fixed point of T O

Corollary 2.3. Let (X,d) be a complete metric space and T : X — Cy(X) a multifunc-
tion on X. Suppose that there exists 0 < r < 1 such that lird(ac,Tx) < d(z,y) implies
H(Tz,Ty) < rd(z,y) for all x,y € X, {;}2, and {6;}52, are two sequences of positive
numbers such that > ~qe; < 0o and Y .o,0; < oo and {T;}5°, is a sequence of closed
and bounded valued multifunctions on X such that H(T;x,Tx) < g; for all v € X and
i > 0. If there exists a sequence {x;}2y in X such that x;11 € Tiz; and =8 < d(ws, viq1) <
d(x;, Tiz;) + 0; for all i > 0, then {z;}$2, converges to a fixed point of T'.

Proof. Define the graph G on X by V(G) = X and
1
B(G) = {(#,9) : - d(w,T0) < dlaz,)} U {(e,2) 2 € X,
Note that,
d(x;, Try) < d(wg, Tix) + €3 < d(, xig1) + rd(xs, xig1) = (1 +r)d(xi, i41)

for all i > 0. Hence, (x;,z;1+1) € E(G) for all i > 0. Now, we show that X has the condition
(C). Let {x,}22 be a sequence in X, (¢, Tnt1) € E(Q) for all n > 0 and z,, — z. If there
exists a natural number ng such that x,, = x,41 for all n > ny, then we have nothing to
prove. Suppose that there exists a subsequence {zy, }x>1 of {xy }n>0 such that x,, # n, 11
for all k. Then, we have

L

1+7r

for all k. Let x # z. Choose a natural number ko such that d(z,z,) < id(z,x) for all
n > nk,. Since ng > ny, for all k > ko, d(z,2,,) < %d(z, x) for all k > kg. Thus,
ad(xnvaxnk) < d(‘rnkamnk+1) < d(zvxnk) + d(za mnk+1) < 2/3(1(2,.%‘)

=d(z,2) —1/3d(z,2) < d(z,z) — d(z,xn,,) < d(zp,, )
and so H(Txy,,Tz) < rd(z,,,z) for all kK > k. Since
d(zn,41,T2) < d(zpe+1, Tan,) + HTzp,, Tx)

d(mnk ) TInk) < d(xnk ) xnk-ﬁ-l)

< (@41, Ty ) + d(@ny, Ton,,) + Bd(2n, )
for all k& > ko, we get d(z,Tx) < rd(z,z). If ©,,, = z for some k, then (z,,,2) € E(G). If
T, F 2, then
d(@p,,, T, ) < d(Tn,,2) +d(z,Ten,) < d(Xn,,2) + rd(x,,, 2) = (1 4+ r)d(z,,, 2)

ﬁlrd(xnk,Txnk) < d(zp,, 7). This implies that (x,,,z) € E(G) for all k. Thus,
shows that X has the condition (C). Now by using Theorem 2.3, the sequence {z;}52,
converges to a fixed point of T O

and so

Acknowledgments. This work has been supported by Islamic Azad University, Marand
Branch.



74 E. Alizadeh, B. Mohammadi, Sh. Rezapour
REFERENCES
[1] S.M.A. Aleomraninejad, Sh. Rezapour, N. Shahzad, Convergence of an inezact iterative scheme for
multifunctions, J. Fixed Point Theory Appl. 12(2012), No. 1-2, 239-246
[2] S.M A. Alemraninejad, Sh. Rezapour, N. Shahzad, Some fized point results on a metric space with a
graph, Topology Appl. 159(2012), 659-663
[3] I. Beg, A.R. Butt, S. Radojevic, The contraction principle for setvalued mappings on a metric space
with a graph, Comput. Math. Appl. 60(2010) 1214-1219
[4] F.S. De Blasi, J. Myjak, S. Reich, A.J. Zaslavski, Generic ezxistence and approzimation of fized points
for nonexpansive set-valued maps, Set-Valued Anal. 17(2009) 97-112
[5] M. Kikkawa, T. Suzuki, Three fized point theorems for generalized contractions with constants in com-
plete metric spaces, Nonlinear Anal. 69(2008) 2942-2949
[6] M.A. Miandaragh, M. Postolache, Sh. Rezapour, Some approzimate fized point results for generalized
alpha-contractive mappings, U. Politeh. Buch. Ser. A 75(2013), No. 2, 3-10
[7] M.A. Miandaragh, M. Postolache, Sh. Rezapour, Approzimate fized points of generalized convexr con-
tractions, Fixed Point Theory Appl. Vol. 2013, Art. No. 255
[8] B. Mohammadi, Sh. Rezapour, On modified alpha-phi-contractions, J. Adv. Math. Stud. 6(2013), No.
2, 162-166
[9] S. Reich, A.J. Zaslavski, Convergence of inexact iterative schemes for nonexpansive set-valued map-
pings, Fixed Point Theory Appl. (2010) Article ID 518243, 10 pages
[10] S. Reich, A.J. Zaslavski, Approzimating fized points of contractive set-valued mappings, Commun.
Math. Anal. 8(2010) 70-78
[11] Sh. Rezapour, M.E. Samei, Some fixed point results for alpha-psi-contractive type mappings on intru-

itionistic fuzzy metric spaces, J. Adv. Math. Stud. 7(2014), No. 1, 176-181



