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ATTENUATION OF LAMB WAVES USING EMBEDDED 
SEISMIC METAMATERIALS FOR LOW-FREQUENCY 

BANDGAP 
Collins OPASINA 1, Akintoye OYELADE 2, * Yetunde O. ABIODUN 3, 

OLUWASOLA O. ORIBAYO 4 

This study investigates the performance of Seismic metamaterials (SM) 
embedded in a soil substrate, exploring four SM models incorporating materials 
such as lead, auxetic foam, and soil in the outer layer. Four types of SM models 
containing lead, auxetic foam and soil at the outer layer are proposed in the study. 
The finite element method was adopted to investigate the dispersion curves of 
Lamb waves and vibration modes of these periodic structures. The relationship 
between structural parameters, geometric sizes and bandgap characteristics were 
analyzed. Model 3 turned out with the widest favorable result of 2.4-6.8Hz which 
is within the low frequency range of concern. 
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1. Introduction 

As the need for urbanization increases daily, so is the need for the rising 
demands of civil infrastructures. Beyond just satisfying the housing and immediate 
needs which is the primary goal of most infrastructural development, the need to 
look deeply into sustainability and risk mitigation in the occurrence of natural 
disaster is also of paramount importance. Seismic events associated with 
earthquakes ranks top in naturally occurring catastrophic activities that severely 
destroys lives and human settlement. Hundreds of earthquakes occur globally every 
year, with over a thousand having magnitudes of 5 or higher. In the event of an 
earthquake, the seismic waves generated carry intense energy outward from it 
center to all directions. Earthquakes frequency wave between 0–20 Hz coincides 
with the resonant frequencies of most civil infrastructures [1]. Conventional seismic 
control methods like base isolation, and energy dissipation often struggle to 
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effectively control or isolate ultra-low-frequency seismic waves within 0–20 Hz. 
This drawback has led researchers to take a closer look into phononic crystals and 
metamaterial for ability to manipulate acoustic waves. Towards the end of the 20th 
century, phononic crystals was introduced with the ideology of them having the 
ability to control elastic waves in geometric structure. They possess periodic 
acoustic effects which allows the prevention of elastic wave propagation. Phononic 
crystals and metamaterials share a relationship of artificial structures that are able 
to manipulate photon propagation [2] . Bandgap BG formation in phononic crystal 
was due to local resonance that contributed to shock and noise reduction [3]. Figure 
1 shows the various forms in which phononic crystals can exist. 

Seismic metamaterials (SM) effectively attenuate seismic waves without 
altering the building’s structural form [4]. SM are designed artificially with periodic 
arrangements that enables BG characteristics [5]. Waves falling in b regions are 
restricted to pass through SM, which are situated in specific position of interest 
around  the buildings to dampen seismic waves [6]. Various classification methods 
exist for SM based on different perspectives [7-9]. Bragg scattering and local 
resonance exists as the major bandgap formation mechanism [10]. In Bragg 
scattering, SM structures size is proportional to wavelengths where structural 
periodicity determines the properties outcome [11-13]. However, the wavelength 
of seismic waves can vary from few to several meters, limiting the application range 
of such SM. On the other hand, local resonant SM have structural dimensions 2–3 
orders of magnitude smaller than seismic waves with the limitation of smaller 
bandgaps [14]. In fighting these limitations, scholars have suggested different 
structural variations, including the “rainbow trap”[15, 16], additive structures [4, 
17], structural steel of I section [18] and composite steel material [7] in half-space 
also improve the attenuation of Rayleigh waves. An uncommon material like 
depleted uranium  [19], auxetic foam instead of common steel or rubber inclusion 
in  structural composition has been used to improve the  bandwidth [16]. Natural 
occurring SM effects are discovered in arrays of forest trees [20]. In expounding on 
forest trees as SM, the impact of tree branches in Rayleigh waves attenuation was 
investigated to yield a considerable effect [21]. The relationship of layer properties 
in the isolation and shielding of seismic activities was also studied for soils with 
non-homogeneity across its strata [22]. 

Taking a close look into the post build challenges facing civil 
infrastructures, studies have shown that more than ten thousand structures made of 
load bearing frames of concrete and steel are vulnerable to seismic activities due to 
large energy and vibrations. In combating this compromise, the inclusion of 
metamaterials in foundation construction became an area of interest. Metamaterials 
have the ability to manipulate vibrations in structural components [23, 24]. 
Metamaterial also produced a shielding effect when included in foundations of 
buildings in earthquake occurrence [25]. The overlaying superstructure are 
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protected as the propagation of seismic wave was prevented due to the presence of 
periodic materials in the structural foundation [26]. Wave manipulation effect in 
solids is attributed to transmission of energy in a wave manner and the effectiveness 
of periodic materials in stopping waves from propagation. In investigating periodic 
structures with three-dimensional geometry, attenuation is possible only within the 
bandgap formation zones and the wave amplitude have a reduced effect within this 
region [27, 28]. 

Four types of SM was identified in recent time according to [29], seismic 
soil metamaterials [6], auxetic materials [30], above-surface resonators [31], and 
buried mass resonators [14]. In SM study, options including structural steel types 
[13], unit cell geometry [32], and steel sections buried within soil mass [33].The 
application of SM goes beyond building protection and branches to insulation of 
railway systems. Currently, the practical implementation of existing geometric 
forms of Lamb wave attenuation designs are difficult to achieve because of the large 
size associated with them. Greater challenges are faced in achieving bandgaps of 
low frequency with SM having small geometric configuration. 

The study focused on finite element analysis of periodic structures with the 
aim to design a seismic metamaterial that inhibits low frequency (0 - 20Hz) wave 
propagation within adjoining structure. To proffer solution to the established 
challenges, four models were designed to address the constraint of large structural 
form and low frequency gaps. The objectives of the study include investigating 
geometric model suitable for the desired bandgap, studying the wave propagation 
and interaction within the constituent seismic metamaterial and to verify the 
attenuation zone within the seismic metamaterial using transmission spectrum. To 
achieve all these, the study was divided into four sections, where Section 1 
introduces the concept and gave a background of the study through review of 
literatures. In Section 2, the theory behind the study was explained alongside the 
methodology. The discussion of the result was explained in Section 3, while the 
conclusion of the findings and further recommendations was made in Section 4. 

 

 
Fig. 1. Representation of phononic crystals: (a) 1-dimensional (b) 2-dimensional (c) three 

dimensional 
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2. Theory and methodology 
 
2.1. Periodic wave equation 
Assuming a perfectly elastic homogeneous and isotropic medium, the wave 

motion equation propagating through the periodic system when damping and body 
force is neglected is expressed as [34] 

 
𝛥𝛥�𝐶𝐶(𝑟𝑟):𝛥𝛥𝛥𝛥(𝑟𝑟)� = −𝜌𝜌(𝑟𝑟)𝜔𝜔2𝑢𝑢(𝑟𝑟),   (1) 

where ∆ is the Hamiltonian operator, the location vector denoted by 𝒓𝒓, the 
displacement vector as 𝒖𝒖 , 𝝎𝝎 as angular frequency, 𝑪𝑪 is the fourth-order elasticity 
tensor, 𝜌𝜌 is the mass density of constituent material. The unit cell under the Floquet-
Bloch parametric end conditions was studied to investigate the propagating waves 
in periodic structures as shown in Fig 2.  

The boundary behavior with respect to periodicity is given by [35] 
         𝑢𝑢(𝑟𝑟 + 𝑎𝑎) = 𝑢𝑢(𝑟𝑟)𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖,                      (2) 

where 𝒂𝒂 is the lattice vector, and 𝒌𝒌 = [𝑘𝑘𝑥𝑥 𝑘𝑘𝑦𝑦] the wave vector, and 𝑖𝑖 = √−1. 
Substituting (2) in (1) results 

(𝐾𝐾(𝑘𝑘) − 𝜔𝜔2𝑀𝑀)𝑢𝑢 = 0,      (3) 
where  𝑘𝑘 and 𝑀𝑀   are the stiffness matrix and the mass matrix, respectively, which 
are functions of the wave vector 𝒌𝒌. COMSOL Multiphysics 5.6 is used to solve the 
eigenvalue problem given by (3) under the complex boundary condition. For a 
given wave vector 𝒌𝒌, there exists frequency 𝝎𝝎 that can obtain the dispersion 
relation. Sweeping the frequency along the edges of the first irreducible Brillouin 
zone along  Γ − 𝑋𝑋 −𝑀𝑀 − Γ, the total dispersion relations are obtained. The 
representative unit cell of the corresponding Brillouin zone is shown in Fig. 2.  

 
Fig. 2. Schematic representation of the first irreducible Brillouin zone for a square lattice 

arrangement 
 
2.2. Comparison and verification 

Verification of previous work was done in this section by comparing the 
dispersion curve results. The model was compared to the work done by previous 
researchers on Lamb waves  [13, 36, 37], and there is a close agreement with the 
work as shown in Fig 3. 
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Fig. 3. Dispersion curve for Lamb wave from previous researchers (a) Nannan shi et al [36] (b) 

Akintoye et al [37] (c) Zhang et al [13] 
 

2.3. Models and methodology 
The designed model is made up of lead, auxetic foam, and soil as the outer 

layer. The design modified the models of [36]. In Fig 4 (a), the first model design 
has all material on the same level at the top, where the solid lead cube at the core 
of the design has side length of 1.4m is coated with auxetic foam with a face width 
of 2m, followed by the external coating of soil layer with a lattice constant a of 
2.2m. In Fig 4(b), the design was modified with all materials boundaries having 
concentricity starting with solid lead of 1.58m on all sides at the center of the 
geometry, then a coating of auxetic foam around it with face width of 2m and lattice 
constant of 2.2m for the soil at the outer layer. The next is Fig 4(c), where the model 
improved on the structure in Fig 4(b) by having a lead core at the center with a cube 
side length of 1.6m, containing a cubic hole with a side length of 0.6m within it. 
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The last model as in Fig 4(d) has four circular perforations of 0.8m radius positioned 
on four side faces of the auxetic foam. Table 1 presents the parameters of the SM 
with their characteristic distinction. Fig 5. represents the plan view of the different 
configuration with the side view show in Fig 6. 

Assuming periodicity in every direction, the wave vector is confined to the 
first Brillouin zone. The dispersion curve of the structure can be obtained by 
scanning the wave vector along the Γ-X-M-Γ direction of the first irreducible 
Brillouin zone. In verifying the accuracy of the BG and the attenuation 
characteristics for the finite-row (unit cell) structure, a 10x10 array design of the 
transmission spectrum was incorporated for the four models as shown Fig 7. 
Transmission spectrum calculation model was used in frequency-domain analysis 
for the model, with material properties given in Table 1. The perfect matching layer 
(PML) at outer bounds of the model is utilized to reduce the influence of elastic 
wave reflection on the results. Using the approach of Floquet periodic boundary 
conditions in the y direction, A displacement of 0.1 m was applied along the x-y 
polarization direction at the interface between the PML and the soil on the left side 
to simulate excitation of seismic waves in the Γ-X direction. The frequency scan 
vary from 0 to 20 Hz having 0.01 Hz increments. At the rear of the structure, the 
acceleration or displacement amplitude A1 is recorded. When there is no SM, the 
acceleration or displacement amplitude at the same point is recorded as A0, and the 
frequency response function FRF is defined as:     

 
𝐹𝐹𝐹𝐹𝐹𝐹 = 20𝑙𝑙𝑙𝑙𝑙𝑙10(𝐴𝐴1/𝐴𝐴0)   (4) 

 
   Table 1 

Material Parameters of Seismic Metamaterial 
 Density                       

(kg/m3) 
Elastic 
modulus (Pa) 

Poisson’s                          
ratio 

Soil 1200 12 0.3 
Auxetic foam 120 2.5 × 104 -0.8 

Lead 11340 1.7 × 1010 0.42 
 

 
 

Fig. 4. Unit cell structure with lattice constant a =2.2m for (a) Model 1(b) Model 2 (c) Model 3 (d) 
Model 4 
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Fig. 5. Plan view of unit cell with geometric parameters 

 
Fig. 6. Side view of the four models showing the internal details of the internal materials 

 

 

 
Fig. 7. 10x10 model setup representation of the infinite geometry for the four model types 

 
3. Result and discussion 
 
3.1. Dispersion curve. 
Fig 8. displays the dispersion curves for the four structures, the first 

complete bandgap highlighted in brown shaded color with the upper and lower 
edges marked as red and blue shaded circles. Fig 8(a) gives the dispersion curve of 
Model 1, exhibiting a BG from 2.2Hz to 4.2Hz that exists between the fourth and 
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fifth frequencies. In Fig 8(b), the dispersion curve of Model 2 depicts a BG width 
from 2.4Hz to 6.6Hz in the sixth and seventh frequency bands, it is observed that 
the fully submerged soil coated design structure model possesses a larger relative 
bandwidth compared to Model 1 (with all top surface material on the same level). 
Fig 8(c) illustrates the dispersion curve of Model 3, with a BG width of 2.4 Hz to 
6.8 Hz Based on this modification, it can be said that the geometric design of the 
fully concentric model having a cubic hollow opening of 0.6m exhibited a slight 
increase in bandgap compared to the model without an internal cubic opening as in 
model 2. Fig 8(d) represents the dispersion curve of Model 4, with a BG of 12.9 Hz 
to 13.9 Hz in the tenth and eleventh frequency bands. The design was achieved by 
opening circular holes in the four sides of the auxetic foam while still retaining the 
cubic hole in the lead core as in model 3.  Compared to the rest of the models, it 
exhibited a higher frequency zone with a small bandwidth of 1Hz. In all, the models 
exhibited frequency range of great importance and application in isolation 
protection for building structures. 

 

 
Fig. 8. Dispersion curve 

3.2. Vibration modes of unit cells.  
To further understand the concept of BG, the vibration behavior belonging 

to the two bounds of the first BG were studied. Fig 9. illustrates the vibration modes 
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of the upper and lower boundaries of four models. In Figure 11 (a), Fl1 represents 
the vibration mode of the lower boundary of Model 1 concentrated in the lead core 
(scatterer), leaving the auxetic foam and soil layer undisturbed. The Fu1 mode 
corresponds to the upper boundary of the bandgap of Model 1, with distinct 
vibration within the auxetic foam layer and soil layer. Fig 9(b) illustrates the 
vibration modes of the Fl2 and Fu2 of the respective lower and upper boundaries of 
the bandgap in Model 2. The lead core is completely buried in the entire matrix in 
all directions with no clear vibrations reaching to the surface as the case of Fl2. For 
Fu2, there is vibration radiating to outer surface of the soil with high concentration 
along the corners of the soil. The vibration modes of the lower and upper boundaries 
of the BG of Model 3 in Fig 9(c) are represented as Fl3 and Fu3. In the case of Fl3, 
the vibration stays within the lead core buried in the whole system and then 
gradually radiated faintly to the side face of the soil. The vibration was evidently 
displayed along the whole face of the soil, leaving the top face undisturbed at the 
center as in the case of Fu3. In Fig 9(d), the vibration modes for Model 4 as in Fl4 
and Fu4 shows that the cubic hollow and circular cut in the lead and auxetic foam 
layer is responsible for the vibration mode behavior of Fl4 which is characterized 
by having vibrations in the top and bottom face corresponding to soil layer leaving 
the rest of the matrix undisturbed. In the case of Fu4, the mode resembles that of 
Fl4 with the vibration reaching further along the edge line of the soil layer leaving 
the auxetic foam undisturbed. Consequently, hole openings affect the BG and 
vibration behavior of the system. 
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Fig. 9. Vibration mode shape for all models 

 
3.3. Frequency-domain analysis.  
Frequency spectrum analysis was used to better verify and gain insight into 

the ability of the proposed SM band gap formation mechanism. A homogenous soil 
layer was used in the implementation of the four different model type of the 10x10 
unit cell surrounded by the soil. PMLs are placed after the soil. Then the 
transmission spectrum is obtained by sweeping from 0 Hz to 20 Hz along the x 
direction. According to Fig 10(a1-d1) corresponding to the transmission spectrum, 
the zones of elastic wave attenuation are observed in the following respective ranges 
2.2–4.2 Hz, 2.4 –6.6 Hz, 2.4 –6.8 Hz, and 7.6–12.4 Hz, which is consistent with 
bandgap formation in Fig 8, except for the case of model 4. The dynamic response 
of the four models shown in Fig 12(a2-d2) clearly show that the soil embedded SM 
blocked propagation of wave in the bandgap region as vibration was not observed 
in the array of the SM. 
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Fig. 10. Dynamic response and transmission spectrum for the four model shapes 
 
3.4. Geometric parameter analysis.  
The result from analysis in the preceding sections depicts that local 

resonance focused on the lead core causes low frequency curve BG in SM in the 
range of interest. Taking a closer look at the influencing factors corresponding to 
bandwidth with model 2 and 3 in mind, parameters of the models was examined by 
varying one parametric variable at a time while keeping all other constant. An 
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insight was presented to the behavior of these models as shown in the figures below. 
In Fig 11, the lattice constant was varied from 2.2m to 3m while all other parameters 
are kept constant. It was observed that the lower bandgap went on a gentle increase 
while the upper bandgaps decreased sharply. The total bandwidth reduces as the 
soil thickness increases within the SM. In Fig 12, the radius of the circular opening 
auxetic foam was varied from 0.2m to 0.8m while all other parameters are kept 
constant. It was observed that the lower bandgap increased sharply while the upper 
bandgaps saw a decrease along the line before increasing back. However, the total 
bandwidth reduced as the radius “r” increases. 

 

 
Fig. 11. Lower and upper bandgap variation with increase in lattice constant “a” for model 2 

 

 
Fig. 12. Lower and upper bandgap variation with increase in circular opening “r” for model 4 
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4. Conclusion 
 
The 0-20 Hz attenuation zone is very important to civil infrastructural 

design such as building laboratories with sensitive equipment and in its application 
of noise control. It is often termed low frequency vibrations, and hence critical. The 
investigation and modelling approach focused on seismic metamaterial with soil 
inclusion as this is more practical and insightful in studying the interaction within 
the layers. The proposed model in this study achieved bandgap with frequency 
belonging to the low range (0–20 Hz) at a considerable size of 2.2 meters. The 
mechanism of bandgap formation was associated with local resonance from the 
model analysis of boundaries revealing energy dissipation and deformation. 

The results from previous sections have constituted the following 
conclusions 

• Model 3 gave the best result with the widest bandgap of 2.4-6.8Hz due to 
the presence of the cubic hole in the lead core. The cubic opening would 
also reduce the lead material usage and cost implications. 

• Model 4 results show the smallest width of attenuation between 12.9-
13.9Hz as there was interaction between the soil layer through the circular 
opening that was cut through the auxetic foam. 

• The geometric parameter also revealed that as the lattice constant “a” is 
increased with all other parameters kept constant, the band width reduces 
which is due to the interaction between the soil and auxetic foam 
4.1. Recommendation 
Several research have been done toward the behavior of SM and how it can 

provide solutions to existing challenges in various fields. These findings have 
shown the great potential that is embedded in the full adoption of SM. However, a 
lot more needs to be done in terms of practicability, design, regulation and 
scalability issues surrounding its full potential.  
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