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¢-ORTHONORMAL BASES, ¢-RIESZ BASES AND ¢-DUAL OF
¢-FRAMES

Sayyed Mehrab Ramezani', Akbar Nazari?

The duals of frames, duals of g-frames, and orthonormal bases are widely
used in mathematics, physics, signal processing, and many other areas, in which
elements need to be represented in terms of the frame, g-frame, and basis ele-
ments. In this paper, we give equivalent conditions for a g-orthonormal basis
and characterize all g-Riesz bases for a separable Hilbert space H, starting with
a given g-orthonormal basis. Also, we introduce the notion of generalized dual of
a g-frame in a separable Hilbert space H and provide some characterizations of
the generalized dual of g-frames. Our results generalize and improve the results
obtained by Dehgan and Hasankhani Fard in [1].
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1. Introduction

Frames for Hilbert space were formally defined by Duffin and Schaeffer [5] in
1952 in order to study some problems in non-harmonic Fourier series. These frames
were improved in 1986 by Daubechies, Grossman and Meyer [3]. Wenchang Sun [7]
developed a generalization of frame (g-frame) including more other concepts and
proved that many basic properties can be derived from this more general context
and he also presented a generalization of orthonormal bases or simply g-orthonormal
bases. In this paper, we define the notion of g-orthonormal system and give some
equivalent conditions for a g-orthonormal system {{;};c; to be a g-orthonormal
basis. M. A. Dehghan and M. A. Hasankhani Fard [1] determined and characterized
g-duals of a frame in a separable Hilbert space JH and obtained more reconstruction
formulas of vectors (or signals) in terms of the frame elements by using the g-
dual frames. In this work, we introduce the generalized dual of generalized frames
or simply g-dual of g-frames and extend the reconstruction formulas of vectors in
terms of the adjoint of g-frame elements using the g-dual of g-frames. Then, some
properties are presented.
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2. Preliminary Notes

Below, we will briefly recall some definitions and basic properties of g-frames
in Hilbert spaces. We first give some notations which are needed later. Throughout
this paper, J is a finite or a countable index set. H and X are two Hilbert spaces and
{K;};ecs is a sequence of closed Hilbert subspaces of X. For each j € J, B (H,X;)
is the collection of all bounded linear operators from H to X;. We also denote:

Dxi={g=1{9} €% and Y [{g,9)| < o0}.
jeJ j€s

Definition 2.1. We call a sequence {A; € B(H,XK;) : j € J} a g-frame for H with
respect to {X;}jes if there exist two positive constants C' and D such that:

CIFIP <Y IA£IIP < DIFIIP, (f € 30). (1)

jeJ
We call C and D the lower and upper g-frame bounds, respectively. If only the
right-hand inequality of (1) is satisfied, we call {A;};c; the g-Bessel sequence for H

with respect to {X;}jes with g-Bessel bound D. If C = D = X\, we call {A;}jcy the
A-tight g-frame. Moreover, if X\ =1, we call {A;};c; the Parseval g-frame.

The bounded linear operator T defined by:
Ty: P — K, Ta({gj}jes) = > Aig;,
JjeJ Je€J

is called the pre-frame operator of {A;};cs. Also, the bounded linear operator Sx
defined by:

Sy H — XK, SA(f) =) ASA;f,
JjeJ

is called the frame operator of {A;};c;.

Example 2.1. If X;=C for any j € J and Ajf = (f, f;) for any f € 3, in this
case, the g-frame is just a frame for H.

3. g-orthonormal basis and g-Riesz basis

In this section, we give equivalent conditions for a g-orthonormal basis and
characterize all g-Riesz bases for a separable Hilbert space H, starting with one
g-orthonormal basis.

Definition 3.1. A g-sequence {§; € B(H,XK;) : j € J} for H with respect to
{K;}jes is said to be a g-orthonormal basis if it satisfies the following cases:

(i) (& 95, & fk) = 0k (95, fr)s (U ked), (g5 €Ky, fr € Ky).
(ii) 117 =2 e 16 £11% (f € ).
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If only the condition (7) is satisfied, we call {{;};es the g-orthonormal system
for H with respect to {K;};cs. Note that a g-orthonormal system {{;};cs is a
g-Bessel sequence. In fact, if {g;}jes € @,.;K; and m,n € J, n > m, then:

jeJ
n m n n
1> " Goe = Giawll> = > &igr Y Giow)
k=1 k=1 k=m+1 k=m+1
n n n
oD dnlomgd= D lal*
k=mt1 j=mt1 k=m+1

Since {g;}jes € @jc; K, we know that {377, lgkl|?}jes is a Cauchy sequence
in C. The above calculation shows that {d";_; fgr}jes is a Cauchy sequence in
H and therefore convergent. The next theorem gives equivalent conditions for a
g-orthonormal system {;},cs to be a g-orthonormal basis.

Theorem 3.1. For a g-orthonormal system {&;};c, the following cases are equiv-
alent:

(i) {&;}jer is a g-orthonormal basis.

(ii) f=35c,68f for all f € 3.
(iti) (f,9) = >es(& [, &9), for all f,g € H.
(iv) ImT = 5.

(v) If&f =0 for all j € J, then f = 0.

Proof. For the proof of (i) = (ii), let f € H then we have:

LA =P =D G2 =D (&G H6H =0 &G 1)

jedJ jeJ jeJ

therefore f =} . ;&€ f. (iii) is an obvious consequence of (ii). For the proof of
(i13) = (iv), let W = ImT; and W # J; there exist f € 3 and f # 0 such that
f LW. So, for T¢({&; f}jes) € W, we have:

0= (Te({&; Yjen)s ) =D (&1 &F) = (f. 1)-
jeJ
This contradiction shows that ImTy = 3. To prove (iv) = (v), note that by

assuming T¢ f =0 and ImT; = H we infer kerT, ¢ = ImTEL = 0. Therefore, f = 0.
For the proof of (v) = (i), let f € 3. Since {&;};cs is a g-Bessel sequence, we know
that g := ZjeJ ;&5 is well defined; furthermore, for any k € J and g € Kj, we
have:

(kg 96) = D> (&1 Gear) =D 5ikl&ifs gr) = (Ex s gr)-

jeJ jeJ
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Therefore, {;(f —g) =0 for all j € J, so by (v), f=9g= Zjejﬁ;ffjf. On the other
hand:

AP = Qo G& D> &ent) =D > owl&if&nt) =Y (&1:61),

jeJ keJ jeJ keJ jeJ

and this completes the proof. O

Definition 3.2. A g-frame {A; € B(H,X;) : j € J} for H with respect to {K;}jcs
1s said to be a g-Riesz basis if it satisfies:

(i) Aj #0;

(i) If a linear combination 3 _;c - Ajg; is equal to zero, then every summand Ajg;

equals zero, where g; € X; and K C J.

Example 3.1. As in Example 2.1, the induced functionals of any orthonormal basis
(respectively Riesz basis) form a g-orthonormal basis (respectively g-Riesz basis).

The following Theorem characterizes all g-Riesz bases for H, starting with one
g-orthonormal basis.

Theorem 3.2. A g-Riesz basis for J{ with respect to {X;}cs is a family with
the form {§;U*}jer, where {&j}jes is a g-orthonormal basis for I with respect to
{K;}jes and U is a bounded bijective operator.

Proof. Let {A;};es be a g-Riesz basis and {{;};cs be a g-orthonormal basis for H
with respect to {K;};cs. Define the operator:

U:H— X, U(Z{jgj) = ZA}‘gj, {gi}jer € @ij

jeJ jeJ jeJ

Then, U boundedly and bijectively maps H onto J{. Furthermore, for any
{gj}jes € @jeJ X; and f € H, we have:

({gities AN ier) = <Z A}k'gj,f> = <U(Z &5 95); f>

jeJ jeJ
= {9j}jes A&U fies) -
So {Ajf}tjes = {§U*f}jes. Conversely, assume that ZjEJ U&g; = 0 for some
elements {g;} € P;c; X;. Then . ;& g; = Oand for g; € X;, we have:
lgill® = (gir 90) = D 6ig5,9i) = O & 95,65 95) = 0.
Jje€J jeJ

So, every summand 5; g; equals zero. O
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4. Generalized dual of a g-frame

Dehghan [1] introduced generalized dual frames; however, we will introduce
generalized dual of generalized frames or simply g-dual of g-frames.

Definition 4.1. Let {A;},cs be a g-frame for 3 with respect to {K;}je.
A g-frame {T'j} e is called a generalized dual g-frame or g-dual g-frame of {A;}jcs

for H with respect to {X;}jc if there exists an invertible operator A € B(H) such
that, for all f € H,
f=Y NTA(f). (2)
Jj€J
If W is a closed subspace of H, a g-frame {I';};cs is called a g-dual g-frame of
{Aj}jer for Wif (2) holds for all f € W and for some invertible operator A € B(W).

When A = I, then {I';}c; is an ordinary dual frame of {A;};c;. If Sy is the
g-frame operator of the g-frame {A;};c s, then for all f € H, we have:

f=2 AAS ()
jedJ

Hence, each g-frame is a g-dual g-frame to itself. The operator A in (2) is unique,
since for all f € H,

AT =) AT().

JjeJ

Hence, A~! = TAUf, where Tj and Ur are the pre-frame operators of {A;} cs
and {I';}jes, respectively. Also, we say the g-frame {I';};cs is a g-dual g-frame of
{A;}jes with the corresponding invertible operator A.

Lemma 4.1. Let {A;}jcs and {I';}jes be g-Bessel sequences in H with respect to
{X;}jes. Then the following cases are equivalent:

(1) There exists an invertible operator A€B(H) such that f = ZF;AjA(f).

jeJ
(2) There exists an invertible operator A€B(H) such that f = ZA;FjA*(f).
jeJ
(3) There exists an invertible operator A€ B(H) such that (f, g)zZ(Ajf, Ijg).
JjeJ

In case that one of the equivalent conditions is satisfied, {I';};ecs is a g-dual of
{Aj}jer, and vice versa.

Proof. Let (1) be satisfied and let f € H. Then, there exists g € H such that f = Ag
and g =3, ; T'7A;A(g). Therefore, f = Ag =} .. ; AIA;(f). Since {A;}jes and
{I'jA*}c; are g-Bessel sequences, using Proposition 3.6 [6], we have:

f=Y AUIA(f) = Y AT (A™S).
jed JjeEJ
Hence, (2) holds. A similar argument shows that (2) implies (1). The rest of the
proof is obvious. If the conditions are satisfied for {A;};c; and {I';};cs, and Cy is
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the g-Bessel bound for {A;};e; then:
A1 = 1Y GAL TP < CalAIPIILAP D IT5 117,
jedJ jedJ
Therefore, {I'j}jcs is a g-frame. Since (1) and (2) are equivalent so {A;};c is also
a g-frame. O

Proposition 4.1. Fvery two g-Riesz bases are g-dual g-frames.

Proof. Let{A;}jcs and {I';}jes be two g-Riesz bases for J{ with respect to {X;};c.
There exist an orthonormal basis {{;};e; and bounded invertible operators U and
V on H such that A; = §U™ and I'; = £;V*. Since U and V are invertible, there
exists a bounded invertible operator T on H such that UV*T = I; hence, for all
f € H, we have:

f=UVT(f) =D ULEVHT() =D NTT(f). O

JjeJ JjeJ
Now, we are going to give a simple way for the construction of infinitely many
g-dual g-frames of a given g-frame.

Proposition 4.2. Assume that {I'j};c; is a g-dual g-frame of {A;}jes for H with
respect to {XK;} e with invertible operator U € B(H) and let o be a complex number.
Then, the sequence {Aj}je; defined by:

Aj = aFj -+ (1 — O[)AjSXlU_l,

is a g-dual g-frame of {A;}jey for H with respect to {X;} e with invertible operator
U, where Sy is the g-frame operator of {A;}jcs.

Proof. For all f € H, we have:

> A8,Uf) = A (el + (1 - a)A; s30T (U )

J€J jeJ
=aY MNTUf+(1—a)) NASf=F O
jeJ jeJ

In the next Proposition, we obtain a g-dual g-frame for H with respect to
{K;};ecs from a g-dual g-frame for a subspace of .

Proposition 4.3. Let {A;}jcs be a g-frame for H with respect to {X;}jcs with
frame operator S and let {I';}jes be a g-dual g-frame of {A;}jes for W = ImTv
with invertible operator B € B(W). Then, the sequence {A;};cs defined by A; =
I';B, + AjSX1 is a g-dual g-frame of {A;};cy for I with respect to {K;}jes, where
the operator By : H — H is defined by By := BP + @ and P and Q are the
orthogonal projection onto W and W+, respectively.

Proof. Let A := I—1P, where I denotes the identity operator on 3. Since ||[I—A| <
1, the operator A is invertible. Let f € J; then there exist the unique vectors g € W
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and h € Wt such that f = g + h. Therefore,

SONNAF =S AR+ é > ArAjg

jeJ JjeJ JjeJ
1 1
=Y NTBih+ Y NAST A+ 5 Y ATBg+ 5 ) AjAS'g
JjeJ JjeJ JjeJ JjeJ

11
=TATfh+h+ 59+ 59 = 1.

Note that kerT}: = TmTp— = W-. 0

Corollary 4.1. Let {A;}jes be a g-frame for H with respect to {X;}je; with g-
frame operator Sx and let {I';}cs be a g-dual g-frame of {A;}jcy for W = ImTr
with respect to {K;}jes. Then, the g-sequence {Aj;}jer defined by:

Aj=T;+A;87!

is a g-dual g-frame of {A;}jer for I with respect to {K;} e

In the following Proposition, a necessary condition for g-duality of the sum of
two g-dual g-frames is given.

Proposition 4.4. Let {I'j}jc; and {©;};c be two g-dual g-frames of {A;}je; with
the corresponding invertible operators A and B, respectively. If A=' + B~! is an
invertible operator, then {A;}jc; and {I'; + ©;}jes are g-dual g-frames.
Proof. Let T € B(H) be the inverse operator of A~! 4+ B~L. For all f € K, we have:
ST +0,)(Tf) =Y NT;AATITS) + Y A0;B(B7'TY)
Jj€J JjEJ Jj€J
= A Tf+ B 'Tf=(A"+B HYTf =T O

Invertible operators preserve the g-duality property of g-frames.

Proposition 4.5. Let {A;}jc; and {I'j}jcs be two g-sequences for H with respect
to {K;}jes and let U,V € B(H) be two invertible operators on H. Then, {A;}jes
and {I'j}jcy are g-dual g-frames for 3 if and only if {A;U*}jcy and {I';V*}cy are
g-dual g-frames for F with respect to {X;}je.

Proof. Let {Aj}jecs and {I';};es be g-dual g-frames for H with respect to {X;};c.
Then, there exists an invertible operator A € B(H) such that:

f=) TiAAf,
jeJ
for all f € JH. Hence:
f=VVE=> VIIANUS(U) AV =) VTGN UBY,
JjeJ JjeJ
where B = (U*)"!AV~1! is an invertible operator on 3. The converse is obtained
by applying the operators U* ™! and V*~1. O
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5. Conclusions

In this article g-orthonormal systems are independently defined, and we pro-
vide some conditions such that a g-orthonormal system will be a g-orthonormal
basis. Also we characterize all g-Riesz bases for Hilbert space H, starting with
one g-orthonormal basis. In the second part we introduce the notion ”the g-dual
g-frame” and we obtain some results of g-dual g-frame. As a matter of fact our
definition and results are an extension of definition and results obtained in [1, 2].

REFERENCES

[1] M.A. Dehgan, M. A. Hasankhani Fard, g-dual frame in Hilbert spaces, U.P.B. Sci. Bull. 75,
(2013), 129-140.

[2] O. Christensen, An introduction to Frame and Riesz Bases, Birkhéduser, Boston, 2003.

[3] I. Daubechies, A. Grossmann, Y. Meyer, Painless non-orthogonal expansions, J. Math. Phys.27
(1986), 1271-1283.

[4] 1. Daubechies, Ten Lectures on Wavelets, 1992.

[5] R. Duffin, A. Schaeffer, A class of non-harmonic Fourier series, Trans. Amer. Math. Soc. 72
(1952), 341-366.

[6] S. M. Ramezani, A. Nazari, Charactrize g-Riesz basis and their dual in Hilbert A-module, Int.
J. Contemp. Math. Sci. 9 (2014), 83-95.

[7] W. Sun, g-frame and g-Riesz bases, J. Math. Anal. Appl. 322 (2006), 437-452.



