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SLIDING MODE CONTROL OF A4Y OCTOROTOR

Victor G. ADIR!, Adrian M. STOICA?, James F. WHIDBORNE?

Lucrarea prezintda o metoda de control neliniar, mai exact sliding mode, care
este aplicata pentru un vehicul octorotor de tip 4Y. Acesta constituie o extensie a
popularului model cu patru rotoare. Dublarea numarului de actuatoare poate duce
la o crestere a sigurantei in exploatare si a capacitatii de incdrcare. Legile de
control pentru stabilizare §i navigatie aplicate asupra modelului dinamic neliniar al
octorotorului sunt testate cu ajutorul simularilor numerice. Capabilitatea de
respingere a incertitudinii legate de masd este de asemenea investigata.

The paper presents a non-linear control approach, namely sliding mode,
which is applied on the 4Y octorotor. This UAV can be regarded as an extension of
the popular quadrotor. By adding 4 rotors the reliability and the payload capacity of
the vehicle can be increased. Numerical simulations test the stabilization and
waypoint navigation controllers applied on the non-linear dynamic model of the 4Y
octorotor. The rejection of mass related uncertainty is also investigated.
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1. Introduction

Nowadays, UAVs (unmanned aerial vehicles) are becoming more and
more popular. They are used by the military for precise target recognition and
destruction. The UAV is an important tool that has shaped the war-time strategies
of the army. However, in the recent years the civilian field has also developed a
high interest for aerial drones. Most UAVs are based on piloted configurations,
one notable exception being the quadrotor. As its name implies, it is powered by
four rotors. Unlike conventional helicopters, it has fixed pitch-propellers. Thus
control is achieved by varying the speed of the rotors in order to induce the
required forces and moments on its body.

Because of its configuration, the quadrotor is capable of VTOL (vertical
take-off and landing) and it is highly manoeuvrable. It can be used for monitoring
important points of interest (by offering a live video feed, for example), aerial
mapping (with applications in landscaping and agriculture), search and rescue
operations, law enforcement missions, army ground forces support and a lot more.
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The propellers can be enclosed in a protective shroud (ducted propellers)
not only to increase safety, but also to give the quadrotor the possibility of indoor
flight without the risk of causing important damage in the case of a collision. This
further expands its range of applications for both outdoor and indoor
environments.

A lot of research is taking place in the field of quadrotor development and
multiple entities are involved in modelling these vehicles, designing their control
laws and implementing them. Major steps have been taken towards autonomous
flight, as satellite positioning systems, micro-electro-mechanical (MEMS)
systems and control methodologies have evolved.

An important problem of the quadrotor is its lack of redundancy. Even if
failure strategies have been developed, the quadrotor still depends on all of the 4
rotors in order to provide full control. If even just one of them is completely
inoperative, then stabilization is impossible without reversing the direction of the
motor or sacrificing the controllability of the yaw state, as seen in [1]. Research
presented in [2], [3] and [4] has shown that some partial failures can be handled,
which can occur following collisions where only part of the rotor blade is
damaged. However, in practice complete actuator failure can occur as well.

In order to introduce the quadrotors in more and more fields of activity,
additional functionality is needed. For example, providing a live video feed
requires specific hardware, both for image capturing and transmitting. This adds
extra weight to the quadrotor, but its payload is limited.

The present work addresses the payload restrictions of the quadrotor by
proposing the use of a 4Y octorotor configuration (see Fig. 1). Also, by
introducing the additional 4 rotors an important step in increasing the reliability of
the vehicle is taken. The proposed vehicle is made up of 4 Y-shaped arms
connected to a central baseplate which holds the battery, control electronics and
sensors. Motors are installed at the end of each outboard arm, totalling eight fixed
pitch rotors. Depending on the combination of failing rotors, the vehicle can
tolerate up to 4 failures (see [5]).

Section 2 introduces the dynamics of the 4Y octorotor along with
additional information necessary for this research, like model assumptions and
simplifications that reduce the complexity of the problem to that of the quadrotor.
Section 3 presents the synthesis of a non-linear control strategy, namely sliding
mode control (see [6] and [7]). Controllers for the stabilization of attitude and
altitude are devised and waypoint navigation is added on top of this framework. In
Section 4 the results from numerical simulations confirm the effectiveness of the
proposed control strategy under different conditions. The final section presents
conclusions and proposes future improvements.
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Fig. 1. The 4Y Octorotor.

2. Dynamics

The dynamics of the 4Y octorotor were derived taking into account the
work on quadrotors which is presented in [8]-[12] and [14].

The following assumptions were made:

- the structure is rigid and symmetric

- the centre of gravity lies at the origin of the body axis reference frame

- the inertia matrix is diagonal

- the propellers are rigid

- the thrust is proportional to the square of the speed of the rotor

- the drag is proportional to the square of the speed of the rotor
As in [13], actuator lag is considered negligible.

The 4Y octorotor layout is presented in Fig. 2 along with the conveniently
chosen coordinate system. The standard definition of a positive rotation is used:
this is defined as a counter-clockwise rotation around the axis as seen from
directly in front of the axis line. Two reference frames are used — a body axes
frame B fixed at the vehicle’s centre of gravity and an earth fixed frame E.

In order to obtain a configuration which is similar to that of the quadrotor
the rotors are paired together two by two in the following manner: pair A - 1 with
2 (Q =0, =0Q), pair B - 3 with 4 (Q; =Q, =Qp), pair C - 5 with 6
Q5 = Qg = Q) and pair D - 7 with 8 (Q; = Qg = Qp). The rotors belonging to
the same pair spin at the same speed and have propellers of the same type (either
puller or pusher, depending on the direction of rotation).
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Fig. 2. The 4Y octorotor layout.

To increase the roll angle, the thrust of pair B is decreased while the thrust
of pair D is increased such that overall thrust remains the same. To obtain a
positive pitch angle, the thrust of pair A is decreased while the thrust of pair C is
simultaneously increased. For a positive yaw angle, the speed of the clockwise
spinning rotors is increased while the speed of the counter-clockwise ones is
decreased. The rotor arrows from Fig. 2 indicate the direction of the resulting
torque which is opposite to the direction of rotation.

The control inputs of the system, U;, U,, U3 and U,, and the disturbance ()
(which depends on the speed of the rotors - Q, Q,, Q3, Q4, Qs, Qg, O, and Qg)
have the following expressions:

(Uy = b[0'(Q% + 0% — 05 — 0F) + 0(0F + 0% — 25 — 02)]

LU, = b[0' (22 + 02 — 02 — 02) + 0(02 + 02 — 0% — 02)]

U =d(02+ 02+ 02+ 02— 0% —-0%-0% -0} . (1)
Uy, =b(2+ 02+ 02+05+02+02+0%+03)
ND=0;+0,+0,+0g—0,— 0, — 05— ()

where:
a
0 = lcos > ()
= Isins 3
0 =1lsin > (3)

0'=0+1L. (4)
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The outputs of the system are x, y and z - which denote the position of the
vehicle with respect to the Earth fixed frame, and p, q and r - which denote the
angular velocity of the vehicle with respect to the body fixed frame. The equations
describing the dynamics of the 4Y octorotor are (as in the case of the quadrotor
modelling presented in [12] and [14]):

1

(9'6 = (cos ¢p sinf cosP + sinc;bsinlp)EU4
1

y = (cosqbsin@sinl,b—sind)cosv,l})EU‘L

1
Z= —g+cos¢cos€EU4

3 L—1,N ] 1 5)
R y z r
p=qr<—>——q.(2+—U
L ) LT L
I 1x> Jr 1
q=pr< +—=p+—U,
Iy Iy Iy
Le—1y 1
- =pq (——2) +—Us.
u pq( 1, >+IZ 3

In order to obtain the angular velocity with respect to the Earth fixed
frame the following multiplication is performed (see [15] and [16]):
1 sin¢gtanf cos¢tanb

(l:) 0 cos ¢ —sin¢ p
o1= 0 sin ¢ cos @ [z] (6)
v cos 6 cosf

Because of the pairing some of the terms in equation set (1) cancel:
U, = b[0"(Q7 + 02F — 03 — 0D)]
U, = b[0"(Q + 2F — 0F — 03)]
Us; =d(Q5+ 02 +02+03-02—-0%—0%—-02) (7)
LU4 =b(Q2+03+02+03+02+02+02+03)
ND=0;+0,+0;,+0g— 01— 02) — 5 — L.
The inputs of the system become:
U, = 2b[0' (23 — 03)]
U, = 2b[0" (0% — 03)] ®
U = 2d(2% + N3 — 0% — 0%)
U, = 2b(03 + N2 + 0% + 03).

From equation set (8) it follows that:
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(
1 1 1
=0 =0 = =355 V2 ~gqUs tgp U

1 1 1
Q=0,=0= |———=U;+=Us+ U
3 4 B \/4b0’1 8d 2 ' 8gp *
©

1 1 1
=0, =Q,= |—U,——U, +—U
5 6 ¢ jszo'2 8d 2 8gp *
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The nominal parameters of the 4Y octorotor are: L = 0.158m - length of
inboard arm, [ = 0.25m - length of outboard arm, @ = 78° - angle between
outboard arms, m = 1.56kg - mass, I, = 0.04kg-m? - inertia on X axis,
I, = 0.04kg - m? - inertia on y axis, I, = 0.08kg-m? - inertia on z axis,
b=10-10"°N-s? - thrust coefficient, d =0.3-10"°N-m-s? - drag
coefficient and J, = 90 - 10~®kg - m? - rotor inertia. The maximum rotor thrust
that can be achieved is 6.25 N. The gravitational constant g is taken as 9.81m/s?.

3. Controller Design
a) Model Simplification

The design process can be simplified by modifying the dynamic model
describing the behaviour of the vehicle as follows (see [5] and [8]-[12]):

1

X = (cos ¢psinb cosy +sinq,’>sin1/))EU4
1

y = (cos ¢ sin 0 siny —sind)cosd))EU‘;

1
Z=—g+cos¢coseaU4
L, —

N Jo. 1

y z r

= 2200 +—U
L ) Iy L !

. (10)

b= 6 (

. .<12—1x> J. 1

6 =g 2+ +—U,
Iy Iy

L
I, — Iy)

+1U
L ¥
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This is a valid approximation when perturbations from hover flight are small and
((,b 91/)) ~ (p,q,r). This simplified model suits the purpose and is widely used
in different research materials.

Note that the dynamics of the vehicle is simulated using the proper model
and considering the true capabilities of the actuators, as saturation may affect the
control process. The simplified model described in equation set (10) is only used
to design the control laws.

The state vector is chosen as:

XT = [x; x5 X3 X4 X5 X6 X7 Xg Xg X19 X11 X12]"- (11)
More precisely:
XT=[xxyyzzdhoopi|. (12)
The dynamic model presented in equation set (10) can be written in state space
form as:
X =fXU), (13)
where:

1

—g+cosx7cosx9EU4
fX,U) =+ Xg (14)

I, —1 ] 1

y z r

— | ——x2+—-U
x10x12< I, ) Ixxlo I, 1

X10

I,—1 1

x8x12 <u> +]_rx8!2 + _UZ

Ly Ly Ly

X12

I, —1 1
\ X8X10<xlz y) +EU3

and:
U, = COS X7 SIN Xg COS X11 + SiN X7 Sin X14, (15)
Uy = COS X7 SIN Xq SIN X11 — SIN X7 COS X11. (16)
The control variables u, and u, can be regarded as virtual commands which
rotate the thrust vector U, in such a way that the desired x — y translation motion
is achieved.
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b) Control Law Synthesis

An altitude controller will provide U, which dictates overall thrust. The
controller for the x — y position will compute the desired roll and pitch angles
depending on the desired values for x and y. These angles, along with the desired
yaw angle, are fed into the attitude controller which provides U;, U, and Us;.

Because of its disturbance rejection and robustness properties, the sliding
mode control has received considerable attention in the non-linear system control
literature. The main idea behind the classical sliding mode control is the
possibility to keep the system state trajectory on a chosen surface [6] called the
sliding surface (or manifold) by using discontinuous control. In [17] and [18]
significant developments can be found, including the intensively discussed
"control-chattering" issue determined by the variable structure of the controller. In
[7] and [11] some applications regarding sliding mode control of aerial vehicles
are presented.

The sign function, which is used later, is defined as:

+1, Sk >0
sign(s;) =14 0,5, =0 (17)
—1, Sk < 0.

The equation describing the vertical motion of the 4Y octorotor where the

disturbance term d; was added is:

1
Xe =—g+cosx7cosx9EU4+d3. (18)
The altitude tracking error is:
€3 = X5 — Xs5q (19)
and s3 = 0 is the sliding surface defined as:
S3 = é3 + azes, where az > 0. (20)
Its time derivative is:
$3 = €3+ azéz = X5 — ¥5q + a3 (%5 — Xsq), (21)
which, after replacing x5 by x, becomes:
S5 = —g + cos x; cos xgEU4 +dg — Xgq + az(xg — Xs5q)- (22)
The following Lyapunov function candidate is chosen:
1
Its time derivative is:
V3 = 5353. (24)
Then, for:
Uy = m[g + ¥5q — az(xg — X5q) — k3sign(s3) — l3s3], (25)

where k3 > 0 and [3 > 0, it results that:
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53 = —k3Slgn(S3) - 1353 + d3 (26)
and therefore:
V3 = s3(—k3zsign(s3) — l3s3 + d3). (27)
If k5 is chosen such that:
ks > sgplds(t)l (28)

the control U, is stabilizing since V5 < 0.

A problem with the sliding mode approach is the chattering phenomenon
due to the sign function in the expression of U,. To avoid this drawback which
can affect the overall performance, this discontinuous function is replaced by a
saturation function defined as follows:

sign(si), Isk| = pk
15 <
— ISk Pk,
Pr
where p; defines a boundary layer around the sliding surface s;. Thus for
avoiding chatter the following modified control law is implemented:
Uy=——""— Xs5q — — Xs5q) — kzsat —I3s3].
4= Cosx, cos xg [g + ¥sq — a3(xe — X54) — k3sat(s3) — [353] (30)

In a similar manner, the control laws for x — y translation and attitude are

obtained:

sat(sy) = (29)

m .
Uy = U_4 [¥14 — a1 (x2 — %14) — Kysat(s;) — 1ys4], (1)
m .
Uy =7 [¥3q4 — a2 (x4 — X3a) — kasat(sz) — I3s2], (32)
4
I, -1, r . .
Uy =1 [_x1ox12 ( = ) +]—x10.(2 + ¥7q — as(xg — X74)
L Iy (33)
— kysat(s,) — l4S4],
Iz - Ix ]r o .
U, =1, [—xgxlz <I—> - 1—X8-Q + ¥oq — a5(x19 — Xoa)
y y (34)

— kssat(ss) — lsss|,

L —1 . )
Us=1, [_xsxw (—x I y) + %110 — a(x12 — X114) — keSat(se)
z

- l6s6].

Usually, there are no additional sensors installed on board of the vehicle

that provide a direct value of the speed of each rotor. Thus the terms from

equations (33) and (34) relating to Q can be regarded as disturbances. In this way

they can be omitted from the control laws if proper disturbance rejecting values
are chosen for the parameters of the controllers (see [19]).

(35)



46 Victor G. Adir, Adrian M. Stoica, James F. Whidborne

4. Numerical Simulations

The effectiveness of the control laws presented in the previous section is
tested in MATLAB/Simulink. In all test scenarios the 4Y octorotor starts from the
origin.

In the first case the 4Y octorotor starts from an initial skew of 30 degrees
on all three axes. The controllers have to stabilize its attitude and reach an altitude
of 20 metres. As seen in Fig. 3, the proposed approach manages to reach the
desired state in a quick and precise manner.
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Fig. 3. Time responses for the first scenario

The second scenario is intended for testing the previously developed
waypoint navigation feature of the 4Y octorotor. The desired angles for roll and
pitch, which will be fed into the attitude controller, are determined from the
virtual commands u, and u,. Their expressions are given in (15) and (16).
Consider the system comprised of these two equations. If the values of u,, u, and
Y are provided, then the two unknown parameters of this system can be
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determined. Thus, one obtains the expressions for the desired roll and pitch angles
as follows:

¢4 = arcsin (sinypu, — cos Yu,) (36)
. (cosPu, +sinpu,
0, = arcsin (37)
cos ¢g4
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Starting from the origin in the same upset configuration used for the first
test case, the 4Y octorotor has to reach the position defined by (10,10,20) while
maintaining a yaw angle value of 0 degrees. Fig. 4 presents the time responses
obtained in this simulation. One observes that the control laws act on the vehicle
as intended, thus achieving the desired results.

The third scenario and the fourth scenario investigate the effect of
uncertainty in the vehicle mass. This parameter appears in the altitude and x — y
translation control laws. These scenarios have been considered in order to test the
controller robustness with respect to the variation of mass.

The mass of the vehicle is assumed to be 25 percent lower than its nominal
value. Fig. 5 shows that the vehicle manages to stabilize itself with no steady state
altitude error.
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Fig. 5. Time responses for the third scenario
Afterwards, the mass is considered to be 25 percent greater than its
nominal value. The results presented in Fig. 6 confirm that the devised control
laws can handle this uncertainty, the vehicle being able to reach the desired
waypoint denoted by (10,10,20) while maintaining a stable yaw angle value of 0
degrees.
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In practice, both mass related scenarios are possible. For example, one

replaces the battery with a lighter one, resulting in a decrease of overall weight.
On the other hand, during specific missions one may wish to add certain sensors
or devices to the vehicle, thus increasing the mass of the vehicle. Of course, both
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of these situations would result in changing all of the mass related parameters of
the 4Y octorotor, like the inertia coefficients I, I, and I,. However, judging by
their magnitude, the mass should have the biggest impact upon the control system.

Table 1
The Parameters of the Control Laws

x — y Translation
a 0.8000 ky 1.9800 L 0.9000
a, 0.8000 ks, 1.9800 L, 0.9000
Altitude
a; | 09000 | ks | 27500 | Ly | 12500
Attitude
a, 7.0000 ky 5.2500 Ly 3.5000
as 7.0000 ks 5.2500 lg 3.5000
ag 5.0000 ke 2.7500 lg 1.8000

The coefficients of the control laws that were used in the four test
scenarios are presented in Table 1.

5. Conclusions and Future Work

The synthesis of sliding mode control laws intended to stabilize the
attitude and altitude of the 4Y octorotor was presented. Waypoint navigation
controllers were also implemented. These compute the desired values for roll and
pitch which are then fed into the attitude controllers in order to achieve x —y
translation.

Numerical simulations were carried out on the non-linear dynamic model
of the vehicle in order to test the effectiveness of the designed control system. The
performance of the chosen approach was demonstrated in multiple test scenarios.
Apart from normal operating conditions, two test cases with mass uncertainty
were considered. As expected from the sliding mode method, the disturbance was
easily rejected by choosing appropriate control parameters.

Future work focuses on another non-linear control technique, namely
integral backstepping (see [20] and [21]). The addition of an integral term to the
sliding surface as well as other approaches (see [14] and [22]) will also be
investigated in order to obtain fault tolerant controllers.
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