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New types of fuzzy ideals of ternary semigroups
Noor Rehman® 2, Muhammad Shabir?

The concepts of (;;v i) -fuzzy left (right, lateral) ideal, (;;v i) -fuzzy quasi-ideals,

(e,ev qk)-fuzzy bi-ideals in ternary semigroups are introduced and several related properties are
investigated.
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1. Introduction
The fundamental concept of ternary semigroup was introduced by Lehmer [14] in 1932. In
[24] Sioson studied the ideal theory of ternary semigroups. Fuzzy sets originated in a seminal
paper by Zadeh published in 1965 [25]. His paper has opened up new insights and
applications in wide range of scientific fields. Extensive applications of fuzzy set theory have
been found in diverse fields such as economics, computer science, expert system, information
sciences, control theory, decision making, pattern recognition, coding theory, operation
research, robotics and many other. Rosenfeld in 1971, used the notion of fuzzy subset of a set
to introduce the notion of fuzzy subgroup of a group (see [16]). Rosenfeld's paper inspired
the development of fuzzy abstract algebra. The literature on fuzzy set theory has been
growing very rapidly. Kuroki initiated the study of fuzzy semigroups (see [9-13]). Pu and Liu
in [15] gave the concept of quasi-coincidence of a fuzzy point with a fuzzy set. It is worth

mentioning that Bhakat and Das ([2-6]) introduced the concept of (a, ﬁ) -fuzzy subgroup by
using belongs to and quasi-coincident with between a fuzzy point and a fuzzy subset and
introduced the concept of (e vq)—level subset, (e,e vq)—fuzzy normal, quasinormal,

maximal subgroup and (&, e vq)-fuzzy subgroup. In fact (€, vq)-fuzzy subgroup is an

important generalization of Rosenfeld's fuzzy subgroup. Many researchers used these
concepts to generalize some concepts of algebra (see [1, 18 23]). The present authors in [22]

introduced (a,ﬁ)—fuzzy ideals in ternary semigroups, where they characterized regular
ternary semigroups by the properties of these ideals. Jun in [7] has generalized the concept of
quasi-coincidence of a fuzzy point with a fuzzy set while defining (& e vq,)-fuzzy

subalgebras in BCK/BCl-algebras. In [8] Jun et al. discussed (e,e vqk)-fuzzy h -ideals and
(e,e v, ) -fuzzy k -ideals of a hemiring. Shabir et al. in [19] characterized different classes
of semigroups by (&,evq,)-fuzzy ideals and (&,evq,)-fuzzy bi-ideals. Shabir and
Mahmood in [20] defined (€, vq, )-fuzzy h-subhemirings, (&€ vq, )-fuzzy h-bi-ideals

of a hemiring. Shabir and Rehman initiated the study of (e,e vqk)-fuzzy ideals of ternary
semigroups [21]. Recently Shabir and Ali in [17] characterized semigoups by the properties
of their (€,€ v q,) -fuzzy ideals.

The purpose of this paper is to initiate the study of (E,qu_k) -fuzzy ternary subsemigroups,

(;,Evi) -fuzzy left (right, lateral) ideals, (g,;vi) -fuzzy quasi-ideals and (;,;Vi) -

! Corresponding author, Department of Basic Sciences, Riphah International University Islamabad,
Pakistan, Email Address: noorrehman@qau.edu.pk; noorrehman82@yahoo.com

2 Department of Mathematics Quaid-i-Azam University Islamabad, Pakistan

Email Address: mshabirbhatti@yahoo.co.uk



68 Noor Rehman, Muhammad Shabir

fuzzy bi-(generalized bi-) ideals in ternary semigroups and several related properties are
investigated.

2. Preliminaries
In this section we review some definitions and basic results.

A ternary semigroup is an algebraic structure (T,[ ]) such that T is a non-empty set and
[ ] T3 T a ternary operation satisfying the associative law:
[[xyz]uv | =[ x[yzu]v]=[xy[zuv]] for all X,y,z,u,veT. For the sake of simplicity we

write [xyz] as * Xyz 'and consider the ternary operation as multiplication. A non-empty subset A

of a ternary semigroup T s called a ternary subsemigroup of T if AAAcC A, By a left (right,
lateral) ideal of a ternary semigroup T we mean a non-empty subset A of T such that TTAC A
(ATT < A, TAT c A). If anon-empty subset A of T is a left and right ideal of T, then it is

called a two sided ideal of T. If a non-empty subset A of a ternary semigroup T is a left, right and
lateral ideal of T, then it is called an ideal of T. A non-empty subset A of a ternary semigroup T

is called a quasi-ideal of T if ATT N"TAT NTTAC A and ATT NTTATT NTTAC A A

non-empty subset A of a ternary semigroup T is called a generalized bi-ideal of T if
ATATA c A. A ternary subsemigroup of a ternary semigroup T is called bi-ideal if A is a

generalized bi-ideal of T. It is clear that every left (right, lateral) ideal of a ternary semigroup T isa
quasi-ideal, every quasi-ideal is a bi-ideal and every bi-ideal is a generalized bi-ideal of T. A non-
empty subset A of a ternary semigroup T is called an interior ideal of T if TTATT < A. An
element S of a ternary semigroup T is called regular if there exists an element X € T such that
SXS =S. A ternary semigroup T is called regular if every element of T is regular.

Example 2.1. Let Z~ be the set of all negative integers. Then with usual ternary multiplication,
7.~ forms a ternary semigroup.

Example 2.2 The set of all odd permutations under composition forms a ternary semigroup.

Example 2.3 Let T ={-i,0,i}. Then T is a ternary semigroup under the ternary multiplication of
complex numbers.

A fuzzy subset A of a universe X isa function from X into the unit closed interval [0, l], that is,
A X —>[0,1] :
A fuzzy subset A of a universe X of the form

ﬂ(y):{t (#0) ify=x

0 ify #x
is said to be a fuzzy point with support X and value t and is denoted by X, . For a fuzzy point X, and
fuzzy subset A in a set X, Pu and Liu in [15], gave meaning to the symbol X.aA, where
ae {e,q,e v(Q, e /\q} . A fuzzy point X, is said to belong to (resp. be quasi-coincident with) a
fuzzy set A written X, € A ( resp. X,gA) if A(x)=t ( resp. A(X)+t>1) and in this case,
X, €vqgAd ( resp. X, € AQA) means that X, € 4 or x4 ( resp. X, €4 and X,04). By
X,0A we mean that X, a4 does not hold.

For any two fuzzy subsets A and g of T, A<z means that, forall XeT, A(X)< u(X). The

symbols A A g and A Vv  will mean the following fuzzy subsets of T.

(2Am)(X)=A() A a(x)
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(xlv,u)(x):l(x)v,u(x) forall XxeT.

Let A, 1 and v be three fuzzy subsets of a ternary semigroup T.The product Ao oV is a fuzzy
subset of T defined by:

v {A(x)Au(y)av(z)} if there exist x,y,z €T such that

a=xyz
(Aouov)(a)= a=Xyz
0 otherwise.

Let A be a fuzzy subset of a ternary semigroup T. Then the set
U(4it)={xeT : A(x)2t},
where t [0,1] . is called a level subset of A.

Definition 2.1 A fuzzy subset A of a ternary semigroup T is a fuzzy ternary subsemigroup of T if
A(xyz) = A(X)AA(Y)AA(2Z) forall X,y,z€T.

Definition 2.2 A fuzzy subset A of a ternary semigroup T is a fuzzy left (right, lateral) ideal of T
it A(xyz)>4(z) (A(xyz)=A(x),A(xyz)=A(y)) forall x,y,z€eT.

Definition 2.3 A fuzzy subset A of a ternary semigroup T is called a fuzzy generalized bi-ideal of
T if A(xuyvz)>A(x)AA(y)AA(z) forall X,y,z,u,veT ,andis called a fuzzy bi-ideal of

T if it is both a fuzzy ternary subsemigroup and a fuzzy generalized bi-ideal of T.
If ACT, then the characteristic function of A isa function C, of T into {0,1} defined by:

c (X)— lifxe A
MYV 0ifxe A

3. (E,Evi) -fuzzy ideals
Throughout this paper T will denote a ternary semigroup and k €[0,1) unless stated

otherwise.
In [7], Jun defined X A if A(X)+t+k>1, X evq if X, €4 or Xq 1.

Definition 3.1 A fuzzy subset A of a ternary semigroup T is called an (é,évq_k) -fuzzy ternary

subsemigroup of T ifforall X,y,Z€T and t,r,s € (0,1] the following condition hold:
(T1a) (XYZ)inger gy 4 implies X €V QA or Y, €V QA or Zev G A.

Theorem 3.1 Let A be a fuzzy subset of a ternary semigroup T, X,y,z€T and t,r,s € (0,1].
Then the following conditions are equivalent:

(Tla) (Xyz)min{t'r’s};/l implies Xtévi/l or y,ev A or Zsévq_k/i.

(T1b) max{A(xyz),:53}= min{A(x), A(y), A(2)}-

Proof. (Tla) = (T1b): Let X,y,2eT be such that
max{A(xyz), 5} < min{A(x), A(y), 1(2)}. Choose te (k1] such that
max{A(xyz), 5} <t = min{A(x), A(y), A(z)}. Then (xyz)téﬂ but X, € AQ 4, Y, € AQ A
and z, € AQ, A, which is a contradiction. Hence max{A(xyz),%<} > min{A(x), A(y), A(2)}.
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(Tlb) = (T1a):  Let  (XyZ)unurgSh-  Then  A(xyz)<minft,r,s}.  If
max{A(xyz),5} = A(xyz), then min{A(x),A(y),A(2)}< A(xyz) <min{t,r,s}. This
implies that A(X) <t or A(y)<r or A(z)<S. Thus Xtéxl or yréxl or ZS;/%. Thus Xtévq_kl

or yr;vq_kl or Zsévaﬂp.

If max{A(xyz),5}=5E, then min{A(x),A(y), A(2)}<5~. Suppose X, € 4, y, €A and
Z, € A. Then t < A(X) 31‘7 or r <A(Y)<5E or s<A(z) <5E. This implies that X, QA or
yra/l or Zsaﬁu. Hence Xt;vq_kl or yrévq/i or Zséva/l.

Corollary 3.1 A fuzzy subset A of a ternary semigroup T is an (E;va) -fuzzy ternary
subsemigroup of T if it satisfies condition (T 1b).

In the next theorem we describe the relationship among (; ev q_k) -fuzzy ternary subsemigroup and
the crisp ternary subsemigroup of T.

Theorem 3.2 A fuzzy subset A of a ternary semigroup T is an (; ;\/E) -fuzzy ternary

subsemigroup of T if and only if U (1;t)( @) is a ternary subsemigroup of T forall t € (5¢,1] .

Proof. Let A be an (;;va) -fuzzy ternary subsemigroup of T and X,Y,zeU(A4;t) for
somet € (5£,1]. Then A(X) >, /l(y) >t and Az) >t.
Hence &£ < t <min{A(x), A(Y), 4(2)} < max{A(xyz),5* Thus A(xyz) >t and
SOXYyZ € U (4;1). Consequently U (A;t) is a ternary subsemigroup of T .

Conversely, assume that U (4;t)(# @) is a ternary subsemigroup of T for all t € (5¢,1]. Suppose
that there exist X,Yy,ze€T such that max{A(xyz),5}< min{i(x), A(y), }L(z)} Choose
t € (55,1 such that max{A(xyz), 5} <t <min{A(x), A(y), A(2)}. Then X,y,z €U (4;t),
but xyz U (4;1), which is a contradiction. Therefore,
max{A(xyz), 5} > min{A(x), A(y), A(z)}.Hence A is an (€,evq,)-fuzzy temary
subsemigroup of T.

Theorem 3.3 Let A be a non-empty subset of a ternary semigroup T. Define a fuzzy subset A of
T by:

lifxeA

A(x)= _
( ) S% otherwise.

Then A is a ternary subsemigroup of T if and only if A is an (é,;vi) -fuzzy ternary
subsemigroup of T.
Proof. Suppose A is a ternary subsemigroup of T and X,y,zeT.If X,y,Z€ A, then
/I(X) = ﬂ(y) = /1(2)21. Since A is a ternary subsemigroup of T, so Xyz € A. This implies
that A(xyz)=1. Hence max{A(xyz), 5t} =1=min{A(x),A(y),A(2)}.1f xgA or
yeA o z¢A then  A(X SIT or  A(y)<H o A(z)<EE Thus
min{A(x), (2)}
n

)
max { } . Hence in any case
max{/‘t(xyz }>m| (y),

)<
{ ( ( )} This shows that A is an (é,;vi) -fuzzy

ternary subsemigroup of T.
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Conversely, assume that A is an (é,évi) -fuzzy ternary subsemigroup of T and X,Yy,Z € A
Then A(x) = /I(y) = /1(2) =1. Thus by hypothesis
max{/l(xyz),%} > min{/i(x),/l(y),i(z)} =1. This implies that A(Xyz)=1, that is
Xyz € A . Hence A is aternary subsemigroup of T.

Corollary 3.2 A non-empty subset A of a ternary semigroup T is a ternary subsemigroup of T if
and only if the characteristic function C, , of A, isan (g,ev qk) -fuzzy ternary subsemigroup of
T.

Definition 3.2 A fuzzy subset A of a ternary semigroup T is called an (;,év i) -fuzzy left (resp.
right, lateral) ideal of T if the following condition holds.

(T2a) (Xyz)t;l implies Ztéviﬂ (resp. (T 3a) (xyz)tgxl implies thviﬂ, (T4a)
(xyz),eA implies y,ev QA )forall X,y,zeT and t € (0,1].

A fuzzy subset A of a ternary semigroup T is called an (;,Evi) -fuzzy two sided ideal of T if it
is both an (;,év i) -fuzzy left ideal and (g,évi) -fuzzy right ideal of T. A fuzzy subset A of
a ternary semigroup T is an (g,;\/q_k) -fuzzy ideal of T ifitis an (é,éva) -fuzzy left ideal,

(é,;v i) -fuzzy lateral ideal and an (;, ev i) -fuzzy right ideal of T .

Theorem 3.4 Let A be a fuzzy subset of a ternary semigroup T, X,Y,Z€T and t € (0,1]. Then
the following conditions are equivalent:

(T2a) (xyz),el implies z,ev q A;
(T2b) max{A(xyz),5}> A(z).
resp. (T 3a) (xyz),eA implies x.e v g A.
(T 3b)
max{1(xyz), 5} > A(x)

Proof. (T2a)=(T2b): Let X,y,ze€T be such that max{A(xyz),£}< A(z). Choose
t € (5%,1] such that max{A(xyz),5} <t =A(z). Then (Xyz)téxi but z, € AQ, 4, whichisa
contradiction. Hence max{A(xyz), 5} > A(2).

(T2b) = (T 2a) : Assume that (xyz)té/l. Then A(xyz) <t. If max{A(xyz),5}= A(xyz),
then A(z) < A(xyz) <t. This implies that A(z) <t. It follows that z,eA. Thus z,ev QA If
max{A(xyz), 5} =%, then A(z) <LE. Suppose z, € A. Then t < A(X) <. 1t follows that

Zta/l. Hence Ztgvi/l.
Similarly, (T3a) < (T 3b) and (T 4a) < (T 4b).

Corollary 3.3 A fuzzy subset A of a ternary semigroup T is an (E,Evi) -fuzzy left (resp. right,
lateral) ideal of T if it satisfies condition (T 2b) (resp. (T 3b), (T 4b) ).

Corollary 3.4 A fuzzy subset A of a ternary semigroup T is an (é,évi) -fuzzy ideal of T if it
satisfies conditions (T 2b), (T3b) and (T 4b).
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In the next theorem we describe the relationship among (;,évi) -fuzzy left (resp. right, lateral)
ideal and the crisp left (resp. right, lateral) ideal of T.

Theorem 3.5 A fuzzy subset A of a ternary semigroup T is an (E;va) -fuzzy left (resp. right,
lateral) ideal of T if and only if U (A;t)(# ¢@) is a left (resp. right, lateral) ideal of T for all
te(5,1].

Proof. Let A be an (E;va) -fuzzy left ideal of T. Suppose z €U (4;t)(# @) and X,y €T,
for some te (5£,1]. Then A(z)>t. Hence LE <t < A(z) < max{A(xyz),5£}. This implies
that A(Xyz) > A(z) >t. Thus A(Xyz) >t and so xyz € U (A4;t). Consequently U (A4;t) is a left
ideal of T.

Conversely, assume that U (1;t)(# @) is a left ideal of T for all t € (5£,1]. Suppose that there
exist X, Y,z €T such that max{A(xyz),5} < A(z) =t. Then t e (5£,1] and z €U (4;t) but
xyz U (A;t), which is a contradiction. Hence max{A(xyz),55}>A(z) and so A is an

(e,€V q,) -fuzzy left ideal of T,
Similarly, we can prove the case of right and lateral ideal of T.

Corollary 3.5 A fuzzy subset A of a ternary semigroup T is an (;,;vi) -fuzzy ideal of T if
and only if U (1;t)( @) isanideal of T forall t e (5,1].

Theorem 3.6 Let A be a non-empty subset of a ternary semigroup T. Define a fuzzy subset A of
T by:

lifxeA

A(x)=

< % otherwise.

Then A is a left (resp. right, lateral) ideal of T if and only if A is an (é,;vi) -fuzzy left (resp.
right, lateral) ideal of T.

Proof. The proof is similar to the proof of Theorem 3.3.

Corollary 3.6 A non-empty subset A of a ternary semigroup T is a left (resp rlght lateral, two
sided) ideal of T if and only if the characteristic function C, , of A ,isan (e ev qk) -fuzzy left
(resp. right, lateral, two sided) ideal of T.

Theorem 3.7 Let A be an (E;va) -fuzzy left ideal, & an (éévq_k) -fuzzy lateral ideal and
v an (é,évi) -fuzzy right ideal of T. Then Ao zov isan (é,évi) -fuzzy two sided ideal of
T.

Proof. Suppose A is an (g,;vi) -fuzzy left ideal, 4 an (g,évq_k) -fuzzy lateral ideal and v

an (;,Eva) -fuzzy right ideal of T X, Y,z €T. Then
(xlo,uov)(z) = Z:\u/vw{ﬂ(u)/\y(v)/\v(w)}

[If Z=uvw, then Xyz = Xy(uvw) = (Xyu)vw. Since A is an (é,évi) -fuzzy left ideal of T,
so A(xyu)v > (u)]. Thus
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(Zepev)(2)= v {A(u)Ap(v)rv(w)]
B uvw{(/i (xyu) v—j/\y( )A (W)}
< v { /\V(C))V%}

xyz=abc

1-k

:( y {z(a)Au(b)Av(c)})vT

xyz=abc

=(/10,uov)(xyz)v7.

Thus (Ao pov)(xyz) v > (Ao uov)(z).
If (Aopov)(xyz)=0, then (Ao pov)(xyz)=0<(Aopmov)(xyz)viE. Hence Ao prov

isan (€,€v Q) -fuzzy left ideal of T.

Similarly, we can show that Ao zzov isan (;,;vi) -fuzzy right ideal of T. Hence, Ao oV is

an (g,ev E) -fuzzy two sided ideal of T.

Lemma 3.1 The intersection of any family of (;qu_k) -fuzzy left (resp. right, lateral) ideals of a

ternary semigroup T isan (;,Evi) -fuzzy left (resp. right, lateral) ideal of T.

Proof. Let {4,},., be a family of (e, évq_k) -fuzzy left ideals of T and X,Y,z €T. Since each

iel

A isan (e evqk) -fuzzy left ideal of T, we have 4 (Xyz) v &£ 2> 4 (2) forall i e l. Thus

(A A)y2)) v 5= (A (4 (y2)) v 55

=ig(z.(xyz>v%)zing»:(iQ 2))

Hence A isan (e ev E) -fuzzy left ideal of T.
le

In a similar way we can prove the following lemma.

Lemma 3.2 The union of any family of (é,év E) -fuzzy left (resp. right, lateral) ideals of a ternary

semigroup T isan (;;va) -fuzzy left (resp. right, lateral) ideal of T.

Theorem 3.8 A fuzzy subset A of a ternary semigroup T is an (é,évi) -fuzzy left (resp. right,
lateral) ideal of T if and only if To* To* A < A* (resp. Ao* To*T< AKX, Tok 15 T< A" ),

where AX = Av L and T is the fuzzy subset of T mapping every element of T on 1.

Proof. Suppose A is an (;,Eva) -fuzzy left ideal of a ternary semigroup T. Let XeT. If
(Tok To ﬂ)(x) =0, then (Tok To i)(x) < i(x). Otherwise, there exist elements
p,q,r €T suchthat X = pgr. Then we have
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This implies that To* To* 1 < A¥ .

Conversely, assume that A satisfies the given condition. Let X, Y,Z € T. Then

A (xyz) 2 (T To' 2)(xy2)

:(ToTo/i)(xyz)v%
=(Xyz\-/pqr{-r(p) j 17
>T(X)AT(Y)AA(2 >v%=a<> K a02)

So ﬂ,(xyz)v%zi(z). This shows that A satisfies the condition (T2b). So A is an
(é,;v i) -fuzzy left ideal of T.

Similarly, we can prove cases for 4 be (é,gv E) -fuzzy right and lateral ideal of T.

Definition 3.3 A fuzzy subset A of a ternary semigroup T is called an (g,évq_k) -fuzzy quasi-

ideal of T if it satisfies:

(T5a) max{A(x),53}=min{(AcToT)(X),(TeoAoT)(X),(ToToA)(X)}and
(T5a") max{A(x),53}=>min{(AeToT)(X),(TeToAoToT)(X),(ToToA)(X)}
forall xeT.

Theorem 3.9 A fuzzy subset A of a ternary semigroup T is an (; ev a) -fuzzy quasi-ideal of T
if and only if U (4;t)( @) is a quasi-ideal of T for all t € (5£,1].

Proof.  Let A be  an (e,ev a) -fuzzy  quasi-ideal of  T. Let
XeTTUL)NTU LT NU(A4E)TT.  Then there exist t,t,,t,t,,t,t, €T and
S,,S,,S; €U (A;t) suchthat X =tt,S, , Xx=1,S,t, and X =S,t,t;. Now,

(1oToN0) = v AR AT AT 2 2(8)TA) AT = () 2t

Also, (ToTo)(X) = v {T(U)AT(V)AA(W)}2T(4)AT(t,)AA(s)=4(s,)2t,

X=uvw
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v AT AA(M)AT(N)} 2 T(t)AA(s,) AT(L)=2(s,) 2t

=Imn

And (TodoT)(X) =
Thus by hypothesis
max{A(x),5}=min{(AoToT)(X),(TeAoT)(X),(ToToA)(X)} >t > LK.

This  implies  that  A(X)>t, that is XxeU(A;t). This shows that
TTU(4;) nTU (LT nU (4DTT < U (4;1).

Similarly TTU (4;t) nTTU (4;0)TT U (A4;0)TT < U (4;t). Thus U (A;t) is a quasi-ideal of
T.

Conversely, assume that (# #)U (4;t) is a quasi-ideal of T forall t € (5%,1]. Let xeT besuch
that

max{A(x), 53} <min{(AoToT)(x),(ToAoT)(X),(ToToA)(X)}
Choose t € (5¢,1] such that
max{A(x), 5} <t<min{(AoToT)(X),(ToAoT)(X),(ToToA)(X)}.
This implies that A(X) <t and (Ao ToT)(X) >t,(ToAoT)(X)>t and (ToToA)(X)>t.
If (LoToT)(X)>t, then
(AeoToT)(X) = ) \:VW{/I(U) ATV)AT(W)}= ) \u/vw/l(u) >t. This implies that there exists

zeU(A;t) such that x=abz for some a,beT. Similarly (ToAoT)(X)>t implies
meU (A;t) such that Xx=Imn for some I,n T, and (ToToA)(X) >t implies r eU (A;t)

such that X = pqgr for some p,qeT. Thus
XeTTUA;t)NTU(A;1)T nU(A4;0)TT <U (A;t). This implies that A(X) >t, which is a
contradiction, because A(X) <t. Hence
max{A(x), 532 min{(1eToT)(X),(TeAoT)(X),(TeoTo A)(X)}. Similarly,

max{A(x), 532 min{(1eToT)(X),(TeToAoToT)(X),(ToToA)(X)}.

This shows that A isan (g, v E) -fuzzy quasi-ideal of T.

Theorem 3.10 Let A be a non-empty subset of a ternary semigroup T. Define a fuzzy subset A of
T by:

lifxeA

A(Xx)= _
(X) s%otherwise.

Then A is a quasi-ideal of T if and only if A4 isan (é,;v i) -fuzzy quasi-ideal of T.

Proof. Let A be a quasi-ideal of T and XeT. If Xe A , then A(X)=1. This implies that
max{A(x),5}=12min{(AoToT)(X),(ToAoT)(X),(TeTeA)(X)}. If XgA, then
XeTTANTAT NATT  and XeTTANTTATT NATT. So  A(X)<LE¥.  Since
Xg TTANTAT N ATT,

therefore, MIN{(AoToT)(X),(ToAoT)(X),(ToToA)(X)}=1. This implies that
mMin{(AoToT)(X),(ToAoT)(X),(ToToA)(X)} <5 =max{A(x),5 }. Similarly, since
XgTTANTTATT N ATT.

Therefore, MIN{(AoToT)(X),(ToToAoToT)(X),(ToToA)(x)}=1.
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Hence, in any case max{A(x),5}=min{(1oToT)(X),(TeAoT)(X),(TeToA)(X)}, and
max{A(x), 532 min{(1eToT)(X),(TeToAoToT)(X),(TeToA)(X)}. So A is an

(e,ev i) -fuzzy quasi-ideal of T.

Conversely, assume that A is an (g,évi) fuzzy quasi-ideal of T. Let

XeTTANTAT N ATT. Then there exist a,b,ce A and t,t,,t;,t,,t;,t; €T such that

Xx=att,, Xx=tbt,, and x=tt,c. Now,

(AoTeT)(X)= v {AUP)AT(A)AT(NI=A@) AT(t,)AT(t,)=1. This implies that
X=par

(AoToT)(x)=1. Similarly, (ToAeT)(x)=1 and (ToToA)(X)=1. Thus by hypothesis,

max{A(x),5}=min{(AoToT)(X),(TeAoT)(X),(ToTeA)(X)}=1.

This implies that A(X) =1, that is X € A. This shows that TTANTAT N ATT < A. Similarly,
TTANTTATT N ATT < A Hence A isaquasi-ideal of T.

Corollary 3.7 A non-empty subset A of a ternary semigroup T is a quasi-ideal of T if and only if

the characteristic function C, , of A ,isan (g€ vi) -fuzzy quasi-ideal of T.

Lemma 3.3 The intersection of any family of (;,; \% i) -fuzzy quasi-ideals of a ternary semigroup
T isan (g, ev i) -fuzzy quasi-ideal of T.

Proof. The proof is straightforward.

Theorem 3.11 Every (E,Evi) -fuzzy left (resp. right, lateral) ideal of a ternary semigroup T is

an (;, ev i) -fuzzy quasi-ideal of T.

Proof. Suppose A is an (E;vi) -fuzzy left ideal of T and X € T. Consider,
(ToToA)(X)= v {T(a)/\T(b) AA@C)}= v A(c)< v A(abc)vEE
x=abc x=abc x=abc

= A(x) v &L, So (ToToA)(X) < A(X)Vv 5. Hence
max{A(x), 532 min{(4 o To TY(X), (To 20 TY(X), (To T 2)(X). Also
max{/l(x),%}z mln{(/l oToT)(X), (ToTo A oToT)(X), (ToTo ﬂ)(x)}

Hence A isan (;,;v i) -fuzzy quasi-ideal of T.

The converse of the above theorem is not true in general.

comeser={ 2 20 9 9

be the ternary semigroup under matrix multiplication. Then

0 0 0)(0 1

~1lo 0)'lo o
be the quasi-ideal of T, which is neither a left ideal, nor a right ideal, nor a lateral ideal of T. Then
by Corollary 3.7, the characteristic function CQ of Q isan (E,évq_k) -fuzzy quasi-ideal of T, but

neither (E, ev i) -fuzzy left ideal, nor (E \% i) -fuzzy right ideal, nor (é, ev i) -fuzzy lateral

ideal of T.
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Definition 3.4 A fuzzy subset A of a ternary semigroup T is called an (E,évi) -fuzzy bi-ideal
of T if it satisfies (T1a) and

(T6a) (Xuyvz)min{t,r,s}éﬂ“ implies xevqAd or yevgAl o zevgAd for all
X,¥,Z,u,veT and t,r,s e (0,1].

Theorem 3.12 Let A be a fuzzy subset of a ternary semigroup T.Then the following conditions are
equivalent:

(T6a) (Xuyvz)min{t,r,s}é/l implies X, €V QA or Y,ev QA or Z,eV Q. 4;

(Téb)  max{A(xuyvz),5}>min{A(x),A(y), A(z)}, for all X,y,z,u,veT and
t,r,se(0,1].

Proof. The proof is similar to the proof of Theorem 3.4.

Corollary 3.8 A fuzzy subset A of a ternary semigroup T is an (;;va) -fuzzy bi- ideal of T if

it satisfies (T 1) and (T 6b) .

Theorem 3.13 A fuzzy subset A of a ternary semigroup T is an (;Eva) -fuzzy bi-ideal of T if
and only if U (1;t)( ¢) is abi-ideal of T forall t € (%,1].

Proof. The proof is similar to the proof of Theorem 3.5.

Theorem 3.14 Let A be a non-empty subset of a ternary semigroup T. Define a fuzzy subset A of
T by:

lifxeA

A(X)= _
( ) s% otherwise.

Then A is a bi-ideal of T ifand only if A isan (€,€v q ) -fuzzy bi-ideal of T.

Proof. The proof is similar to the proof of Theorem 3.3.

Corollary 3.9 A non-empty subset A of a ternary semigroup T is a bi-ideal of T if and only if the
characteristic function C, , of A ,isan (é,;vi) -fuzzy bi-ideal of T.

Lemma 3.3 The intersection of any family of (é,;vi) -fuzzy bi-ideals of a ternary semigroup T
is an (e, eV q, ) -fuzzy bi-ideal of T.

Proof. The proof is similar to the proof of Lemma 3.1.

Lemma 3.4 Let A, and v be (;,;vi) -fuzzy bi-ideals of a ternary semigroup T. Then
Ao oy isan (é, ev a) -fuzzy bi-ideal of T.

Proof. The proof is straightforward.

Definition 3.5 A fuzzy subset A of a ternary semigroup T is called an (E;vi) -fuzzy
generalized bi-ideal of T if it satisfies (T 6a) or (T 6b).

Theorem 3.15 A fuzzy subset A of a ternary semigroup T is an (; ev a) -fuzzy generalized bi-
ideal of T if and only if U (4;t)( @) is a generalized bi-ideal of T for all t € (5£,1].
Proof. The proof is similar to the proof of Theorem 3.5.

Theorem 3.16 Let A be a non-empty subset of a ternary semigroup T. Define a fuzzy subset A4 of
T by:
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lifxeA

A(Xx)= _
(X) S%otherwise.

Then A is a generalized bi-ideal of T if and only if A is an (é,;vi) -fuzzy generalized bi-ideal
of T.

Proof. The proof is similar to the proof of Theorem 3.3.

Corollary 3.10 A non-empty subset A of a ternary semigroup T is a generalized bi-ideal of T if
and only if the characteristic function C, , of A ,isan (€,€V q,) -fuzzy generalized bi-ideal of T.

Definition 3.6 A fuzzy subset A of a ternary semigroup T is an (;,;va) -fuzzy interior-ideal of
T if it satisfies
(T7a) (uvxyz)téﬂ implies Xt;vi/?, forall X,y,z,u,veT and te(0,1] .

Theorem 3.17 Let A be a fuzzy subset of a ternary semigroup T, X,V¥,Z,u,veT and t € (0,1]
. Then the following conditions are equivalent:

(T7a) (uvxyz)tE/I implies x@viﬁ;
(T7b) max{A(uvxyz),5£} > A(X).
Proof. The proof is similar to the proof of Theorem 3.4.

Corollary 3.10 A fuzzy subset A of a ternary semigroup T is an (E;vi) -fuzzy interior-ideal
of T if it satisfies (T 7b).

Theorem 3.18 A fuzzy subset A of a ternary semigroup T is an (;;v a) -fuzzy interior-ideal of
T ifand only if U (1;t)(+ @) is an interior-ideal of T for all t € (5¢,1].
Proof. The proof is similar to the proof of Theorem 3.5.

Theorem 3.19 Let A be a non-empty subset of a ternary semigroup T. Define a fuzzy subset A4 of
T by:

lifxeA
A(x)= _
( ) S% otherwise.

Then A is an interior-ideal of T if and only if A4 isan (;,;\/q_k) -fuzzy interior-ideal of T.

Proof. The proof is similar to the proof of Theorem 3.3.

Corollary 3.11 A non-empty subset A of a ternary semigroup T is an interior-ideal of T if and
only if the characteristic function C, , of A ,isanan (;Eva) -fuzzy interior-ideal of T.
Lemma 3.5 The intersection of any family of (g,;vi) -fuzzy interior-ideals of a ternary
semigroup T isan (é,gvi) -fuzzy interior-ideal of T .

Proof: The proof is straightforward.

Lemma 3.6 Every (E,;vi) -fuzzy lateral ideal of a ternary semigroup T is an (;,;\/q_k) -
fuzzy interior-ideal of T.

Proof. The proof is straightforward.

Corollary 3.12 Every (;,é\/q_k) -fuzzy ideal of a ternary semigroup T is an (E,Evi) -fuzzy

interior-ideal of T.



New types of fuzzy ideals of ternary semigroups 79

REFERENCES

[1] S. Abdullah, M. Aslam, T. A. Khan, M. Naeem, A new type of fuzzy normal subgroups and fuzzy
cosets, Journal of Intelligent and Fuzzy Systems, 25 (2013), 37-47.

[2] S. K. Bhakat, (e vq) -level subsets, Fuzzy Sets and Systems, 103 (1990), 529-533.

[3] S. K. Bhakat,(e,evq)—fuzzy normal, quasinormal and maximal subgroups, Fuzzy Sets and
Systems, 112 (2000), 299-312.

[4] S. K. Bhakat, P. Das, On the definition of a fuzzy subgroup, Fuzzy Sets and Systems, 51 (1992),
235-241.

[5] S. K. Bhakat, P. Das, (&, € vq)-fuzzy subgroups, Fuzzy Sets and Systems, 80 (1996), 359-368.

[6] S. K. Bhakat, P. Das, Fuzzy subrings and ideals redefined, Fuzzy Sets and Systems, 81 (1996),
383-393.

[7] Y. B. Jun, Generalizations of (&, € vq)-fuzzy subalgebras in BCK/BCl-algebras, Comput. Math.
Appl., 58 (2009), 1383-1390.

[8] Y. B. Jun, W. A. Dudek, M. Shabir, M. S. Kang, General types of (a,ﬂ)-fuzzy ideals of
hemirings, Honam Math. J., 32 (3) (2010), 413-439.

[9] N. Kuroki, On fuzzy ideals and fuzzy bi-ideals in semigroups, Fuzzy Sets and Systems, 5 (1981),
203-215.

[10] N. Kuroki, Fuzzy semiprime ideals in semigroups, Fuzzy Sets and Systems, 8 (1982), 71-79.
[11] N. Kuroki, On fuzzy semigroups. Inform. Sci., 53 (1991), 203-236.

[12] N. Kuroki, Fuzzy generalized bi-ideal in Semigroups, Inform Sci., 66 (1992), 235-243.

[13] N. Kuroki, Fuzzy semiprime quasi-ideals in semigroups, Inform. Sci.,75 (1993), 201-211.
[14] D. H. Lehmer, A ternary analogue of Abelian groups, Amer. Jr. of Math. 59 (1932), 329-338.

[15] P. M. Pu, Y. M. Liu, Fuzzy topology |, Neighbourhood structure of a fuzzy point and Moor-Smith
convergence, J. Math. Anal. Appl.,76 (1980), 571-599.

[16] A. Rosenfeld, Fuzzy subgroups, J. Math. Anal. Appl., 35 (1971), 512-517.

[17] M. Shabir, M. Ali, Characterizations of semigroups by the properties of their (E,;vi) -fuzzy
ideals. Submitted.

[18] M. Shabir, Y. B. Jun, and Y. Nawaz, Characterizations of regular semigroups by (a,ﬁ) - fuzzy
ideals. Comput. Math. Appl., 59 (2012), 161-175.

[19] M. Shabir, Y. B. Jun, and Y. Nawaz, Semigroups characterized by (e,e vqk)-fuzzy ideals,
Comput. Math. Appl., 60 (2010), 1473-1493.

[20] M. Shabir, T. Mahmood, Characterizations of hemirings by (e,e vqk)-fuzzy ideals, Comput.
Math. Appl., 61 (2011), 1059-1078.

[21] M. Shabir, N. Rehman, Characterizations of ternary semigroups by (e,e \/qk)—fuzzy ideals,
Iranian Jounal of Science and Technology Trans. A, A3 (Special issue-Mathematics) (2012),
395-410

[22] N. Rehman, M. Shabir, Characterizations of ternary semigroups by (a,ﬂ) -fuzzy ideals, World
Applied Sciences Journal 18 (11) (2012), 1556-1570.



80 Noor Rehman, Muhammad Shabir

[23] M. Shabir, Y. Nawaz and M. Ali, Characterizations of regular semigroups by (;,éva) -fuzzy
ideals, World Applied Sciences Journal, 14 (2011) 1866-1878.

[24] F. M. Sioson, Ideal theory in ternary semigroups, Math. Japon., 10 (1965), 63-84.

[25] L.A. Zadeh, Fuzzy sets, Information and Control, 8 (1965), 338-353.



