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APPROXIMATE FIXED POINTS OF SOME SET-VALUED

CONTRACTIONS

E. Alizadeh1, B. Mohammadi2, Sh. Rezapour3

By using and mixing some idea of some recent papers, we provide some results

about approximate fixed point and fixed point results of some set-valued contractions.
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1. Introduction

Let (X, d) be a metric space, Cb(X) the set of closed and bounded subsets of X, T

a multifunction on X with closed and bounded values and H the Hausdorff metric with

respect to d, that is,

H(A,B) = max{sup
x∈A

d(x,B), sup
y∈B

d(y,A)}

for all closed and bounded subsets A and B of X. We say that T has approximate fixed

points whenever infx∈X d(x, Tx) = 0. By using the idea of iterative scheme method which

have been used in [1], [4], [9] and [10] and by mixing the method with the main idea of [2],

[3] and [5], we provide some results about approximate fixed point and fixed point results

of some set-valued contractions. For related results, please see [6, 7, 8, 11].

2. Main results

Now, we are ready to state and prove our main results.

Theorem 2.1. Let (X, d) be a metric space and T : X → Cb(X) a multifunction. Suppose

that there exists r ∈ [0, 1) such that 1
1+rd(x, Tx) ≤ d(x, y) implies H(Tx, Ty) ≤ rd(x, y)

for all x, y ∈ X. Assume that x0 ∈ X, {εi}∞i=0 is a sequence of positive numbers with

Σ∞
i=0εi < ∞ and there exists xi+1 ∈ Txi such that d(xi, xi+1) ≤ d(xi, Txi)+ εi for all i ≥ 0.

Then T has approximate fixed points.

Proof. Since 1
1+rd(xi, Txi) ≤ d(xi, xi+1) for all i ≥ 0, we have

H(Txi, Txi+1) ≤ rd(xi, xi+1)

for all i ≥ 0. Note that,

d(xi+1, xi+2) ≤ d(xi+1, Txi+1) + εi+1 ≤ H(Txi, Txi+1) + εi+1 ≤ rd(xi, xi+1) + εi+1

for all i ≥ 0. Hence, d(xn, xn+1) ≤ rnd(x0, x1) + Σn−1
i=0 r

iεn−i for all n. Hence,

Σ∞
n=1d(xn, xn+1) ≤ Σ∞

n=1(r
nd(x0, x1) + Σn−1

i=0 r
iεn−i)
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≤ d(x0, x1)Σ
∞
n=1r

n +Σ∞
i=1(Σ

∞
j=0r

j)εi < ∞.

Thus, limn→∞ d(xn, xn+1) = 0 and so limn→∞ d(xn, Txn) = 0, and this implies that

infx∈X d(x, Tx) = 0. Therefore, T has approximate fixed points. �

Corollary 2.1. Let (X, d) be a complete metric space and T : X → Cb(X) a multifunction.

Suppose that there exists r ∈ [0, 1) such that 1
1+rd(x, Tx) ≤ d(x, y) implies H(Tx, Ty) ≤

rd(x, y) for all x, y ∈ X. Assume that x0 ∈ X, {εi}∞i=0 is a sequence of positive numbers

with Σ∞
i=0εi < ∞ and there exists xi+1 ∈ Txi such that d(xi, xi+1) ≤ d(xi, Txi) + εi for all

i ≥ 0. Then the sequence {xi}i≥0 converges to a fixed point of T .

Proof. By following the proof of Theorem 2.1, we observe that

Σ∞
n=1d(xn, xn+1) ≤ Σ∞

n=1(r
nd(x0, x1) + Σn−1

i=0 r
iεn−i)

≤ d(x0, x1)Σ
∞
n=1r

n +Σ∞
i=1(Σ

∞
j=0r

j)εi ≤ (Σ∞
n=0r

n)[d(x0, x1) + Σ∞
n=1εn] < ∞

and so it is easy to get that {xn} is a Cauchy sequence. Note that, d(xn, xn+1) → 0

and so limn→∞ d(xn, Txn) = 0. Choose z ∈ X such that xn → z. First, we show that

d(z, Tx) ≤ rd(z, x) for all x ∈ X\z. Let x ∈ X\z be given. Choose a natural number n0

such that d(z, xn) ≤ 1/3d(z, x) for all n ≥ n0. Thus,

1

1 + r
d(xn, Txn) ≤ d(xn, xn+1) ≤ d(z, xn) + d(z, xn+1) ≤ 2/3d(z, x)

= d(z, x)− 1/3d(z, x) ≤ d(z, x)− d(z, xn) ≤ d(xn, x)

and so H(Txn, Tx) ≤ rd(xn, x) for all n ≥ n0. Hence,

d(xn, Tx) ≤ d(xn, Txn) +H(Txn, T z) ≤ d(xn, Txn) + rd(xn, x)

for all n ≥ n0. This implies that d(z, Tx) ≤ rd(z, x) for all x ∈ X\z. Also, we have

d(x, Tx) ≤ d(x, z) + d(z, Tx) ≤ d(x, z) + rd(x, z)

and so 1
1+rd(x, Tx) ≤ d(x, z) for all x ∈ X\z. Thus, H(Tx, Tz) ≤ rd(x, z) for all x.

Since d(z, Tz) = limn→∞ d(xn+1, T z) ≤ limn→∞ d(xn, Txn) + limn→∞ H(Txn, T z), we get

d(z, Tz) ≤ limn→∞ rd(xn, z) = 0. Since Tz is closed, z ∈ Tz. �

Let (X, d) be a metric space and G a graph such that V (G) = X. We say that

X has the condition (C) whenever for each sequence {xn}n≥1 in X with xn → x and

(xn, xn+1) ∈ E(G) for all n, there exists a subsequence {xnk
}k≥1 of {xn}n≥1 such that

(xnk
, x) ∈ E(G) for all k.

Lemma 2.1. Let (X, d) be a complete metric space, G a graph such that V (G) = X and

T : X → Cb(X) a multifunction on X via graphT = {(x, y) | y ∈ Tx}. Suppose that

there exists 0 ≤ c < 1 such that H(Tx, Ty) ≤ cd(x, y) for all x, y ∈ X with (x, y) ∈ E(G),

graphT ⊆ E(G) and X has the condition (C). Then for every ε > 0 there exists δ > 0

such that for each x ∈ X with d(x, Tx) < δ there exists x⋆ ∈ X such that x⋆ ∈ Tx⋆ and

d(x, x⋆) < ε.

Proof. Let ε > 0 is given. Choose δ > 0 such that 4δ
1−c < ε. Let x ∈ X be such that

d(x, Tx) < δ. Put x0 = x and choose x1 ∈ Tx0 such that d(x0, x1) < δ. Then, (x0, x1) ∈
E(G). If x1 ∈ Tx1, then d(x0, x1) < δ < ε. Assume that x1 /∈ Tx1. Put q = 1+c

2 . Then

c < q < 1. Since q/c > 1, there exists x2 ∈ Tx1 such that

d(x1, x2) < d(x1, Tx1)q/c ≤ H(Tx0, Tx1)q/c ≤ d(x0, x1)q.
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If x2 ∈ Tx2, then

d(x0, x2) ≤ d(x0, x1) + d(x1, x2) ≤ (1 + q)δ ≤ δΣ∞
i=0q

i =
δ

1− q
=

2δ

1− c
< ε.

Assume that x2 /∈ Tx2. Choose x3 ∈ Tx2 such that

d(x2, x3) < d(x2, Tx2)q/c ≤ H(Tx1, Tx2)q/c ≤ d(x1, x2)q ≤ d(x0, x1)q
2.

By continuing this process, we obtain a sequence {xn}n≥1 in X such that xn ∈ Txn−1,

(xn−1, xn) ∈ E(G), xn /∈ Txn and d(xn, xn+1) ≤ qnd(x0, x1) for all n. Now, note that

d(xn, xm) ≤ Σm−1
i=n d(xi, xi+1) ≤ Σm−1

i=n qid(x0, x1) for all m and n. This implies that {xn} is

a Cauchy sequence in X. Choose x⋆ ∈ X such that xn → x⋆. Since X has the condition

(C), there exists a subsequence {xnk
}k≥1 of {xn}n≥1 such that (xnk

, x) ∈ E(G) for all k.

Thus,

d(x⋆, Tx⋆) = lim
k→∞

d(xnk+1, Tx
⋆) ≤ lim

k→∞
H(Txnk

, Tx⋆) ≤ lim
k→∞

c(d(xnk
, x⋆)) = 0

and so x⋆ ∈ Tx⋆. Since d(x0, x
⋆) = limn→∞ d(x0, xn+1) ≤ limn→∞

∑n
i=0 d(xi, xi+1), we get

d(x0, x
⋆) ≤

∑∞
i=0 q

id(x0, x1) <
δ

1−q = 2δ
1−c < ε. This completes the proof. �

Next example shows that the multifunction in last result is not a contraction neces-

sarily.

Example 2.1. Let X = [0, 1] ∪ {5/4} and d(x, y) = |x − y|. Define the multifunction

T : X → Cb(X) by

T (x) =

{
[0, x/2] x ∈ [0, 1],

{5/9} x = 5/4.

Put x = 1 and y = 5
4 . Then H(Tx, Ty) = H([0, 1

2 ], {
5
9}) =

5
9 > 1

4 = d(1, 5
4 ). Hence, T is

not a contraction. Define the graph G by E(G) = {( 54 ,
5
9 )}∪

∪
x∈[0,1]

({x}× [0,
x

2
]). Note that,

graphT = E(G) and

H(T
5

4
, T

5

9
) = H({5

9
}, [0, 5

18
]) =

5

9
= (

4

5
)(
25

36
) =

4

5
d(

5

4
,
5

9
).

Let x ∈ [0, 1] and y ∈ Tx = [0, x
2 ]. Then,

H(Tx, Ty) = H([0,
x

2
], [0,

y

2
]) =

|x− y|
2

≤ 4|x− y|
5

.

Hence, H(Tx, Ty) ≤ 4|x−y|
5 for all x, y ∈ X with (x, y) ∈ E(G). Also, it is easy to show that

X has the condition (C). Thus, for every ε > 0 there exists δ > 0 such that for each x ∈ X

with d(x, Tx) < δ there exists x⋆ ∈ X such that x⋆ ∈ Tx⋆ and d(x, x⋆) < ε. In fact, we

choose δ < min{ 25
36 ,

ε
2} for ε > 0. If d(x, Tx) < δ, then x ∈ [0, 1]. Put x⋆ = 0 ∈ T0. Then,

d(x⋆, x) = x = 2d(x, [0, x
2 ]) < 2δ < ε.

Theorem 2.2. Let (X, d) be a metric space, x0, θ ∈ X, G a graph such that V (G) = X

and T : X → Cb(X) a multifunction on X via graphT = {(x, y) | y ∈ Tx}. Suppose

that there exists 0 ≤ c < 1 such that H(Tx, Ty) ≤ cd(x, y) for all x, y ∈ X with (x, y) ∈
E(G), graphT ⊆ E(G), ε > 0, d(x0, θ) = M > 0 and (θ, x0) ∈ E(G). Suppose that

there exist δ ∈ (0,min{ (1−c)ε
2 , 1}) and a sequence {xn}∞n=0 in X such that xn+1 ∈ Txn and

d(xn, xn+1) ≤ d(xn, Txn) + δ for all n ≥ 0. Then T has approximate fixed points.
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Proof. It is sufficient we show that there exists a natural number n0 such that d(xn+1, xn) <

ε for all n ≥ n0. Choose a natural number n0 ≥ 1 such that cn0(2M + 1 + d(θ, Tθ)) < ε
2 .

Since (θ, x0) ∈ E(G), we get

d(x0, Tx0) ≤ d(x0, θ) + d(θ, Tθ) +H(Tθ, Tx0)

≤ 2d(x0, θ) + d(θ, Tθ) = 2M + d(θ, Tθ)

and d(x0, x1) ≤ d(x0, Tx0) + δ ≤ 2M + d(θ, Tθ) + 1. Since xn+1 ∈ Txn for all n ≥ 0, it is

easy to see that (xn, xn+1) ∈ E(G) for all n ≥ 0. Thus,

d(xn+1, xn+2) ≤ d(xn+1, Txn+1) + δ ≤ H(Txn, Txn+1) + δ ≤ cd(xn, xn+1) + δ

for all n. Hence, d(xn+1, xn+2) ≤ cn+1d(x0, x1)+(
∑n

i=0 ci)δ for all n ≥ 0. Thus, d(xn, xn+1) ≤
cnd(x0, x1) + (

∑n−1
i=0 ci)δ ≤ cn(2M + d(θ, Tθ) + 1)+ 1

1−cδ for all n. If n ≥ n0, then cn ≤ cn0

and so d(xn, xn+1) ≤ cn0(2M + d(θ, Tθ) + 1) + 1
1−cδ < ε. This implies that d(xn, Txn) → 0

and so T has approximate fixed points. �

Corollary 2.2. Let (X, d) be a metric space, x0, θ ∈ X, α : X ×X → [0,∞) a map G and

T : X → Cb(X) a multifunction on X such that graphT ⊆ {(x, y) : α(x, y) ≥ 1}. Suppose

that there exists 0 ≤ c < 1 such that α(x, y)H(Tx, Ty) ≤ cd(x, y) for all x, y ∈ X, ε > 0,

d(x0, θ) = M > 0 and α(θ, x0) ≥ 1. Suppose that there exist δ ∈ (0,min{ (1−c)ε
2 , 1}) and

a sequence {xn}∞n=0 in X such that xn+1 ∈ Txn and d(xn, xn+1) ≤ d(xn, Txn) + δ for all

n ≥ 0. Then T has approximate fixed points.

Proof. It is sufficient we define the graph G by E(G) = {(x, y) : α(x, y) ≥ 1} and V (G) = X.

Then by using Theorem 2.2 the proof is completed. �

Theorem 2.3. Let (X, d) be a complete metric space, G a graph such that V (G) = X

and T : X → Cb(X) a multifunction on X. Suppose that there exists 0 ≤ c < 1 such

that H(Tx, Ty) ≤ cd(x, y) for all x, y ∈ X with (x, y) ∈ E(G), X has the condition (C),

{εi}∞i=0 and {δi}∞i=0 are two sequences of positive numbers such that
∑∞

i=0 εi < ∞ and∑∞
i=0 δi < ∞ and {Ti}∞i=0 is a sequence of closed and bounded valued multifunctions on X

such that H(Tix, Tx) ≤ εi for all x ∈ X and i ≥ 0. If there exists a sequence {xi}∞i=0 in

X such that (xi, xi+1) ∈ E(G), xi+1 ∈ Tixi and d(xi, xi+1) ≤ d(xi, Tixi) + δi for all i ≥ 0,

then {xi}∞i=0 converges to a fixed point of T .

Proof. Note that, H(Txi, Txi+1) ≤ cd(xi, xi+1) for all i ≥ 0. Hence,

d(xi+1, xi+2) ≤ d(xi+1, Ti+1xi+1) + δi+1 ≤ d(xi+1, Txi+1) +H(Txi+1, Ti+1xi+1) + δi+1

≤ d(xi+1, Txi+1) + εi+1 + δi+1 ≤ H(Tixi, Txi+1) + εi+1 + δi+1

≤ H(Txi, Tixi) +H(Txi, Txi+1) + εi+1 + δi+1 ≤ cd(xi, xi+1) + εi + εi+1 + δi+1

for all i ≥ 0. On the other hand, we have d(x1, x2) ≤ cd(x0, x1) + ε0 + ε1 + δ1 and so

d(x2, x3) ≤ cd(x1, x2) + ε1 + ε2 + δ2 ≤ c2d(x0, x1) + c(ε0 + ε1 + δ1) + (ε1 + ε2 + δ2). By

following this process, it is easy to show that

d(xn, xn+1) ≤ cnd(x0, x1) + Σn−1
i=0 c

i(εn−i−1 + εn−i + δn−i)

for all n ≥ 1. Hence,

∞∑
n=1

d(xn, xn+1) ≤ (
∞∑

n=1

cn)d(x0, x1) +
∞∑

n=1

n−1∑
i=0

(εn−i−1 + εn−i + δn−i)

≤ (

∞∑
n=1

cn)[d(x0, x1) +

∞∑
n=1

(εn−i−1 + εn−i + δn−i)] < ∞.
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Thus, {xn} is a Cauchy sequence. Choose x⋆ ∈ X such that xn → x⋆. Since X has the

condition (C), there exists a subsequence {xnk
}k≥1 such that (xnk

, x) ∈ E(G) for all k.

Hence,

d(x⋆, Tx⋆) = lim
k→∞

d(xnk+1, Tx
⋆) ≤ lim

k→∞
(d(xnk+1, Txnk

) +H(Txnk
, Tx⋆))

≤ lim
k→∞

H(Tnk
xnk

, Txnk
) + lim

k→∞
cd(xnk

, x⋆) = 0.

Thus, x⋆ ∈ Tx⋆ and so {xi}∞i=0 converges to a fixed point of T . �

Corollary 2.3. Let (X, d) be a complete metric space and T : X → Cb(X) a multifunc-

tion on X. Suppose that there exists 0 < r < 1 such that 1
1+rd(x, Tx) ≤ d(x, y) implies

H(Tx, Ty) ≤ rd(x, y) for all x, y ∈ X, {εi}∞i=0 and {δi}∞i=0 are two sequences of positive

numbers such that
∑∞

i=0 εi < ∞ and
∑∞

i=0 δi < ∞ and {Ti}∞i=0 is a sequence of closed

and bounded valued multifunctions on X such that H(Tix, Tx) ≤ εi for all x ∈ X and

i ≥ 0. If there exists a sequence {xi}∞i=0 in X such that xi+1 ∈ Tixi and
εi
r ≤ d(xi, xi+1) ≤

d(xi, Tixi) + δi for all i ≥ 0, then {xi}∞i=0 converges to a fixed point of T .

Proof. Define the graph G on X by V (G) = X and

E(G) = {(x, y) : 1

1 + r
d(x, Tx) ≤ d(x, y)} ∪ {(x, x) : x ∈ X}.

Note that,

d(xi, Txi) ≤ d(xi, Tixi) + εi ≤ d(xi, xi+1) + rd(xi, xi+1) = (1 + r)d(xi, xi+1)

for all i ≥ 0. Hence, (xi, xi+1) ∈ E(G) for all i ≥ 0. Now, we show that X has the condition

(C). Let {xn}∞n=0 be a sequence in X, (xn, xn+1) ∈ E(G) for all n ≥ 0 and xn → z. If there

exists a natural number n0 such that xn = xn+1 for all n ≥ n0, then we have nothing to

prove. Suppose that there exists a subsequence {xnk
}k≥1 of {xn}n≥0 such that xnk

̸= xnk+1

for all k. Then, we have

1

1 + r
d(xnk

, Txnk
) ≤ d(xnk

, xnk+1)

for all k. Let x ̸= z. Choose a natural number k0 such that d(z, xn) ≤ 1
3d(z, x) for all

n ≥ nk0 . Since nk ≥ nk0 for all k ≥ k0, d(z, xnk
) ≤ 1

3d(z, x) for all k ≥ k0. Thus,

αd(xnk
, Txnk

) ≤ d(xnk
, xnk+1) ≤ d(z, xnk

) + d(z, xnk+1) ≤ 2/3d(z, x)

= d(z, x)− 1/3d(z, x) ≤ d(z, x)− d(z, xnk
) ≤ d(xnk

, x)

and so H(Txnk
, Tx) ≤ rd(xnk

, x) for all k ≥ k0. Since

d(xnk+1, Tx) ≤ d(xnk+1, Txnk
) +H(Txnk

, Tx)

≤ d(xnk+1, xnk
) + d(xnk

, Txnk
) + βd(xn, x)

for all k ≥ k0, we get d(z, Tx) ≤ rd(z, x). If xnk
= z for some k, then (xnk

, z) ∈ E(G). If

xnk
̸= z, then

d(xnk
, Txnk

) ≤ d(xnk
, z) + d(z, Txnk

) ≤ d(xnk
, z) + rd(xnk

, z) = (1 + r)d(xnk
, z)

and so 1
1+rd(xnk

, Txnk
) ≤ d(xnk

, z). This implies that (xnk
, z) ∈ E(G) for all k. Thus,

shows that X has the condition (C). Now by using Theorem 2.3, the sequence {xi}∞i=0

converges to a fixed point of T . �
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