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FRAMES IN TOPOLOGICAL ALGEBRAS

Lalit K. VASHISHT! and Saakshi GARG?

We present necessary and sufficient conditions for frames in real or complex
locally convex commutative separable topological algebras.
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1. Introduction and Preliminaries

The theory of topological algebras itself has undergone considerable de-
elopement since the appearance of Gelfand’s paper [2] on normed algebras. The
paper is motivated by Watson’s work on bases in topological algebras [7]. First,
we collect some basic definitions and notions required in the rest of the paper,
which can be found in the book [3]. An interested reader for topological algebras
may refer to [8]. Let A be a linear space over the complex field C (or the real
field R). A is said to be complex (or real) algebra if for all x,y € A, the product
xy is defined and xy € A, satisfying the following conditions:

(1) x(yz) = (xy)z = xyz,

(2) x(y + 2) = xy + xz,

3) v+ 2)x = yx + zx,

(4) Ax)(uy) = (Aw)xy, forall A, u € C.
An algebra A with a Hausdorff topology is called a semi-topological algebra if
the maps: (x,y) » x+yfromA X AtoAand (1,x) » A x from C X A to A,
are continuous and the map: (x,y) — xy is separately continuous. A semi-
topological algebra is said to be a topological algebra if the map: (x,y) » xy is
jointly continuous. Clearly, every topological algebra is a semi-topological
algebra but the converse is not true (for instance, see [5]). Each topological vector
space E contains a base {U} of neighborhoods of 0 such that each U is closed,
circled, absorbing and for each U € {U}, thereisV € {U} suchthatV +V c U. If
A is a topological algebra, then there is a base of 0-neighborhoods satisfying
these conditions and an additional condition: for each U € {U}, there are
V,W € {U} such that VW c U. If each member U of a base {U} of 0-
neighborhoods in a topological algebra is convex, then it is called a locally
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convex algebra (LC-algebra, for short). Since each convex, circled (together
called absolutely convex) and absorbing set U gives rise to a semi-norm p,,
defined by: p,(x) =inf{A > 0:x € AU}, we may alternatively describe an
LC-algebra A as a topological algebra whose topology is given by a family
{Pa}aer of semi-norms satisfying:

(1) pa(Ax) = |A|pa(x),1 € C,x € A,

(2) pa(x +¥) < pa(x) + pa(¥), %,y € A,

() pa(x) =0forallaerifx =0,

(4) for each p, € {p}, there is a pg € {p,} such that

Pp(xy) < pa(X)pa(¥) . X,y € A .

An LC-algebra A is said to be locally m-convex if each p, € {py}qaer satisfies:
Pa(xy) < po(x) po(y) for all x,y € A. The last inequality for each p, is
equivalent to that U2 c U, (such an U, is called idempotent) for each a, where
{U,} is a sub-base of absolutely convex 0-neighborhoods in which each U,
determines corresponding p,. A locally convex topology for a topological algebra
A can always be generated by a directed family of semi-norms. The topology of
a locally m-convex algebra A is given by a directed family {p,:a € A} of
submultiplicative (i.e., po(xy) < P (%) Pe(¥), x,¥ € A) semi-norms. A linear
functional f on a locally convex topological algebra A whose topology is
generated by a directed family of semi-norms {p,: a € A}, is continuous if and
only if there existsan @ € Aand ¢ = 0 such that |f(x)| < c po(x) forall x € A.
A collection of linear functionals @ on a locally convex topological algebra A
(with a directed family of semi-norms {p,:a € A} generating its topology) is
equicontinuous if and only if there exists « € A and ¢ > 0 such that |f(x)| <
Cpe(x) forallx e Aand f € .

A topological algebra A is called strongly semi-simple if for every non
zero x € A, there exists f € M (A) with f(x) # 0, where M (A) is the maximal
ideal space of A consisting of all non-zero continuous scalar valued
homomorphisms of A with the relative o(A,A")-topology (the Gelfand
topology). There is a bijective correspondence between M (A) and the closed
maximal ideals of codimension one of A given by f — M, = Ker f.

Lemma 1.1. [4] Let {R,} be a family of linear maps from a topological algebra

A, into a topological algebra (A5, 7,), such that {R,(x)} is t, bounded in A,

for each x in A,. Then there exists a weakest linear topology t; on A4, such that

{R,} is 7,-T, equicontinuous. Also, 7, is generated by D = {p : p € D}, where
P(x) = sup P(Ra(x)),x € A;.
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In this paper, we introduce frames in topological algebras. Necessary and
sufficient conditions for frames in a topological algebra are given. Some
equivalent conditions for the existence of a frame in topological algebra which
satisfies certain conditions are obtained.

2. Main Results

In rest part of the paper, A denotes a real (or complex) locally convex
separable topological algebra, assumed to be commutative, and A’ an algebraic
dual of A .

Definition 2.1. A countable sequence F = {x,,} € A is called a t-frame for
(A, 1) if there exists a sequence {f,} < A’, such that for each x € A
n

x =T7-lim Zfl-(x)xl-
n—-oo
=1

1=
where the sequence {}:i-, f; (x)x;} converges in the topology t of A.

Remark 2.1. The sequence {f,} c A’ is called an associated sequence of
functionals, which need not be unique. The associated functionals f,, (n € N)
need not be continuous.

Definition 2.2. A t-frame F = {x,,} for (A, t) is said to be t-Schauder frame for
A if all associated functionals are t-continuous.

Definition 2.3. A t-frame F = {x,,} for A is an orthogonal frame if

(1) x, # O forall n € N,

(2) each x,, is idempotent, i.e., x2 = x,, foralln € N, and

(3) xpxm = 0 (n = m) forall m,n € N.
Or equivalently, a t-frame F = {x,} for A is an orthogonal frame if each x,, #
0 and x,,x,, = 8,mxy, forall m,n € N (where 6,,, isthe Kronecker delta).

Example 2.1. Let A = {{§;} c C: Y52, [¢;] < oo}, where C is the set of all
complex numbers. Let 7 be the topology induced by the standard metric (on A),
that is, d(x,y) =X, 1§ — nil, x = {&)Ly = {(ni} €A. Then, A is a
locally convex separable topological algebra under pointwise multiplication.
Let {xn} € A be sequence of canonical unit vectors, i.e., x, = &pm, for all
n,m €N,

(1) Choose x, = y, forall n,m € N. Then, F = {x,,} is an orthogonal frame

for A.
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(2) Define {y,} € A by y; = x1, y2 = x1 and y, = xn_1,n > 2. Then, G =
{y,.} is a T-frame (Schauder) for A which is not orthogonal.

Example 2.2. Let A = {{¢;} < C:&; = 0 for all except finitely many j} with the
topology induced by the metric d(x,y) = sup [§; —n;l, x ={§}, y = {n;} €

1<j<oo
A. Then, A is a locally convex separable topological algebra under pointwise
multiplication.
Define {x,,} € A by x; = y1, x, = x» and x,, = x> +Xf,n > 3, where {y,} c
A is sequence of canonical unit vectors. Choose {f,,} c A’ as follows:

A =10 £ = 22— D j§j, fuld) = gy, wherex = (£} € A
j=3
Then, F = {x,} is a frame for A which is neither Schauder nor orthogonal.

Remark 2.2. Exact t-frames are studied in [1] and Paley-Wiener type
Perturbation results for T-frames can be found in [6].

The following theorem provides a necessary condition for t-frames in A.
Theorem 2.1. Assume that F = {x,,} is a t-frame for (A, ). For each p in the
family D = D, of pseudonorms generating the topology t, let

p = sup {p(Sn(x)):n > 1}
where S, (x) = X, fi()x;, {fi}c A
Then,D = {p: p € D} defines a linear Hausdorff topology T o 7, such that
{S,} is T-Tt equicontinuous and that T is the coarsest linear topology on A
having these properties. Also, each f;, is continuous on (A, T ).

Proof. Let p € D. Then, there existsa q in D, such that p(x + y) < q(x) + q(y),
for each x,y in A. Since F is a t-frame for A, x = t- lim S,,(x), for each x in
n—-oo

A. Now by hypothesis, p(x) < q(x), foreach x in A. Therefore, t € T. By
Lemma 1.1, {S,} is T-T equicontinuous and z is the coarsest topology on A.

Now, for each n € N, there exists a p and hence g in D, such that
p(x,) # 0, and

1) p(xn) < q(Sn(x)) + q(Sn-1(x)) < 2q(x) forallx € A.
Hence, each f,, is T-continuous.

Remark 2.3. If (A, 1) is a metrizable topological algebra in the above theorem,
then t is generated by a single norm p and the corresponding function p is also a
norm satisfying p(S,(x)) <p (x) forall x € A (n € N).
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Next we give sufficient conditions for T-frames in (A, 7).
Theorem 2.2. Let {p,} be a countable family of seminorms generating the
topology t. Suppose {x,} c (A, 1) is a sequence of non-zero vectors such that for
each x € A, there exists a sequence {a,} c K of scalars such that x = 7-
Yome1 Apxp. Let X = {{a,}neq € K X 0mq apx, converges in the topology 7} be
a topological algebra with its topology given by the countable family

q: g {an}) = sup {pk (Z anxn>}

n=1

of seminorms. If Z = {{a,}neq € X: X0 anx, =0} is a complemented
subspace of X, then {x,} is a t-frame for A.
Proof. Letuswrite X =Y @ Z. Define 0: X — A by

O:{a,}~ T-z ApXy {a,} € X.
Clearly, © is a well-defined operatgrlby the definition of X'. The restriction of @
on Y, 8|y is an isomorphism of Y onto A.
Define {f;.} € A’ by
{f()} = (@ly) ™ (x),x €A
Then, each f; is linear and x = @{f, ()} =7- X, fi(x)x; forallx € A.
Hence {f.} c A’ is such that {x,} is a T -frame for A.

The following theorem provides equivalent conditions for the existence of
an orthogonal frame for A
Theorem 2.3. In (A, T), the following are equivalent.
(1) A has a t-frame F = {x,,} with x,,x,, = 0for n # m (n,m € N), x,, #
0and x2 # 0, forall n € N.
(2) A has a t-frame G = {y,,} with y,,y,,, = 0 for n # m (n,m € N), y,, # 0,
and y2 = ¢y, (¢, # 0), forall n € N.
(3) A has an orthogonal frame H = {z,}.

Proof. (1) = (2) : Fixn € N. Assume that F = {x,,} is a t-frame for A. Then,
k

x2=r1- llim Zfi(x,%)xi , for some {f;} ¢ A'.
=1

1=
Therefore, by (i), we have

0 = xpx2 = xp (- lim Zﬁ-(x,zl)xi) = f(x2)x2,, form # n.

i=1
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By hypothesis, x2, # 0. Therefore, f,,(x2) = 0, for all m # n (m,n € N). Hence
xZ = f,(x3)x, with f,(x2) # 0, for all n € N. Choose f,(x2) = c,,n€N.
Then, x2 = c,x, With ¢,, # 0, for all n € N. Let y, = x,, for all n € N. Then,
G = {y,} is a t-frame for A with desired properties.

(2) = (3): Suppose that G = {y,,} is a T-frame satisfying (2).
Choose z,, = JC'—Zn € N. First we claim that, H = {z,} is a frame for A. Let x €
A be arbitrary. Then, x = T-,}Lrg Z?zlfi(x)yi for some {f,,} c A'. Define
{g:} € A' by g;(x) = ¢;fi(x), forall i € N. Then

X = Tr;_}gn Yie1 Ciﬁ(x)i_ii =1 711_{130 Yi=19i(x)z;.

Hence H = {z,} is a T -frame for A.
Now for each n € N, we have

s _Yi_ Cdn_ Yn

z = = =2z,.
g o T
Also, for n # m (n,m € N), z,z,, = ’C’—:f—: = 0. Therefore, 2,2, = 8pmzn, for

all n,m € N. Hence (3) is proved.

(3)= (1) Obvious. Indeed, let x, =z, for alln e N. Then, by
hypothesis F = {x,} is a t-frame for A with desired properties.

Corollary 2.1. If A has an identity, then each of (1), (2), (3) in Theorem 2.3, is
equivalent to the following condition.
(4) A has a t-frame F = {x,,} with each x, # 0 and x,x,, = 0 (n # m), for
alln,m € N.
Proof. It is sufficient to show that (4) is equivalent to (1).
(1)= (4) : Obvious.
(4)= (1): Supposethate € A. Then,e = 1 nlirg Z?zlfi(e)xi for some

{f.} c A’. For afixed j € N, by hypothesis we have

Xj = xje = X; (T -JHgZﬁ(@%) = fi(e)x} . (1)

Now x; # 0, so by using equation (1), sz #+ 0. Hence x2 = 0, foralln € N.

Remark 2.4. The result given in Theorem 2.3 is a generalization of Theorem 1.10
in[7].
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The following proposition gives a necessary condition for A to be strongly
semi-simple in terms of t-frames for A.
Proposition 2.1. Let F = {x,,} be a t -frame for A. Then, for all non-zero
Xn, X2 # 0, provided A is strongly semi-simple.

Proof. Assume that x,, # 0 and x; = 0 for some n. Then, for each f € M (A),
we have

2
(fG))" = f(x) = f(0) = 0.
Therefore, f(x,) = 0, forall f € M (A). Thus, A is not strongly semi-simple, a
contradiction. The proposition is proved.

The following theorem shows that every element of the maximal ideal
space M (A) is some coefficient functional associated with an orthogonal frame
for F. Let us denote the system of coefficient functional associated with F by
A'|F.

Theorem 2.4. Let F = {x,} be an orthogonal frame for (A, t). Then,
M(c/q,) c c/lllg:'.

Proof. Let f € M'(A) be arbitrary. Then, by the definition of M (A), f # 0. So,
there exists an x, € F such that f(x,) # 0. Since F is orthogonal, x,,x, =
0 (m # n).Therefore, f(x,,x,) = 0 (m = n). Also, since f € M (A), f(xmxy)
= f(xm)f(xn). So, f(xm)f(x,) =0. But f(x,) # 0. Thus, f(x,,) =0 for all
m #n (m,n € N). Let x € A be arbitrary. Then, there exists {f,,} € A" such
that

f@) = f (zlim Thy fix) == lim T, i@f ) = L0f ) (2)
Now f € M (A), f is multiplicative. Therefore, f(x,) = f(x2) = f (x,)%. Thus,
by using the fact that f(x,) # 0, we have

fQ) = 1. ©)

By using (2) and (3), we have f(x) = f,(x), for all x € A. Hence
M((A) c A'|f.

To conclude the paper, we show that the finite product of locally convex

commutative separable topological algebras has a frame provided each compo-
nent space has a frame.
Theorem 2.5. Let (A, 1;) and (B, 1,) be locally convex commutative separable
topological algebras with t-frames F = {x,} and G = {y,,}, respectively. Then,
(AXB,1y), Where T, is the product topology on AXB, has a t,-frame.
Furthermore, if F and G are orthogonal, then the respective t,-frame for (AX
B, tp) is also orthogonal.
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Proof. Let (x,y) € AXB be arbitrary. Then, x = Tl',lilgo i fil)x; and y =
T,- lim 7%, g;(y)y;, for some {f;} € A" and {g;} ¢ B'. Define a sequence
m—0o

H ={z,} € AXB hy
Zyp—1 = (x,,0),n €N and z,, = (0,y,),n € N.
Choose {h,} c (AxB)" as follows:
h2j—1(xiy) = f)(X),] € N' (x'y) € ‘AXB,
th(xly) = g](y);] EN, (X,y) € AXB.
Then

n
(6 y) =10 = lim > hy(x,7)3;
j=1
Hence H = {z,} is a T -frame for (AXB, 1,).
To show H = {z,} is orthogonal whenever F and G are orthogonal. Note
that the 7 -frame  has the property that z2 = z,,, for all n € N. Indeed
Z%n =0,y)* = (0,y7) = (0,¥n) = Zzp,n EN,
and
Z5p_1 = (X, 0)? = (x3,0) = (x,,0) = z3,_1,n EN
Now for m # n (m,n € N), the following cases arise.
(1) miseven, nisodd. Then, z,,z, = (0, y,)(x,,0) = (0,0).
(2) misodd, niseven. Then, z,,z, = (x,,0)(0, y,) = (0,0).
(3) m, n both are even. Then, z,,z, = (0, ¥,)(0,¥,) = (0, ymy) = (0,0).
(4) m, n both are odd. Then, z,,z, = (X, 0)(x,, 0) = (XX, 0) = (0,0).
Thus, z,,z, = 0, for all n with m #n (m,n € N). Hence H = {z,}is an
orthogonal frame for A XB.
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