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RECURRENCE AND CHAOS

Nan Wang' 2, Lixin Jiao?, Lidong Wang?*, Shaoyun Shi?

Assume that (X2, p) is a one sided symbolic space, o is a sub-shift on
Yo. In this paper, we proved that there exists 7 C PQW (o) C ¥q such that
o |z is R—T chaos, Martelli chaos, distributional chaos, weakly mizing,
Xiong-chaos and distributional chaos in a sequence. As an application, we
prove that chaos occurs on recurrent sets in exchange economic systems.
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change economic systems.
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1. Introduction

Since Li and Yorke gave the definition of chaos in a strict mathematical
language [8], Scholars in different areas have given different concepts and cri-
teria for identifying chaos in the study of different systems, such as Devaney
chaos[f], topological chaos, Ruelle-Takens chaos[12], distributional chaos[14]
and so on. The main idea of the above concepts of chaos is the asymptotic and
topological structure of the orbits of points, but these chaos are independent
of each other. In order to explore the essential properties of chaos, scholars
have conducted their research by revealing the inner connection between var-
ious chaotic concepts and discussing various complexities such as topological
entropy, ergodicity, mixing, etc. After a further study, it is found that for
some chaotic systems with zero topological entropy, their uncountable chaotic
sets are all contained in an absolute zero measure set, and the absolute zero
measure set can not be ignored from the ergodic point of view. This situation
we call an artifact. In order to obtain a subsystem that both excludes artifact-
s and retains the original system’s important dynamics, Zhou|23] introduced
the concept of measure center, and divided Li — Yorke chaos into three levels
with different degrees of complexity: (1) f is chaotic, but f is not chaotic on
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non-wandering sets; (2) f is chaotic on the non-wandering set, but not chaotic
on its measure center; (3) f is chaotic on the measure center.

The opinion of measure levels contributes to a deeper understanding of
chaotic systems, and shows that the important dynamics of the system are
concentrated on the measure center. In order to discuss the measure center
and its structure, the concepts of weakly almost periodic points and quasi
weakly almost periodic points are introduced by Zhou [23], and the importance
on both point sets is illustrated. This paper discuss the chaotic behaviors for
subsystem which determined by a quasi-weakly almost periodic point from the
perspective of chaos level, and obtain that this subsystem is R — T chaos,
Martelli chaos, weakly mixing, Xiong-chaos and distributional chaos. As an
application, the chaos property on the recurrence point of sets in the exchange
economic systems are discussed.

The paper is organized as follows: In Section 2, we give the basic concepts
and lemmas used in this paper. In Section 3, the main theorem and the proof
of the theorem are given. In Section 4, as an application of the theorem, it is
proved that distributional chaos occurs on some recurrent points sets for the
exchange economic system.

2. Basic Definitions and Lemmas

In this paper, (X, d) denote a compact metric space with metric d, and
f: X — X is a continuous map. For all n > 0, f™ means the n iteration of f.

Definition 2.1. For any x € X, x is called a periodic point of f, if there
exists a positive integer n such that f"(x) = x. The smallest positive integer n
that satisfies f"(x) = x is called its period. The periodic points with period n
are called n periodic points. Let P(f) be the collection of periodic points of f.

Definition 2.2. For non-empty open set V of X, we denote N(xz, V) ={n €
N|f"(x) € V}, where N denotes the set of positive integers. A subset P of N
is said to be of positive lower density, if

lim inf pnil,2,n)

n—oo n

> 0;

And P is said to be of postive upper density, if
N{1.2....

N—00 n

> (;

where §(-) denotes the cardinality.

Definition 2.3. For any x € X is called almost periodic point of f, if for any
e > 0, there exists N > 0, such that for any integer ¢ > 1, there is a integer r,
q <1 < N +q satisfying d(f"(x),z) < e. Denote the set of all almost periodic

points of f by A(f).
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Definition 2.4. A point x € X is called a weakly almost periodic point of f,
if for any neighborhood V' of x, N(xz, V) is of positive lower density. Denote
the set of all weakly almost periodic points of f by W(f).

Definition 2.5. A point x € X is called a quasi-weakly almost periodic point
of f, if for any neighborhood V' of x, N(x, V') is of positive upper density.
Denote the set of all quasi-weakly almost periodic points of f by QW (f).

Denote that PQW(f) = QW(f) — W(f), PW(f) = W(f) -
A(f), PA(f) = A(f) — P(f) is proper quasi-weakly almost periodic points
set, proper weakly almost periodic points set and proper almost periodic points
set, respectively. For all z € X, {z, f(x), f2(x)---} is call the orbit of =, de-
note that orb(z, f). For any y € X is called w — limit point of x if there is a
sub-sequence of orb(z, f) convergences to y.

Assume that S = {0,1}, Yo ={z =zy29---2;--- , x; €S, i=1,2--- }.

Definition 2.6. p: Y5 x X9 — R is defined as follows: for all x,y € ¥, x =
xl‘r2."7y:y1y2.")

0, ==y,
p(fc,y)z{l

T T#Y, andk= min{n | T, # yn}.

Obviously, p is a metric on Xo. (X2, p) is a compact space which is called
a one-sided symbol space with 2 symbols.

Definition 2.7. For any x = xyx9--+ € Yo, 0 : XNy — X, o(T122-++) =
XToxs - 18 called a shift on Y. It is can be proved that o is continuous.

Lemma 2.1. [I5] There exists an set E in 3o with the property that for any
r=x1-+, y=uy -+ € E, there are infinitely many n satisfying x, =y, and
infinitely many m satisfying x.,, # Ym.

If y C ¥y is a closed set and o(y) C y, then o|, : y — z is called a
subshift of 0.

For any xy € X is said to be unstable with respect to X, if there exists
r(zp) > 0 such that for any € > 0 there exists yo € X with d(yo, o) < € and
positive integers n, d(f"(vo), f"(x0)) > r(xp).

f is called sensitive dependence on initial value if there exists 6 > 0 such
that for any x € X and any neighborhood U, of x, there is y € U, and n > 0,
satisfying d(f"(z), f*(y)) > 6. ¢ is called the sensitive constants of f.

Definition 2.8. A continuous map f: X — X is called R — T chaos if
(1) [ is topological transitive on X.
(2) f is sensitive dependence on initial value.
Definition 2.9. A continuous map f: X — X is called Maurtelli chaos, if

(1) w(xo, f) = X.
(2) xo is unstable with respect to orb(zo, f)
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Definition 2.10. Let f : X — X be a continuous map, and {p;} be a in-

creasing sequence of positive integers. For a subset C' of X, if A C C and any

continuous mapping F' : A — X, there exists q; C {p;} such that for for any

x € A, hﬁm f%(z) = F(x), then f is said to be chaotic in the sense of Xiong
J o0

on C" with respect to the sequence {p;}.

Lemma 2.2. [20] Let X be a separable locally compact metric space containing
at least two points, f : X — X 1is continuous, then f is topologically weakly
mixed if and only if there exists a C'-dense F,-subset of X which is chaotic in
the sense of Xiong with respect to the natural number sequence.

Definition 2.11. Assume that (X,d), (Y,p) are compact metric space, f :
X = X, g:Y =Y are continuous map. If there exists a continuous surjective
map ® : X — Y such that ®o f = go @, then ® is said to be a topological
semi-conjugation from f to g.

Lemma 2.3. [24] Assume that f : X — X, g:Y — Y are continuous maps,
® is a topological semi-conjugation from f to g, then

(1) ©(A(f)) = A(g).
(2) (W (f)) =Wl(g).
(3) (QW(f)) = QW(g).
Definition 2.12. Let (X, f) be a dynamical system, xz,y € X, for allt > 0
and any positive integer n, take
E(fs @, yit) = [{ild(f' (@), f(y)) < .0 < i <n},

where | - | denotes the cardinality of the set. Assume that
1
Fpu(t, f) =liminf —=¢&,(f, =, y,1),
n—oo N

" : 1
Fx,y(tvf) = thllp Egn(fa z, y7t)

n—o0

If there exist x, y € X such that the pair (z, y) satisfies:

Fy, =1 and there exists t > 0, F, ,(t, f) =0 (1)

or
Fy, =1 and for allt > 0,F, ,(t, f) < F;(t, f) (2)

or
For all t in some interval , F,,(t, f) < F; (t, f) (3)

Then (x,y) exhibits distributional chaos of type 1,2,3, respectively. A
dynamical system (X, f) is said to be distributional chaos of type k (abbreviated
as DCy, where k = 1,2,3) if there exists an uncountable subset D C X such
that for any two different points in D, the point pair is distributional chaos of
type k.

Proposition 2.1. If f is DCY, then f also ezhibites DCy, DC3, DCY.
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For more information about DCY, please refer to the [22].

Lemma 2.4. [I1] Let f be a continuous map from the compact metric space
(X,d) to itself, and & : X — X be a topological semiconjugate from f to o.
If there exists y € Xy such that orb(y,o) # Yo and ®'({y}) = 1, then f is
distributional chaos.

Lemma 2.5. [16] For a positive integer n, the continuous map f™ is distribu-
tional chaos if and only if f is distributional chaos.

In order to have a better understanding of the inner relationship be-
tween Li-Yorke chaos and distributional chaos, Wang introduced the concept
of Distributional chaos in a sequence in 2007.

Fuolt, {pi}) = Tinink 3™ xjo.0(d(7#) (@), 7#9(9))),
=1

n—oo

2 0 Ap}) = i sup 3 oo (@£ ), 7 ().

Definition 2.13. D C X s called a distributional chaos set in sequence {p;}
if for any x,y € D, x # y such that

(1) 36 >0, F,y(5, {p;}) = 0.
(2) ¥t >0, Fy,(t {pi}) = 1.

where(x,y) is called a pair of distributional chaos in a sequence. If f has
an uncountable scramble set in which any pair is distributional chaos in a
sequence, then f is said to be distributional chaos in a sequence.

Lemma 2.6. [19] Weak mizing implies distributional chaos in a sequence.

The original definition of topological entropy was proposed by Adle, Kon-
heim et al. in the [I], which is a measure to describe the complexity of a system.

Definition 2.14. Let (X, f) be a compact system, «, 3 be an open cover of X,
and denote that N(«) is the smallest of the cardinality of the sub-covers of «,
and let

aVB={ANB:A€aBef}
[He)={f"(4): A€ a},
ent(f) = supq, nh_}ralo %logN(a VN a) Vv D).
where « takes all open covers of X, and we call ent(f) the topological
entropy of f.

Definition 2.15. A discrete system (X, f) is called mean Li-Yorke chaotic if
there exists an uncountable subset S of X such that for any x, y € S with
x # vy, one has
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hmmf—Zd x, f]’C

N—H—oo

and

hmsup—Zd z, f*y)

N—+4o00

Lemma 2.7. [7] If a topological dynamical system (X, f) has positive topolog-
wcal entropy, then it is multi-variant mean Li-Yorke chaotic.

Lemma 2.8. [4] Let f : I — I be a continuous map and I = [a,b](0 < a < b),
if ent(f) > 0, then the compact subset A C I satisfies:
(1) f(A) =
(2) there exists N and continuous surjective map ® : A — 3 such that
Do fN|a\=00®|,.

Lemma 2.9. [10] Suppose that f : [a,b] — [a,b](0 < a < b < 00) is continuous
and satisfies:
(1) there exists m € (a,b) such that f is strictly increasing in [a,m] and
strictly decreasing in [m, b.
(2) f(a) >a, f(b) <b and for all x € (a,m), f(z) > .
(3) there exists unique z € (m,b) such that f(z) =z, f*(m) <m, f3(m) <
z, therefore ent(f) > 0.

Definition 2.16. Suppose that a finite sequence of length n in S denoted by
A=ay---a, (ie |Al=n).
Denote that
[A] = {2z € Eg|z; = a;,0 <i < n}
Obviously, [A] is the set of (¥2,0) that is both open and closed.

Definition 2.17. f is said to be topologically transitive if for any nonempty
open sets U, V of X, there exits n > 0 such that f"(U)NV # 0. The point
where the orbit is dense in X is called the transitive point of f, and is denoted

as Tran(f).

Deﬁnition 2.18. f is said to be topological weakly mizing if fo is transitive,
for any nonempty open sets Uy, Uy, Vi and Vs, there exists a positive
mtegern such thatf™(U) NV, £ 0, i=1,2.

Definition 2.19. f is said to be topological mixing if for any nonempty open
sets U and V', there exists a positive integer N such that f*(U) NV # 0 for
alln > N.

Lemma 2.10. [21] Let (X, f) be a compact transitive system, if Tran(f) N
QW (f)—A(f)) #0, then f is R—T chaos.
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Lemma 2.11. [20] Suppose that f : I — I is continuous and ent(f) > 0, then
there exist A C I and n > 0 such that f™ : A — A is topological mizing.

Lemma 2.12. Suppose that f : I — Lis continuous and ent(f) > 0, then there
exist A C I such that f: A — A is topological weakly mixing.

Proof. According to Lemma [2.11}, it is easy to draw this conclusion. O

3. Proofs of the main theorems

Theorem 3.1. Let (X2, p) is a one-sided symbol space, o is a shift on (Xa, p),
there exists subset T C PQW (o) such that

(1) o7 is R—"T chaos.

(2) 0|z is Martelli chaos.

(8) 0|z is distributional chaos.

(4) |z is DCy, DC5, DCY,.

(5) o|z is topological weakly mizing.

(6) o|7 is chaotic in sense of Xiong.

(7) 0|z is distributional chaos in a sequence.

Proof. Constructing .7 C PQW (o) C Xs. Let 7 be a collection of sequences
in an one-sided symbolic dynamical system consisting of two symbols 0, 1. .7
consists of all sequences as follows:
a = AlBlClAQBQOQ cee AanOn HR where Al = 01, B1 =00 or 1]_, Ol =
0101 and for n > 2, A, B,C, are constructed inductively as follows.
p

—~
For the sake of convenience, we denote by 0---0 the arrangement of p
p

~
many symbols 0 and by 1---1 the arrangement of p many symbols 1.
Denote D,, = AiB1C1A3ByCy--- A, B,,C,,, for 1 <m <n— 1.

(i) A, = E'E?... E™ ! where |E}| is a multiple of |D;| with |D,_;| <
|E}| < |D,_1] + |Dy|, and E! is a repeated arrangement of D; (that is
E!' = DD, ---Dy). Inductively, for 2 < m < n—1, |[E™| is a multiple of
Dyl with Dy EYE2 - B[ < || < (Do 1 EVE2 - P + Dy,
and E" is a repeated arrangement of |D,,|.
(ii) |Bn| =n-|D,-1A,|, and |B,| is a repeated arrangement of symbol 0 or
a repeated arrangement of symbol 1, that is,
n:|Dp—1An| 1 |Dp_1An|
—— ——
B,= 0---0 or 1---1
(iii) C,, = F}F?--- F". where |F}| is a multiple of 2 with n - |D,_1A,B,| <
|FY| < n-|D,1A,B,| + 2, and F! is a repeated arrangement of

01. Inductively, for 2 < m < n, |F*| is a multiple of 2m with
n-|Dp 1ApBFYF? -  E Y <|F™| < n. |Dp 1 ApB FYF? -  E™7 1 +

—~ =
2m, and |F"| is a repeated arrangement of 0---01---1.
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According to Lemma [2.1, one can choose a uncountable subset E C ¥
such that forall z =z 2, , y = y1--ym--- € E, © # y, there are
infinite n, m such that z, = y,,, T, # ym. Define ¢ : E — 35 such that
for all 2 = xy---x,--- € E, p(z) = A1B1C1A3BCy -+ A;B;C; - - -, for all
1=1,2,3---.

000---0, ifr; =0,
Y

B,L' — Z|Di_1Ai‘ ‘
111---1, ifr; = 1.
—_—
i|Di,1Ai‘

According to [18], it follows that a = A;B1C1AsByCs -+ A, B, C,, - -+ €
PQW (o), suppose .7 = w(a,0), then . C PQW (o) and 7 C ¢(FE). In fact,
ifye 7 and y = 0"(a), then y € PQW (o). Assume that klim o™ (a), denote

—00

o™ (a) = ay,, as a € PQW (o), we have a,, € PQW (o), as a,, — y(k —
o0), by the uniform continuity of o, for all ¢ > 0, there exists ko, when k > ky,
there are p(an,,y) < 5, p(0”(an, ), 0"(y)) < %, and v(ay,, 5) C v(y,¢).

Next, we will prove that if & > ko, 0™(an,) € v(an,, ), then o"(y) €
V(ang, 5)- SUPPOSE 7™ (1n,) € tngs £) = pliny, 0" (any)) < 5 p(0" (1), tny) <
p(0" (1), 0" (@0,)) + p(0™{an, ), ) < 5+ 5 = 5, hence a"(y) € vlan,.3) C
v(y,e). As a,, = o™ (a) € PQW(f), so

limsup%[{n\o”(ank) € o, )N {12} >0,

n—o0

Therefore )
limsup —[{n|c"(y) € v(y,e)} N{1,2---}] > 0.

n—oo 1

ie. y e PQW(f) = w(a,o) C PQW (o).

(1) For the conclusion (1) of theorem|[3.1] it is obvious that o | 7 is topological

transitive by the construction of .77, and it is enough to prove that o | »
has initial value sensitive dependence.
Let 0¢ = %, foralz € &, © =x---2,---, v is any neighbourhood of
x, it is enough to prove that if there exists y = y; -+ -y, - - - € v such that
x #y. Let k = min{n > 0]z, # y,} + 1, then p(c*(z),0"(y)) > 1, So
we just need to prove the existence of y. We discuss the following in two
cases.

(i) Assume that there exists n such that x = 0" (a), as © € PQW (o)
and the definition of PQW (o), for all € > 0 and any neighborhood
of z, V(x,e) = {nlo™(x) € V(x,e)} is the positive upper density
set, then for all ¢ > 1, there exists r > ¢ such that p(c"(z),z) < ¢,
ie. p(a"(0™(a)),x) < e.

Let y = 0" (0"(a)) = 0" (a), then y € PQW (0)( as o(QW (o) =
QW (0))) and y # z, else if x = y, then ¢"*"(a) = o"(x) =y = «x,
that is « € p(o), which is a contradiction with x € PQW (o).
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Hence, for any r, there exists k such that o"""(a) is different
from the (k + 1)th symbol of x, therefore p(c*(c"(a)), ok (x)) =
p(o*(y),o"(x)) = 1> }.

(i) If for all n, 0™(a) # z,x € .7, there exists an increasing sequence
{m;}, m; — oo, such that Zlgcr)lo 0™ (a) = x. Thus for any € > 0,
there exists ig, p(c™(a),z) < € if i > iy. Let y = 0™ (a), as for
any n > 0, ¢"(a) # x, thus for i > ig, 0™ (a) # x, there exist
k(i), i > ip such that o™ (a) is different from the (k4 1)th symbol
of z. Therefore p(c*(o™e)(a),o"(a)) = p(c™(y), o™ (z)) =1 > 1.

In summary, 0|z is R — T chaos.

(2) For the conclusion (2) of Theorem 3.1 firstly, according to the
proof of ii |, 0|z is sensitive.  Secondly, by the construction of
9, for any a, b € 9, a = AlBlclAzBQCQ"'AanCn"', b =
A\BI{CIAYBLYCY - - - AL Bl C) - - -, there exist infinitely many n and m
such that B, # B] and B,, # B!, thus for any © € 7, there exists
r(zo) = 3 > 0 and for any € > 0, there exist yo € 7 and n such that
p(zo,y0) < &, p(c™(z0),0™(y0)) > 1, L.e. for any zg € 7, orb™(zo) is
unstable with respect to 7.

In summary, 0|z is Martelli chaos.

(3) For the conclusion (3) of Theorem [3.1] according to [18], o] is distri-
butional chaos.

(4) For the conclusion (4) of Theorem [3.1] according to Proposition[2.1] 0|5
is DOQ, DCg, DC’Q

(5) For the conclusion (5) of Theorem as w(a,0) = w(a,o) and

f(w(a,0)) = w(a,o), then (w(a,o), f) is the sub-system of (3, f). Let
Vi Ve Uy Uy be nonempty open set of w(a, o), Uy, Uy are nonempty
open set of ¥y and w(a,0) NU; # 0, i = 1,2. Next we will prove there
exists m € N such that o™(V¥)NUY #0,i=1,2.
Because w(a, o) is transitive, there exist m; € N, i = 1,2 such that
o™ (VE)NUE # 0,4 = 1,2. Also because V¥, i = 1,2 are open sets in .
Hence there is ([z{ah -2k ]) C V¥, i =1,2 and o™i([z]--- 2k ]) = o,
i = 1,2, oNi(V¥) = 3y, thus e™(VE)NUY = U¥ # 0, i = 1,2. Take
m = max{Ny, No}, then o™(V¥) N U # 0, i = 1,2, that is w(a, o) is
topological weakly mixing.

(6) For the conclusion (6) of Theorem [3.1] according to Lemma 2.2} 0|7 is
Xiong-chaos .

(7) For the conclusion (7) of Theorem [3.1] according to [19], o] is distri-
butional chaos in a sequence.

O

Theorem 3.2. Let (X, d) be compact metric space and f : X — X be con-
tinuous map, ® : X — Xy is topological conjugate between f and o. If there
exists x € Yo such that orb™(x) # Lo and §(P~'[x]) = 1, then
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(1) f|PQw(f) 18 DCl.
(2) flpw(s) is DCy.
(3) f’A(f) 18 DCl.

Proof. For the conclusion (1) of Theorem ® : X — 3 is the topological
semi-conjugate of f and o. According to Lemma 2.3 for any y € 7 C
PQW (o), there exists © € PQW (f) such that ®(z) =y. Let D = {z|®(z) =
y, Yy € T}, then D C PQW/(f) and there exists y € PQW (o) C ¥, such
that orb™(y) # X9 and @ {(y)} = #{z} = 1. By Lemma flrow(s) is
distributional chaos.

Similarly, the conclusion (2)(3) holds. O

Theorem 3.3. Let f € C°(1), if ent(f) > 0, then

(1) flpqwis) is DCy.

(2) f|pw(f) 18 DCl.

(3) f|PA(f) 18 DOl.

(4) flz is topological weakly mixing.
(5) flz is chaos in sense of Xiong.

(6) flz is mean Li — Yorke chaos.

Proof. (1) If ent(f) > 0, according to [4], there exist N > 0 and a compact
subset A C I such that f¥(A) = A and continuous surjective ® : A — ¥,
satisfy ®o fV|y = co®|,. By theorem , there is sub-system consisting
of proper quasi weakly almost periodic sets 7 C PQW (o) C X5 and
ols is DC.

According to Lemma 2.3 for every y € 7 C PQW(o) there is
r € PQW(fY) such that ®(z) = y. Let D = {zjlx € I C
POQW (fN), ®(x) =y, y € F C PQW(0)}, then D C A. Tt is ob-
vious that if y € 7, orb™ (y) # 3o, @~ 1(y) = #{z} = 1. Therefore fV|p
is DC;. By Lemma , flp is DC}.

(2) Similarly, conclusion (2)(3) of 3.3 are hold.

(3) By Lemma [2.12] f|~ is topological weakly mixing.

(1)

(5)

By [20] and (4) of Theorem3.3} f| 7 is chaos in sense of Xiong.
According to Lemma f|l7 mean Li — Yorke chaos.

4. Application of an Economic Model

An economic system is an evolutionary system, which is the object of
study of dynamical systems. After an economic mathematical model is built, it
can be judged by dynamical systems method whether it is simple or complex in
some sense. They have different perspectives and focus, such as chaos, entropy,
hybridity, etc. In this paper, we focus on the complexity of economic models
from the perspective of entropy and chaos.

First, we give the economic model under discussion, which is described
in more detail in [5, 2], B O, 13].
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Suppose that there is an economic model with two individuals A, B and
two goods x, y, where the preference functions of A, B are 2%y'~®, 0 < a < 1
and 2°y' =%, 0 < B < 1, respectively. Also, the endowments of A, B are (0, z°)
and (0,4°), where z° > 0 and 3°, respectively. Let p be the price of x with
respect to y, then the excess demand function for good x is

2p) =2 (1 - ) (@)
It is easy to find the fix point of Z(p), p* = %, let
p(t+1) =p(t) +~ Z(p(1)). (5)

where v > 0 is the rate of price adjustment (which we assume to be constant
here), and from p(t + 1) = f(p(t)), the equation (5 can be written as

flp)=p+~ Z(p) =p+7(/37‘?0 — (1 —a)z®).

It is easy to obtain that p = p = /75y° is a minimal point of f and the

minimal value f(p) = 2v/76y° — (1 — )z,

In order to make function f has defined for any p > 0, it demands for all
p >0, f(p) > 0, so only need the minimum f(p) = 24/78y° — v(1 — a)z® > 0,
that is to say

Let K = 7((1;—;10)160)27 then K = p?/p*. The following fixes the values of

all parameters except ~:

4>

By’ =1, (1 —-a)x’ =6.
Then K = 36+, the formula reduces to

(i — 6K
p(t+1) =p(t) + T (7)
From ¢ = % and formula (7)),
36q(t)
q(t+1) = = = g(q(t)),
VA B <O OB
Denote gx(q) = %, in the following we discuss the chaoticity of

i (")-
Theorem 4.1. There exists 2.78 < k < 4 and the interval Iy, such that
g Iy — Iy, then:

(1) gx has uncountable distributional chaos sets in PA(gy).
(2) gr has uncountable distributional chaos sets in PW (gy).
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(3) g has uncountable distributional chaos sets in PQW (gx).
(4) The subsystem (I} - g
(5) g |7cPow(g,) 5 topological weakly mizing on a subsystem consisting of

1;) consisting of PQW (gx) is a R —T chaos.

PQW (g.)-

(6) gr |7crow gy 5 chaos in sense of Xiong on a subsystem consisting of

PQW (g).

(7) g |7cPow(gy) s mean Li —Yorke chaos.
Proof.

(1) To prove that the conclusions of the above (1) to (6) hold, accord-
ing to theorem it is enough to prove that ent(gx) > 0 on the interval
I(2.78 < k < 4). The following proves that ¢ = \% is the maximum

point of gx(q). Because
36q

/ o /
_36(36 + ¢*k — 6kq) — (2qk — 6k)36q
B (36 + q2k — 6kq)?

Let g;(q) = 0, and solve G, = /3 = \%, SO qp = \% is the stationary

k
point of gx(q).
When ¢ < G, it is obvious that there is ¢,.(¢) > 0, i.e., g;(¢q) is mono-
tonically increasing when ¢ < g,. Similarly, ¢ > G, we have g,(q) < 0,
that is, g;(¢) is monotonically decreasing when g > .
Thus, g, is a maximal point of gi(¢), and since g, is the only stationary
point of gx(q), g, is a maximal point of gx(¢) and the maximum value is
b(k) = g(qy)-
Let b(k) = gr(qy),a(k) = min{gr(b(k))q.}, since gr has a unique fix
point 6, so g, # gx(qs). Therefore, we can set Iy = [a(k),b(k)], and
obviously gx(+) : I, — I, is continuous.
It follows that ent(gx) > 0, for which it is sufficient to prove that

(i) there exists m € (a(k),b(k)) such that gx in increasing on (a(k), m)
and decreasing on (m, b(k)).

. 6(2—V'k) 6
For this purpose we let gx(b(k)) < G, i.e., TrG ooV < v the

solution gives 2.78 < k < 4 and I}, = [gx(b(k)), gx(q;)]. Let m =g,
then

a(k) = ge(b(k)) <G =m <6 =q=ge(q) < gu(q) = b(K), (8)
gr(q) is strictly increasing on [a(k), m] and strictly decreasing on
[m, b(k)].

(ii) Prove that gg(a(k)) > a(k),gr(b(k)) < b(k) and for all ¢ €
(CL(]C),TTL), gk(Q) > q.
Let g(q¢) = ¢,f(q) = gr(q) — ¢, ¢ = 6 is the only fix point of
gk(+), so ¢ = 6 is the only real root of f. And g(q) and gx(q)
have a unique intersection at ¢ = 6, and by m = g, = \% <
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q = 6 we know that gx(q) is monotonically increasing on [a(k), m]
and has no intersection. So, gx(q) must be above g(q). Therefore,
f(@) = gx(q) — g(g) > 0. That is, for any ¢ € [a(k), G|, there
is gr(q) > ¢, gr(a(k)) > a(k). And by equation (8) we know that
6 =q = gr(q) < b(k), so we know that gx(b(k)) < b(k).

(iii) It proves that g7(m) < m, g3(m) < 6, where 6 is the only fix point
of gr(¢q). By Lemma [2.9[ we have ent(f) > 0.

(2) For conclusion (7), let ¢ € (QW(gx) — A(gr)), then ¢ € R(gx), and
thus ¢ € w(q, gx) = orb(q, gr). Let I} = w(q,gr), then the dynamical
system (I}, gx) is topological transitive. By Lemma [2.10, we know that

the subsystem (I}, gx) is R — T' chaos.
U

The result shows that it is unlikely that a real economic system will ex-
perience chaos in the exact set of periodic points, and if it does, it will be
an illusion. Therefore, some approximation is generally considered, such as al-
most periodic, weakly almost periodic, and quasi weakly almost periodic. And
these recurrent points are generally the points that indicate the stability of
the system. But the discussion of this economic system shows us that a simple
exchange economic system is also very complex, and even in the seemingly
stable set of recurrent points, chaos, mixing and other complex phenomena
can Ooccur.
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