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SECOND ORDER (0,7)-COHOMOLOGY OF TRIANGULAR
BANACH ALGEBRAS

Ali Jabbari', Hasan Hosseinzadeh?

Let A be a Banach algebra. In this paper, we introduce (o, 7)-2-cocycle
and (o, 7)-coboundary maps on A, where o and T are homomorphisms on A. By
applying these definitions, we introduce the second (o, T)-cohomology of triangular
Banach algebras.
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1. Introduction

Let A be a Banach algebra, and let X be a Banach A-bimodule. A derivation
is a linear map D : A — X such that

D(ab) = a.D(b) + D(a).b (a,be A).

Forzx € X, set ad, : a = a.x —x.a, A — X. Then ad, is the inner derivation
induced by x.

The linear space of bounded derivations from A into X denoted by Z1(A, X)
and the linear subspace of inner derivations denoted by N'(A, X). We consider the
quotient space H'(A,X) = ZY(A, X)/N(A, X), called the first Hochschild coho-
mology group of A with coefficients in X.

Let A and B be unital Banach algebras with units e4 and e, respectively.
Suppose that M is a unital Banach A, B-bimodule. We define triangular Banach

algebra
A M
T =
)
with the sum and product being giving by the usual 2 x 2 matrix operations and
internal module actions. The norm on T is

a m
1 1= alla+ o+
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The Banach algebra T as a Banach space is isomorphic to the ¢!-direct sum of
A, B and M. Forrest and Marcoux introduced and studied derivation of triangular
Banach algebras in [1]. The first Hochschild cohomology group of triangular Banach
algebras was studied in [2, 5].

Let A be a Banach algebra, and let X be a Banach A-bimodule. By B"(A, X),
we mean that the space of bounded n-linear maps from A into X. A 2-linear map
v € B%(A, X) is called 2-cocycle if it satisfies the following equation

a.y(b,c) — y(ab, c) + v(a,bc) —y(a,b).c =0,

for every a, b, c € A. The space of 2-cocycles is a linear subspace of B2(A, X), which
is denoted by Z?(A, X). Let ¢ € A(A), where A(A) is the carrier space of A, then
a 2-linear map y € B%(A, X) is called point 2-cocycle at ¢ if it satisfies the following
equation

p(a).y(b, ¢) = y(ab, c) +(a,bc) = y(a,b).o(c) =0,
for every a,b,c € A. For given T' € B(A, X), we let

(61T)(a,b) = a.T(b) — T(ab) + T(a).b,

for every a,b € A and §' : B(A, X) — B?*(A, X). Then {§'T : T € B(A,X)} is a
linear subspace of Z2(A, X). These maps are called 2-coboundaries. The collection
of all 2-coboundaries is denoted by N2(A, X). Similar to the first Hochschild coho-
mology group, the second Hochschild cohomology group of A with coefficients in X
is denoted by H%(A, X) = Z%(A, X)/N?(A, X). The second Hochschild cohomology
group of triangular Banach algebras is studied in [3], and higher cohomology of these
algebras are studied by Moslehian in [9].

Let T be a triangular Banach algebras defined as above, and let v € B%(7, 7).
Let v1 : T — A,y : T — M and v4 : T — B denote the coordinate functions
associated to . That is

T. T T T
YT, T2) = n(T1 ) (T 2)]7

Y3(T1, T»)
for 71,75 € T. Let v : T — T be a 2-cocycle. The coordinate function v is
said to correspond to a 2-cocycle (2-coboundary) on A if there exists a 2-cocycle
(2-coboundary) 74 on A such that ~1(T1,T3) = 74(a1, az2), where T; = [ i ﬂzz }
i
Similarly, 74 is said to correspond to a 2-cocycle (2-coboundary) on B if there
exists a 2-cocycle (2-coboundary) 75 on B such that v4(71,72) = 735(b1, b2).
Let A be a Banach algebra, and let o, 7 be continuous homomorphisms on A.
Suppose that X is a Banach A-bimodule. A linear mapping D : A — X is called
a (o, 7)-derivation if

D(ab) = 7(a).D(b) + D(a).o(b) (a,be A).
It is clear that if o = 7 = idy, where idy is the identity mapping on A, then

a (o, 7)-derivation is nothing else as an ordinary derivation which was defined as
above. A linear mapping d : A — X is called a (o, 7)-inner derivation if there
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exists x € X such that d(a) = 7(a).x — x.0(a) for every a € A. These derivations
on Banach algebras are studied by Mirzavaziri and Moslehian in [6, 7, 8].

Let A be a Banach algebra, and let X be a Banach A-bimodule. The set of
all continuous (o, 7)-derivations from A into X is denoted by Z(la,r) (A, X) and the
set of all (o, 7)-inner derivations is denoted by N(lmT) (A, X). The quotient space
H(lm_) A, X) = Z(lm,r) (.A,X)/N(laﬂ_) (A, X), called the first (o, 7)-cohomology group
of A with coefficients in X.

Let T be a triangular Banach algebra and let X be a unital Banach T-bimodule,
then we use these notations in this paper: X 4 = e4.X.eq, Xpg = es.X.eg, Xgp =
eq.X.ep, and Xpy = ep.X.eyq. If X replaced by T, we have Xy4 = A, Xpp =
B, X4z =M, and X4 = 0. Many results concerning the first (o, 7)-cohomology of
triangular Banach algebras are considered in [4].

Let o and 7 be two homomorphisms on T with the following properties (see
[4]):

olega®0)=eqs @0, T(ega®0)=eyq ®O0;
c(0@eg)=0des T(0Deg)=0desp.

The above relations imply that o(A) C A, o(B) C B and U([ 0 M

thena(| 7 )= 7@ 7.

]>cm.

2. Main Results

In this section, at first we introduce some new definitions and after those we
will consider the second (o, 7)-cohomology of triangular Banach algebra. Note that
in the whole of this paper, by T and X we mean that triangular Banach algebra as
defined in Section one and a Banach T-bimodule, respectively.

Definition 2.1. Let A be a Banach algebra, let X be a Banach A-bimodule, and let
0,7 be continuous homomorphisms from A into X. We say that f € B*(A, X) is a
(o, 7)-2-cocycle if it is satisfies the following equation:

7(a).f(b,c) — f(ab,c) + f(a,bc) — f(a,b).o(c) =0,

for every a,b,c € A. We denote all of these mappings by Z(QU - (A, X). For given
T € B(A,X) let

(61T (a,b) = 7(a).T(b) — T(ab) — T(a).o(b),

for every a,b € A. The maps {'T : T € B(A,X)} is a linear subspace of

Z(QJ T) (A, X). We call these maps (o, T)-2-coboundries, and we denote all of these
maps by N(20 T) (A, X). Finally, we define the second (o, T)-cohomology group of A

with coefficient in X to be the linear space

HE, (A X) = Z2, (A, X)/NE, (A, X).
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By the following Example we show that the space of (o, 7)-2-cocycle ((o, 7)-2-
coboundries) maps is wider than 2-cocycle (2-coboundries) maps.

Example 2.1. Let A be a Banach algebra, and let X be a Banach A-bimodule.
(i) Let A = X. Then every 2-cocycle is an (idg,ida)-2-cocycle, where idy is the
identity map on the algebra A.
(ii) Let A =C and ¢ € A(A). A (@, p)-2-cocycle is nothing than a point 2-cocycle
at .

Definition 2.2. Let v € BX(7,7), 1 : T — A, % : T — Mand 74 : T — B
denote the coordinate functions associated to ~v. That is

(11, Ty) ~2(T1,T)
v3(T1,T2) |’

for Ty, Ty € T. Lety € B(T,7) be a (o,7)-2-cocycle ((o,7)-2-coboundries). We say
that ~1 corresponds to a (o,7)-2-cocycle ((o,T)-2-coboundries) on A if there exists
a (o,7)-2-cocycle ((o,T)-2-coboundries) 74 on A such that y1(T1,T2) = T4(a1,a2),

where T; = [ i M ]

(T, Tz) = [ o

b;
Similarly, we say that 4 corresponds to a (o, T)-2-cocycle ((o,T)-2-coboundries)
on B if there exists a (o,7)-2-cocycle ((o,7)-2-coboundries) T3 on B such that
Ya(T1, T2) = 73(b1, b2).

Lemma 2.2. Let § € B?(T,7) be a (o,7)-2-cocycle ((o,7)-2-coboundary). Then
there are corresponding (o, T)-2-cocycles ((o, T)-2-coboundries) on A and B.

Proof. Define 4 : A x A — A and d3 : B x B — B as follows

[ 0 0
5/1(@17@2) = €A5< “ 0 :| ) |: 2 0 :|> €A,

[0 0 0 0
(53([)1,52) = 635 y €R.
. b bo

It is easy to check that 4 and dp are (o, 7)-2-cocycle ((o, T)-2-coboundary).
U

and

Lemma 2.3. Let X be T-bimodule, 64 : A X A — Xgqq, 05 : B X B — Xgg be
(o, 7)-2-cocycles, and X g5 = 0. Then there exists a (o, T)-2-cocycle mapping from T
into X.

Proof. Forevery[a1 77(1)1]’[612 Trl? ] €7, define D: T x T — X by
1 2

D ([ “ T’Zi ] , [ 2 ”Zz D — 64(a1,a2) + 65(b1, ba).
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We claim that D is a (o, 7)-2-cocycle. Because for every T7 = [ “

@z M2 , 153 = @31 € 7, we have
bo b3

7(T1).D(T5,T3) — D(T1 1o, T5) + D(Th, T2T3) — D(T1,T%).0(T53)

= 7(T1).(04(az,as) + d5(ba, b3)) — da(araz,as) — dp(b1ba, bs)
+d4(a1,aza3) + dg(b1, babs) — (d4(a1,as) + dg(b1,b2))o(Ts)

= 71(T1)7(eq)da(az,as) —da(araz,as) + dalar,azas) — da(ar,az)7(eq)o(Ts)
+7(Th)7(ep)dp (b2, b3) — 05(b1ba, b3) + o5 (b1, babs) — dp (b1, ba)o(ep)o(T3)

= 7(a1)da(az,a3) — da(araz,as) + da(a1, azas) — da(ar, az)o(as)
+7(b1)05 (b2, b3) — 0 (b1b2, b3) + 05 (b1, babs) — 5 (b1, b2)o (b3)

= 0.

This proves our claim. O

Lemma 2.4. Let 64 and o be (o,7)-2-coboundaries on A and B, respectively.
Then there ezists a (o, T)-2-coboundaries § on T such that 61 corresponds to 4 and
0o corresponds to d, where 01 and do are coordinate functions associated to 4.

Proof. According to our assumption d4 and dg are (o, 7)-2-coboundaries, therefore
there are bounded linear maps R : A — A and S : B — B such that 64 = 6'R
and 64 = 6'S. Consider the map 6 : T x T — T defined by

(L ) [

We will show it is the required map. Let F' : T — T such that



64 Ali Jabbari, Hasan Hosseinzadeh

Then F' is a both linear and bounded map. Also, for every T7,T> € T we have

(GLF)(Th, Ty) = (51F)<[a1 nﬂ[az WZED

— (B)F(Ty) - F ([ e cma D T F(T)o(T)
_ [ T(a1) T(m1) } [ R(az) 0 ] B [ R(ayas) }
7(b1) S(b2) S(b1b2)
R(a1) 0] ola2) o(mz)
[ e ] o |
_ [ 7(a1)R(a2) — R(a1a2) + R(a1)o(az) 7(m1)S(b2) + R(a1)o(ms) ]
7(b1)S(b2) — S(bib2) + R(b1)o(b2)

(
_ [ (8'R)(a1,a2) 7(m1)S(bs) + R(ai)o(msz) }
(61.9)(b1,b2)

o[ ] ]

Thus, there exists a linear map F such that §'F = §. This means that J is a
(o, T)-2-coboundary. O

Now, we are ready to prove our main Theorem.

Theorem 2.5. Let M = 0. Then
H2, \(T.7) = HY, ) (AA) & HY (B, B). 2.1)

Proof. Consider the map « : Z(2 ATT) — H? HAA) & H(QU (B, B) defined by

o (@,
5 (5A + N2,y (A, A), 65 + NZ, (B, 93)) : (2.2)

where ¢4 and 03 are (o, 7)-2-cocycles that obtained from Lemma 2.2.
For given d4 € Z2 _ (A, A)and ég € Z? (B, B), by Lemma 2.3, D : TxT —

(o,7) (o,7)
T defined as follows is (¢, 7)-2-cocycle:

D<[“1 b?],[@ bSDzéﬂ(al,ag)wg(bl,bg).

Then
a(D) = (D N2,y (A, A), D+ N2, _(B, B))

_ (51 + N2, ) (A, A), 81+ N, (B, 3)) : (2.3)

where
Dy(ay,a2) = eq(d1(ar,az) + 92(0,0))eq = d1(a1, az),
and
Dg(b1,b2) = e (61(0,0) + d2b1,b2))es = da(b1, ba).
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Hence, a is onto. Now, we will show that ker a is N(QU T) (T,7). Let 6 € kera,
then by (2.2), 04 € N(QJT)(A,A) and 03 € N(%T T)(B,B). Then by Lemma 2.4, there
exists D : T — T defined as follows

D <[ “ b? ] : [ “ bg D = dalar, az) + 63(b1, ba),

is (o, 7)-2-coboundary, and thereupon D € N(%”)(‘.T, T). We claim that D = §.
For proving this assertion we use the following statements that obtaining of these
relations are depend on d, which it is (o, 7)-2-cocycle:

ool ol [* o) =o (1" o b Q)= )

e[ S e [ 1]
(3) eﬂa(;o b?]’[o bg])eflz[o 8}
wea([" SL[* 2ee-[° 1]
S O A )
oes([* ][ 5" o)
mes([* ][ o)) ] 0]

In addition for given T} = [ “ bO } , Ao = { @2 bO ] € 7T, we can write
1 2
(5(T1,T2) = GA(S(Tl,TQ)eA+635(T1,T2)63. (2.4)

Since 4 is a (o, 7)-2-cocycle and bilinear, so relations (1)-(7) and (2.4), imply

weomr - o 8] [ 2)o([° 21 2]
([ 3" $met((* 211 2]
REHEEH RN
([ 207 SDeo(l” 211 )
A D 10D



66 Ali Jabbari, Hasan Hosseinzadeh

Therefore 6 = D, and this means that ¢ is (o, 7)-2-coboundary. Conversely, let
o€ N(QU ” (T7,7). Then by Lemma 2.2 there are (o, 7)-2-coboundaries d4 and dg on

A and B, respectively. Therefore § € ker a. This means that kera = N(QU - (T,7).
Then
HTT) 2 (TT)
H2 \(T,7) = .1)
(U,T)( ) ) 207)(9-« ) ker o
= H{, . (AA) @ HE, (B, B).
O
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