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ON WEAK 2-STATISTICAL CONVERGENCE OF ORDER «
Sinan ERCAN?, Yavuz ALTIN? and Cigdem A. BEKTAS?

In the present paper, we give the concept of weak A -statistical convergence
of order o and weakly [V, A]-summability of order ¢ . Some relations between of

these concepts and also some relations between weak A -statistical convergence of
order & and strong A -statistical convergence of order ¢ are examined.
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1. Introduction

Zygmund [1] introduced the idea of statistical convergence in the first
edition of his monograph published in Warsaw in 1935. The notion of statistical
convergence of sequences of real numbers was introduced by Steinhaus [2] and
Fast [3]. Later Schoenberg [4] introduced the concept of statistical convergence,
independently. In past years, different authors studied properties of statistical
convergence and applied this concept in various areas such as number theory,
ergodic theory, Fourier analysis, measure theory, trigonometric series, Fuzzy set
theory, interval analysis etc.

The statistical convergence depends on density of subsets of [ . The
natural density of K <1 is defined by

5(K)= Iim%|{k <n:kekKl}|

n—o0

where |{k <n:ke K}| denotes the number of elements of K not exceeding n
[5]. Any finite subset of [ have zero natural density and 5(K°) =1—5(K).

A sequence x =(x,) of numbers is said to be statistically convergent to a
number | provided that for every £ >0,

1
Ilmﬁ‘{kSn ; |xk—l|25}‘:0.

n—oo

In this case, we write S —IiI[n X =1.
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Leinder [6] introduced (V, 1) -summability with the help of sequence 1 =(4,) as
follows: Let 4 =(4,) be a non-decreasing sequence of positive numbers tending

to oo with 4, <A, +1, 4 =1. The generalized de la Vallee-Poussin mean is
defined by

t, (X) :/% Zxk

n kel,

where I =[n-A,+1n]. A sequence x=(x,) of numbers is said to be (V,1)-

summable to a number | if t (x)—>1 as n— .

[C,l]:{x:(xk) Al e R,Iirpolzn]xk —I|:O}

and

n—oo
n kel,

[V,/”t]:{x:(xk) Ale R,Iim%2|xk —I|:0}
denotes the sets of sequences x =(x, ) which are strongly Cesaro summable and
strongly (V,1)-summable to |. It is being noted that for A, =n, (V,1)-
summability reduces to (C,1)-summability.
Mursaleen [7] introduced the A -density of K <[] is defined by

@(K):Lm%ﬁn—zﬁlsksn L keKl|

and A -statistical convergence as follows:
A sequence x =(x, ) of numbers is said to be A -statistically convergent to

a number | provided that for every ¢ >0,

n—oo

Iim%n‘{n—ﬂn +1l<k<n : |x, —I|2g}‘:0.

In this case, the number | is called A -statistical limit of the sequence
x=(X)-
The statistical convergence with degree 0< <1 was introduced by

Gadjiev and Orhan in [8]. Then the statistical convergence of order « and strong
p -Cesaro summability of order « were studied by Colak in [9]. Also Colak and

Bektas introduced A - statistical convergence of order « in [10], as follows:
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Let the sequence A =(4

n

) of real numbers be defined as above and

O<a<1. The sequence Xx=(x,)ew is said to be A -statistically convergent of
order « if there is a complex number | such that

|imia{ke Lo % —1[z el =0,

n—ow J
where 1 =[n—A,+Ln]. A7 denote the ath power (4,)" of 4, that is,
A% =(A) = (A28 s A5 0).

A sequence (X, ) in anormed space X is said to be weakly convergent to
I e X provided that lim¢(x —1)=0 for each ¢ < X", the continuous dual of X .

In this case, we write W —Iikm X =1.

Et et al. introduced the concept S -statistical convergence of order « in

[11]. Connor et al. introduced weak statistical convergence and used it to give
description of Banach spaces with seperable duals in [12].

A sequence (x,) in a normed space X is said to be weakly statistically
convergent to leX provided that, for each >0,
5({ksn ; ‘gzﬁ(xk —|)‘28})=O for each ¢ e X", the continuous dual of X. In

this case, we write WS—Iikm X, =1. The set of all weak statisically convergent

sequences is denoted by WS .

Bhardwaj et al. defined weak statistical Cauchy sequences in a normed
space X and studied weak statistical convergence in |, spaces in [13]. Meenakshi
et al. studied weak A - statistical convergence, weak A -statistically Cauchy and
weak (V,4)- summability in a normed space X in [14]. Throughout this paper
we denote the class of all decreasing sequence of positive real numbers tending to
oo such that A,,, <A, +1, 4 =1 by A. Also, unless stated otherwise, by "for all

N+l —

neN, " we mean “for all neN except finite numbers of positive integers”
where N ={n,,ny+1,n,+2,..} forsome n, e N={1,2,3,..}.

2. Main Results

In this section we give the main results of the paper. X will denote a
normed linear space; X" its continuous dual and by a sequence A = (/1“) we mean

a non-decrasing sequence tending to oo with A, <A +1, 4 =1.

N+l —
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Definition 2.1. A sequence (x,) in X is said to be weakly [V, A]-summable of
order o to | € X provided that

.1
L@OFZV(XK _I)‘ =0,

h kel,
for each ¢ € X* where a € (0,1]. In this case, we write W"[\/,l]—liln X, =1.The
set of all weakly [V, A]-summable of order « sequences will be denoted by
WV, 1].

Definition 2.2. Let the sequence A =(4,) of real numbers be defined as above
and O<a <1 be given. The sequence x=(x,)ew is said to be weakly A-
statistically convergent of order « if thereis | € X if for every £ >0

lim— kel : [§(x,~1)|2e)|=0

n—mﬂ”‘
where 1, =[n-4 +1n] and for every ¢eX". In this case we write

WS? —Ii{n X, =1. The set of all weakly A - statistically convergent of order «

sequences will be denoted by WS .
The weakly A -statistically convergence of order « is same with the
weakly A -statistically convergence, that is WS =WS, for o =1.

Definition 2.3. A sequence (x,) in X is said to be strongly A -statistically
convergent of order « to | € X if for every £ >0,

HmiL{keh:”&—WZgﬂzo

n—oo /10“,

5§
where a €(0,1]. In this case, we write S7 —Ii{n X, =1 or x, >1. The set of all

strongly A -statistically convergent of order o sequences will be denoted by S; .
Theorem 2.4. Let O<a <1 and x=(x), Y=(Y,) be sequences of complex
numbers.

(i) For any sequence (x,) in X, if WS{ —limx, =1, then | must be unique.

(i) If WSS —limx, =1, and ¢ being a scalar, then WS —limcx, =cl,.

(i) 1f WSS —limx, =1, and WS —limy, =1, then WS{ —lim(x, +y,) =1, +1,.
Theorem 2.5. Let A=(4,) and x=(u,) belong to A such that A, <, for all
neN, andlet « and B besuchthat 0<a < f<1.
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(i) If

liminf ﬂf‘ﬁ >0 1)
n—oo ll’ln
then WS? WS,
(ii) If
Iim/I—“ﬂzland lim £ =1 )
o 4l N 4y

then WS; =WS?.

Proof. (i) Let A, <, forall ne N, and let (1) be satisfied. Since I < J_, for
given >0 we have

{keJn : ‘¢(Xk—|)‘25}3{keln : ‘¢(Xk—|)‘25}

and so
%{ke\]n ; ‘¢(Xk_|)‘2€}‘2%'/1_];‘{ke l, : ‘¢(xk—l)‘25}‘

forall neN, , where J, =[n—u,+1n]. By (1) as n— o we get WS c WS .
(i) Let (x,)eWS{ and (2) hold. Since 1, = J,, for £ >0 we have

1 1

FHKEJH ; ‘qﬁ(xk—I)‘Zg}‘zﬁ‘{n—,un+1£k£n—/1n ; ‘¢(xk—l)‘25}‘

+ﬂlﬂ er I - ‘¢(xk—l)‘23}‘

ﬂnﬂ_ﬁﬂn}ﬂ_lﬂ {kel, :Jp(x—N)=e]

IN

IA

) S

< Z’Z_iﬂ;}%{kel" Jp(x 1)z 2]

for all neN, . Since Iinm"—;=1 and Iinm%:l by (2) right hand side of last

Hn

inequality tend to 0 as n— oo ( ﬁ—;—j—ZZO for all nell, ). This means that

WS7 <WS? . Since (2) implies (1) we have WS; =WS?.
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Theorem 26. Let A=(4,)eA, a<(0,1] be any real number and
liminf 27/ 2, >0 holds. If there exists a set K ={k <k, <..} <[ such that

5,(K)=1 and LierP¢(xk—l)=0 for each ge X~, then (x,) in X is WS-

convergent to |.

Proof. It can be seen following similar way in Theorem 2.3 in [14] by taking
advantage of Theorem 2.5 (i).

While 0<a <1 the weakly A -statistically convergence of order « is well
defined. But while « >1 it is not well defined in general. Consider the functional
defined on X by ¢(x)>0. Then both

|imi{ke|n :\gzﬁ(xk—lo)\zg}‘zlimM 0

n—>w g% n—oo j’;"
and

im L . im ]

!mT:‘{keln : \¢(xk—|l)\25}\=lm7:=o
for a>1, such that x=(x,) WS -convergent both to I, and I,. This is
impossible.

Note that if we take A4, =n“ for O<a <1, then WS* cWS? . Also if A4, =n” with
a =1 then WS =WS, =WS? .
Theorem 2.7. Let A=(4,)e A, a <(0,1] be any real number. For any sequence
in X, if

liminf 47 /n>0 3)

n—o

holds and W —Ii{n X, =1 then WS} — Ii{n X, =1, however, the converse implication

need not be true.
Proof. By Theorem 2.4 in [14] we have that every weak convergence sequence is

WS -convergence. Using Theorem 2.5 (|) we obtain desired result. The converse
implication need not be true in general. It is clearly following example.
Example 2.8. Let (3) holds and (Xn)e £, with 1< p <o be defined by
Jn, jel and n=m?
_ , jel and n=m?
Xn ( J) = J 2
, Jel,and n=m?;

o

O Sl

, jel and n=m?
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where I, =[n—2,+1n]. Let K={nel : n=m?}, then by Theorem 2.6 we can
say that (x,) is WS -convergent to 0. For ne K°, let define the functional by

¢; (x)=x(j) where x=(x,)e,. Clearly, ¢j(xn):xn(j):Jﬁ—>w as n— oo,
Hence W —limx, #0.

We have the following results from Theorem 2.5.

Corollary 2.9. Let 2=(4,) and x=(g,) belongto A such that A, <, for all
ne N, and (1) holds. Then the following statements hold:

(i) If f=a,then WS? WS foreach a € (0,1].

(i) If p=1,then WS, cWS; for each a € (0,1].

Corollary 2.10. Let 2 =(4,) and x=(u,) belong to A such that 4, <, for all
ne N, and (2) holds. Then the following statements hold:

(i) If B=a,then WS7 cWS? for each o (0,1],

(i) If p=1,then WS; cWS, foreach a <(0,1].

Theorem 2.11. S -convergence implies WS -convergence with same limitin X
but the converse implication need not be true.

s
Proof. Let (x,) in X, be a sequence such that x, —1. Then for evey & >0,
1

Z
Now, for every ¢ >0 and each ¢ € X", the expression

jL{keh:‘¢Uk4ﬂngSﬁ%{keh:”ﬂm&—WZgH

Z
keh:h—WZﬁ}
{ © e

means S; -convergence implies WS? -convergence with same limit. We give an

example to show that the converse implication of the above result is not true in
general.

{kel, : ||xk—l||2,9}‘=0.

_1

n
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Example 2.12. Let consider the space Lp(—l,l) for p>1 and (3) holds. Then
define x, : (-1,1) >R by

¢n(x)=

n'?, if xe[0,%
0, otherwise.

ws¢

Then we have x 50 in L, (-11) [15]. By Theorem 2.7 we have x, —0. Next

a

we show that x, 50 does not hold. For 0 <& <1, since | =1 we have

|Xk ||Lp(—1,l)

lim——|{kel, : [ -0]> ][0,

n—o ﬂna

s
Hence x, —0 does not hold.

Theorem 2.13. Let 0<a < #<1. Then the inclusion WS¢ c WS/ is strict for
some « and S suchthat < f.

Proof. If 0 <a < <1, clearly
%‘{keln : |¢(Xk—|)|28}‘S%‘{keln [p(x -1z e)]

for every & >0, which gives that WS¢ WS/ . To show this inclusion is strict we
give the following example.

Example 2.14. Let take 4, =n and consider the sequence x =(x, ) defined by
2
X, :{k' k=m m=12,... .

0, k=m?

sy
Since x—0, we have WS/ —limx, =0, i.e.,, xeWS/ for 1< B<1. But since

xSy, xgWSy for 0<a <3. This means the inclusion WS? cWS? is strict for
a,f<(0,1], suchthat o € (0,3] and S < (3,1].

Corollary 2.15. If a sequence is weak A -statistical convergent of order « to I,
then it is weak A -statistical convergent to |, that is, WS c WS, is strict for each
a€(0,1].
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Corollary 2.16. (i) WS; =WS/ ifand only if o = 3.
(i) WS; =WS, if and only if o =1.

Theorem 2.17. Given for A=(4,), u=(u,)€A suppose that A, <, for all
neN, andlet 0<a < B <1. Then the following statements hold:

(i) If (1) holds, then W/ [V, ] cW*[V, 4],

(i) If (2) holds, then W/ [V, 1] =W [V, 1].

Proof. (i) Suppose that A4, <y, for all neN_. Then I <J, so that we may
write

(! \>—Z\¢ -1

1un ked, n kel,
forall ne N, . This gives that
AT 1
2l 2 Sl )
n ked, n n kel,

As n— oo by (1) we have W#[V, u] cW*|V, 1].

(i) Let x=(x,)eW*[V,A] and suppose that (2) holds. Since ¢ is bounded there
exists some M >0 such that |¢(x —1)|<M forall k. Now, since 4, <, and so
that uiﬁsﬂni and I, < J, foreach ne N, , we have

1

LS Jot 1= % oL Slotx )
M= A
< M
74 ] +ﬂfk§‘¢ )

IA

L= A
i ﬂﬂk;w )
AT
2 el )

/’ln Iun n kel,

IA
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for every ne N, . Therefore W*[V, 1] cW?’V, u]. Since (2) implies (1) we have
the equality W[V, A1 =W”’|V, 4].

Corollary 2.18. Let A =(4,) and x=(u,) belongto A such that 4, <, for all
ne N, and (1) holds. Then the following statements hold:

(i) If B=a,then WV, ] cW*[V, ] for each o €(0,1],

(i) If p=1,then W[V, u] cW*[V, 2] for each a (0,1].

Corollary 2.19. Let 2 =(4,) and x=(x,) belong to A such that A, <, for all
ne N, and (2) holds. Then the following statements hold:

(i) If B=a,then W[V, A]cW*[V, z] for each o €(0,1],

(i) If p=1,then W*[V,A]<WIV, x] for each a (0,1].

Theorem 2.20. Let «, 8 <(0,1] be real numbers such that o < g, and 1 =(4,),
p=(#,)eA suchthat 4 <y forall neN,_ .

(i) Let (1) holds, then if a sequence is W’ A, 1] -summable of order g, to I,
then it is WS -statistically convergent of order «,to I,

(i) Let (2) holds, then if a sequence is WS -statistically convergent of order «,
to |, then it is W”[V, x]-summable of order 3, to I.

Proof. (i) For any sequence x =(x,) and & >0, we have

S Nl= 3 -0 3 [pt-)

ked

o0 Ve PR

> Y =Nx X (k1)
e oot

> 3 [p(x 1)

e

2‘{k el, : ‘¢(Xk —|)‘28}‘.6‘

and so that



On weak A -statistical convergence of order o 225

1
ﬂfkgw = Y ket s p(x -D|ze)|e
sA 1

n {keln :‘¢(Xk—|)‘25}‘.5.

Since (1) holds it follows that if x=(x,) is W”[V, x]-summable of order 3, to
I, then it is WS -statistically convergent of order «, to I.
(i) Suppose that WS§ —limx, =1. Since ¢ is bounded there exists some M >0

such that |¢(x, —1)|<M forall k, then for every >0 we have

L3lolx -l 3 s -0 ik )

Hy Ay

Hh ke, n kedy-l My i,
- ﬂﬂ—/l] ﬂfgl'qj )
) ﬂﬂ—ﬁj ﬂfk;‘qj )
_ z_n;_i_nn‘;)m;ﬂ 5;lzzmw(xk—l)h /j%lxzzwx¢(xk_|)\

(-5
ﬂn ﬂn
for all neN, . Using (2) we obtaln that W/”[V,A]-limx, =1, whenever
WS? —limx, =1.

Corollary 2.21. Let A=(4,) and x=(u,) belong to A such that A, <, for
allne N, and (1) holds. Then the following statements hold:

(i) If B=a,then W[V, ] cWS; for each « (0,1],

(i) If p=1, then W[V, 1] WS} for each a € (0,1].

{kel ‘¢(Xk—|)‘25}‘+j—%£

Corollary 2.22. Let 2 =(4,) and x=(u,) belong to A such that A, <, for all
ne N, and (2) holds. Then the following statements hold:

(i) If B=a,then WS7 cW?[V, 4] for each o €(0,1],
(i) If p=1, then WS cWI[V, 4] foreach a (0,1].
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