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In this paper, we define the concepts of (ey, €,V Q) -fuzzy sub-

commutative ideal and (€,, €, Vv Qj)-fuzzy sub-commutative ideal in BCI-
algebra and investigate some of their related properties.
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1. Introduction

The concept of fuzzy set, which was published by Zadeh in his classic
paper [24] of 1965, was applied by many researchers to generalize some of the
basic concepts of algebra. The fuzzy algebraic structures play a central role in
mathematics with wide applications in many other branches such as theoretical
physics, computer sciences, control engineering, information sciences, coding
theory, topological spaces, logic, set theory, real analysis, measure theory etc. In
1991, Xi applied fuzzy subsets in BCK-algebras [23] and got some interesting
results. In 1993, Ahmad [1] and Jun [12] applied the concept of fuzzy sets to BCI-
algebras.

The concept of sub-commutative ideals in a BCI-algebra was initiated by
Liu and Meng [14]. Jun studied fuzzy sub-implicative ideals of BCl-algebras in
[9]. Liu et al. [15] discussed FSI-ideals and FSC-ideals of BClI-algebras. In [§],
Hedayati studied connections between generalized fuzzy ideals and sub-
implicative ideals of BCI-algebras. Zhan et al. discussed characterizations of
generalized fuzzy ideals of BCI-algebras in [26].

In 1971, Rosenfeld [22] laid the foundations of fuzzy groups. In [20],
Murali defined the concept of belongingness of a fuzzy point to a fuzzy subset
under a natural equivalence on a fuzzy subset. The idea of quasi-coincidence of a
fuzzy point with a fuzzy set given in [21], plays a vital role to generate some
different types of fuzzy subgroups, called (a, B)-fuzzy subgroups, introduced by
Bhakat and Das [4]. In particular, (&, € v q)-fuzzy subgroup is an important and

useful generalization of the Rosenfeld’s fuzzy subgroup. Bhakat [2, 3] studied
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(e vQq)-level subsets, (€, € v (q)-fuzzy normal, quasi-normal and maximal
subgroups. Jun introduced the concept of (g, € v ()-fuzzy subalgebras in
BCK/BCl-algebras and investigated some related results in [13]. In [10], Jun
discussed (a, P)-fuzzy ideals of BCK/BCl-algebras. Zhan et al. [25], studied
(€, € v () -fuzzy ideals of BCI-algebras. In [11], Jun defined the concept of (o,
B)-fuzzy subalgebras of BCK/BCl-algebras. Davvaz [6] studied (g, € v Q) -fuzzy

subnear-rings and ideals of nearrings. Davvaz and Corsini [7] redefined fuzzy H,-
submodule and many-valued implications. In [16, 17], Ma et al. discussed some
kinds of (g, € v ) -interval-valued fuzzy ideals of BCI-algebras. In [18], Ma et

al. studied new types of fuzzy ideals of BCI-algebras.
In this paper, we introduce the concepts of (e,, €, v q5)-fuzzy sub-
commutative ideal and (€,, € v Q;)-fuzzy sub-commutative ideal in BCI-

algebra and investigate some of their related properties.
2. Preliminaries

Throughout this paper X always mean a BCl-algebra without any
specification. We also include some basic results that are necessary for this paper.
Definition 2.1. [1] A BCI-algebra X is a general algebra (X, *, 0) of type (2, 0)
satisfying the following conditions:

(BCL-D) ((x*y)*(x*2))*(z*y)=0

(BCI-1I) (X*(X*y)*y=0

(BCI-III) X*X=0

(BCI-1V) X*y=0and y*X=01imply x=Y
forall x,y,ze X.

We can define a partial order “<” on X by X <y ifandonlyif X * y =0.
Proposition 2.2.[1, 19] In any BCI-algebra X , the following are true:
D  (xxy)rz=(X*7)*y
(i)  (X*Z)*(y*z)<Xx*Yy
(i) (X*y)*(X*2)<Z*Yy
(iv) x*0=xX
(V) XE(XE(X*Y))=X*Yy
(vi) X*y<X

forall X,y,ze X.

Definition 2.3. [9] A non-empty subset | of a BCI-algebra X is called an ideal
of X ifit satisfies (I1) and (I12), where
I1) 0el,(I2) x=yelandyel imply xel,

forall x, y e X.
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For any elements x and y of a BCI-algebra, x" * y denotes
X (... * (X * (X * ¥))...), in which X occurs n times.
Definition 2.4. [14] A non-empty subset | of a BCI-algebra X is called a sub-
commutative ideal of X ifit satisfies (I1) and (I3), where
Iy oel,
I3) (yx(y*x(x*(x*xy))*zel and zel imply x*(x*y)el,
forall X, y,ze X.

3. Fuzzy sub-commutative ideals in BCl-algebras
We now review some fuzzy logic concepts.
Definition 3.1. [24] A fuzzy set f of a universe X is a function from X to the
unit closed interval [0, 1], thatis f : X — [0, 1].
Definition 3.2. [5] For a fuzzy set f of a BCl-algebra X and t € (0, 1], the crisp
set f, ={xe X | f(X) > t}is called the level subset of f .
Definition 3.3. [10] A fuzzy set f of a BCl-algebra X is called a fuzzy ideal of
X if it satisfies (F1) and (F2), where
(F1) f(0)> f(x), (F2) f(X)> f(x*xy)A f(y), forall x,ye X.
Definition 3.4. [14] A fuzzy set f of a BCl-algebra X is called a fuzzy sub-
commutative ideal of X if it satisfies (F1) and (F3), where
FDH  1(0) = f(x),
(F3)  f(x*x(x=y) = F((y*(y*x*(x*y))*2) A f(2),
forall X, y,ze X.
Theorem 3.5. [26] A fuzzy set f of a BCl-algebras X is a fuzzy sub-
commutative ideal of X if and only if for every te(0,1],
f, ={xe X | f(X) >t} is a sub-commutative ideal of X.
Definition 3.6. [10] A fuzzy set f of a BCI-algebra X of the form
f(y):{t(:&O) !fy_x,
0 if y=#x,
is said to be a fuzzy point with support X and value t and is denoted by X,.
A fuzzy point X, is said to belong to (resp., quasi-coincident with) a fuzzy
set f,writtenas x, € f (resp., x,qf ) if f(X) >t (resp., f(X) +t>1).
If x,ef or x(qf, then we write X, evaf. If f(x)<t (resp.
f(x) +t <1), then we say that x, € f (resp. X,qf ). The symbol m means
that € v g does not hold.
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Let y, 6 €[0, 1] be such that y < . For a fuzzy point X, and a fuzzy set
f of a BCI-algebra X , Ma et al. [18] defined as follows:
M x e Fif fO)2r>y.
2)  x0q5fif f(X)+r>205.
() x e,vq;fifx e forxag,f.
4  x & vig;fifxef orxqsf.

4. (e,, €, v q,)-fuzzy sub-commutative ideals in BCl-algebras

In this section, we define the concepts of (e,, €, v Q;)-fuzzy sub-

commutative ideal in BCI-algebra and investigate some of their related properties.
Definition 4.1. [18] A fuzzy set f of a BCl-algebra X 1is called an

(g,, €, v Q;)-fuzzy ideal of X if it satisfies (A) and (B), where

A xe f = 0¢€ va,f,

(B) (X*y)t ey f’yr E;/ f = Xt/\r
forall t,r e (y,1] and forall x, y € X.

Theorem 4.2. [18] Every fuzzy ideal of a BCl-algebra X is an (€,,€, v (,)-

ey qu‘fa

fuzzy ideal of X.
Definition 4.3. A fuzzy set f of a BCl-algebra X is called an (€, €, v q,)-

fuzzy sub-commutative ideal of X if it satisfies (A) and (C), where
A xe f = 0€ va,f,
©  ((y*(y*(x=(x*y)=*2), ¢, f,z, ¢ f
= (X*(X* y))t/\r e;/ Vv qé'f’
forall t,r e (y,1] and forall X, y,ze X.
Theorem 4.4. Every fuzzy sub-commutative ideal of a BCl-algebra X is an
(€,, €, vV 4;)-fuzzy sub-commutative ideal of X.

Proof. Straightforward.
Theorem 4.5. A fuzzy set f of a BCl-algebra X isan (€, €, v (;)-fuzzy sub-
commutative ideal of X if and only if it satisfies (D) and (E), where
(D) f(O)vy=>f(x)Ao0,
E)  fxx=xry) vy f((y=(y*X*x=y))*2) A f(2) A0,
forall X, y,ze X.
Proof. (A) = (D)
Let X € X be such that
f(O)vy<f(xX)ano.
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Then
fOvy<t<f(X)Ad
for some y <t < o. Thisimplies x, € f but 0, € f . Since
f(X)+t<20
we have 0,7, f . It follows that 0, €, v g, f, which is a contradiction. Hence
f(O)vy>f(X)no.

D = @A)

Let x, €, f. Then f(x)>t>y. If 0, €, f, then (A) holds. If
0, € f,then f(0) <t < f(X). Since

fOvy>2f(X)Ad2tAd
it follows that f (0) > &. Hence
f(0)+t> f(0)+ f(0)=2f(0) > 25.

Thus0,q, f. Hence 0, €, v q;f.
€ = (E)

Suppose (E) does not hold. Then there exist X, y, Z € X such that

fxxx=y) vy <f((y=(y=x=x*y))*2) A f(2) A0
Then
fxx(xxy)vy<t<f((y*(yxx=Xx=y)))*2)n f(2) Ao

for some t e (y,5] and so ((y*(y*(x*(x*y))*2), €, f and z, €, f ,

but (X *(x *Yy)), €, v d;f.Thisis a contradiction. Hence
fxx(xxy)vyz f((y=(y*x=(x*xy))*2) A f(2) A S
E) = (©)
Let (y*(y*(X*(xX*y))*2), e, fandz e f.
Then
fy *(y*(x*(x*y))*z)=tand f(z)2r.
If (x*(x*y),, € f, then (C) holds. If (x*(x*y)),, € f, then
f(x*(x*Yy)) <tAar. Since
fxxxxy)vyz f((yx(y* X=Xy *2) A f(2)Ad
2LATAO
it follows that f(X * (X * y))>6 and t A r > . Thus
f(X*x(X*y)+tAr>06+06=256
=  (x*(x*y), 0qf.
Hence
(X*(X*¥) . €, Vst
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Remark 4.6. For any (€, €, Vv ;) -fuzzy sub-commutative ideal f of a BCI-

algebra X , we have
6)) If y=0and 6 =1, then f is a fuzzy sub-commutative ideal of X .

(i1) If y=0and 6 =0.5,then f isan (g, € v q)-fuzzy sub-commutative
ideal of X .

For any fuzzy set f of a BCl-algebra X , we define
f/=xeX|x €, f}
fo={xeX|xq,f}
and [f1P={xe X]|X €, v q,f} forall r €[0,1].
It is clear that
[f1P=f" U f°.
The relationship between (e,, €, v ;) -fuzzy sub-commutative ideals

and the crisp sub-commutative ideals of a BCI-algebra X can be expressed in the
form of the following theorem.
Theorem 4.7. Let f be a fuzzy set of a BCI-algebra X . Then

(D) f isan (e, €, v q,)-fuzzy sub-commutative ideal of X if and only if

f/ (# @) is a sub-commutative ideal of X forall r € (y, J].

2) If 26 =1+ y,then f isan (€, €, v q,)-fuzzy sub-commutative ideal
of X ifand only if f’(# @) is a sub-commutative ideal of X for all
re(s,l].

(3) If 26 =1+ y,then f isan (€, €, v q,)-fuzzy sub-commutative ideal
of X ifand only if [ f]° (# #) is a sub-commutative ideal of X for all
re(y1].

Proof. (1) Let f be an (g, €, v q;)-fuzzy sub-commutative ideal of X and

x e f/ for r € (y, J]. Since

fOvy>2f(X)Ad2rad=r>y
we have f(0)>r. Hence 0 e f/. Let (y*(y*(X*(X*Yy)))*2z,z € f/.
Then
fFly*(y*(x=(x=y))*2)2r>y, f()=r>y.
Since
fixx(x=y) vy f((y*(yxx=Xx*y)*2) A f(2)Ad
2IATAO=IAS=r>y
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we have f(x*(x*y))>r. Thus X*(X*y)e f”. Therefore f’ is a sub-
commutative ideal of X.
Conversely, assume that f’ is a sub-commutative ideal of X for
all r € (y, d]. If there exists X € X such that
fOvy<r=f(X)Ad
then x, €, f,but 0, €, v q,f , which is a contradiction. Suppose X, Y, z € X

be such that

foxx(xxy) vy < f((y*(y*x=(x*y))*2) A f(2) Ao
Select t € (, 0] such that

fxx(xxy)vy<t=Ff(y*(y*Xx*Xx=*y))*2)n f(2) A6
Then
((yx(y*x(xx(x*xyN)*2), €, f,z,¢€, f but (x*(x*y)) €, va,f.

which is a contradiction. Hence

fxx(xxy) vy f((y*(y*x=(Xx=*y)))*2) A f(2) Ao
Therefore f isan (€,, €, v q,)-fuzzy sub-commutative ideal of X .

(2) Suppose f isan (€,, €, v ;) -fuzzy sub-commutative ideal of X .
Let (y* (y* (X*(Xx*Y))*2z,2 € f’. Then

((y = (y = (x* (x*y)) *2),0;f, 2,09, f.
This implies that
Fy*(y*(X*(X*y))*z2)+r>205, f(z)+r>20
flly=(yx(x*=(x*y))*2)>26-r1, f(2)>26-r
f(ly*(y*(Xxx(X*xy))*2)>20-r=220—-1=y, f(2)>20-r=>220-1=y.
By hypothesis
fxx(xxy)vyz f((y*(y*x=x*y))*2)A f(2)rd
>26-rNAQR5-r) Ao
=20 -rNAd>20-r.
So that f(x * (X *Yy))>28 —r. Thus f(X* (X * y))+r >20. This implies that
(X * (X *y)),q,f, thatis, x * (x * y) € f°. Hence f’ is a sub-commutative
ideal of X .
Conversely, assume that f?’ is a sub-commutative ideal of X for
all r € (3, 1]. Let x € X be such that
fO)vy<f(xX)ao.
Then
20 —(F(X) A 0) <20 — (T(0) v p).
This implies that
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26 — f(X)) v I <26 - F(0)) A (20 - y).
Select r € (0, 1] such that
26— fT(X)vo<r<(20 - f(0) A (20 - p).
Then
20— f(x)<r and r <26 - f(0)
= 20<f(X)+r and f(0)+r<20.
Thus x,q,f but 0,7, f ,thatis, x e f’ but 0 ¢ f’, a contradiction. Hence
f(O)vy=>Tf(X)A0d.
Now, suppose X, Y, Z € X be such that
fxx(xxy)vy<f(y=(y*x=Xx=*y))*2)n f(2) A S
Then
20 = (Fy = (y = (x*x(x*y)) *2) A F(2) A 8) <26 = (F(X*(X*Y)) v ).
This implies that
(20 = (F((y = (y = (x* (x* ¥)) * 2)) v (26 — f(2)) v &)
<26 = f(x*=(X*Yy)) A Q25 —p).
Select some r e (0, 1] such that

(26 = (F((y * (y * (x * (X * ¥)))) * 2)) v (26 — f(2)) v 5)
<r<20 - f(xx(xX*y)) AR5 —yp).
Then
20 - f((y*(y*x(X*=(X*y))))*2) <r, 20 — f(z) <rand
r<26 — f(x#*(x#*y))

= f((y*x(y*X*x(xX*xy)))*2)+r>25, f(z2)+r>26
and f(x*x(xX*y)+r<26
Thus

((y *(y* (x*=(x*y)) *2),q5f, z,05F, but (X * (x*y)),q,f,
thatis, (y * (y * (X * (x * y)))) * z and zarein f’ but x * (x * y) & f?°,
a contradiction. Hence

fxx(x*xy)vyzf(y*(y*=x*Xx*y))*z)n f(z2) Ao
This shows that f isan (€,, €, v q,)-fuzzy sub-commutative ideal of X .

3) Let f be an (€,,€, v q;)-fuzzy sub-commutative ideal of X and
r e(y,1]. Then forall x e [f]’, we have X, €, v q,f, thatis
fX)2r>yor f(X)>20-r>20-1=y.
Since f isan (€, €, v q,)-fuzzy ideal of X, therefore
fOvy>2ft(X)Ad2ZyAd=y
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and so f(0) >y, thatis, f(0)> f(x) A 0.
Casel:If r e (y, 0],then 26 —r > 6 > r and so
fO>2f(X)Ad>2rad=r.
Thus, 0, €, f.
Case2:If r e (0,1],then 26 —r <6 <r and so
f(O)2fT(X)AIZ2ZrAd=0>20-r.
Hence, 0,0, f. Thus in any case, we have 0, €, v g, f.
Let (y* (y*(X*(x*Yy)))*2z,2 e[f]°, sowe have
((y = (y = (x*(x*y))*12),,2 €, Vv Qsf
thatis, f((y*(y*(Xx*(X*y)))*2)>r>ypand f(z)>r >y .Since f isan
(g,, €, v ;) -fuzzy sub-commutative ideal of X , therefore
fxx(xxy)vyz f(y*(y*x*=x=y))*2) A f(2) A
SYAVYAO=yYAS=Y
and so
fxx(xxy)2 f((y*(y*(x*=x*=y))*) A f(2) A 6.
Casel:If r e (y, 0],then 26 —r 26 > r and so
fxx(xxy)z f((y*x(y=(x*=(x*=yN)*2) A f(2) A S

SIArAd=raAd=r.
Hence, (X * (X *Y)), €, f.
Case2:If r e (0,1],then 26 —r <6 < r and so

fxx(xxy)2 f((y*x(y*(x*=(x*xy))*2)A () A b
SIANTAO=rAd=0=20-Tr.

Thus, (x* (X *Y)),dsf. Hence in all cases we have (X * (X *Y)), €, v q,f,

thatis, X * (x * y) e [f]°. Therefore [ f]° is a sub-commutative ideal of X .
Conversely, suppose that [f]° is a sub-commutative ideal of a BCI-
algebra X, for all r € (y, d]. If there exists X € X be such that
fOvy<r=fXxX)Ad,
then x, €, f but 0, €, v q,f . Since [f1°

. 1s a sub-commutative ideal of X,

we have 0 e [f]?, which is a contradiction. Suppose X, Y, Z € X be such that
foxx(xxy) vy < f((y*(y*x=(x*y)))*2)A f(2) Ao
Select some r € (y, 1] such that

fxx(x*xy)vy<r=f(y*(y*xX*xx*y)*2) A f(2)nd.
Then
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((y*(y*(x=(x*xy))=*2), €, f,z, € fbut(x*(x*y)), € va,f.
Since [f]f is a sub-commutative ideal of X , we have X * (X * y) € [f]f, which
is a contradiction. Hence

fxx(xxy)vyz f((y*(y*x=x=*y))*2) A f(2) A S
Therefore f isan (€, €, v q,)-fuzzy sub-commutative ideal of X .
By setting » =0 and 6 =0.5 in Theorem 4.7, the following

corollary is obtained.
Corollary 4.8. Let f be a fuzzy set of a BCl-algebra X . Then

(D) f isan (g, € v Q)-fuzzy sub-commutative ideal of X if and only if
f, (# ¢) is a sub-commutative ideal of X forall r € (0, 0.5].
2) f isan (g, € v q)-fuzzy sub-commutative ideal of X if and only if

Q(f; r)( # @) is a sub-commutative ideal of X for all r € (0.5, 1], where
Q(f; 1) ={xe X | xqf}.
3) f isan (g, € v Q)-fuzzy sub-commutative ideal of X if and only if
[f],(# ¢) is a sub-commutative ideal of X forall r € (0, 1].

5. (§,, €, Vv 0,)-fuzzy sub-commutative ideals in BCl-algebras

In this section, we define the concept of (€,, €, v 0;)-fuzzy sub-
commutative ideals in BCl-algebras and investigate some of their related
properties.

Definition 5.1. A fuzzy set f of a BCl-algebra X is called an (€,, €, v Qj)-
fuzzy sub-commutative ideal of X if it satisfies (F) and (G), where

(F) 0,€ f = x € vi,f,

(G (xx(Xx*y), & F = (y*(y*(xx(x*xy))*2), € v,f or

z, § v,f,

forall t,r e (y,1] and forall X, y,ze X.

Theorem 5.2. A fuzzy set f of a BCl-algebra X isan (€,, €, v Q) -fuzzy sub-
commutative ideal of X if and only if it satisfies (H) and (I), where
(H) f(0)v o= f(x),
@ fxx(xxy) vz f((y=(y*(x*(x*y)))*2)n f(2),
forall x,y,ze X.
Proof. (F) = (H)
Suppose there exists X € X such that
f(0) v o< f(X).
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Take f(x) =t, then t > and f(0) <t Now 0,€, f.Then by hypothesis
X, € v,f.But f(x)=t, so x, €, f. Hence x 7, f, thatis, f(x)+t<25.
This implies t < &, which is a contradiction to t > 6 . Hence
f(0)v o= f(x).
H) = )
Let 0, €, f.Then f(0)<t.
@) If £(0)> f(x), then f(x) <t,f(x)<t andso x, €, f.
(b) If f(0) < f(x), thenby (H), 6 > f(x).
(1) If f(x)<t, then X, € f.
(i)  If f(xX)>t, thent < f(x) <. It follows that f(X) +t <25 and so
X0, f. Hence in any case X, €, v G f.
@ =@
Suppose there exist X, Yy, Z € X such that
fxx(xxy) v < f((y*(y*(x*Xx=y))*2) f(z)=t
t>0, f(xx(xxy)<t, f((y*(y*(X*(x=*y)))*z)>tand f(z) >t
This implies
xx(x*xy) € fL(y*(y*(x*=(x*y)*2), €, fandz e f.
Thus by hypothesis either ((y * (y * (X * (X * Y)))) * 2),q5f or z,q,f.
If ((y = (y * (X * (x * y)))) * 2), T f , then
FOCy * (y = (x* (x*y)) * 2) + < 26.
This implies t < &, which is a contradiction to t > ¢. If z,q; f, then
f(z) + t <26. This also implies t < 3, which is again a contradiction to t > o.
Hence
fxx(xxy) vz f((y*(y=*(x*(x*y)))=*2) A f(2).
@D = (G)
Let (x* (x*Y)),,, € f.Then f(x*(x*y)<tar
@ IF (= (xxy) = F((y = (y = (x*(x*Y))*2) A f(2), then
flly=(yx(x=(x=y))*2)n f(2)<tar,
and consequently, f((y *(y*(X*(X*Y)))*2z) <t or f(z) <r.It follows
that
((y = (y*=(x*(x*y))=*2), € forz € f.
(b)  If F(xx(x*y)) < F((y *(y* (X*(x*Yy))) *2) A f(2), then by (I),
&2 F((y*(y*(x*(x*y))*2) A f(2)
(1) If f((y=*(y=*(x*x(X*Y)))*2)A f(z) <t Ar, then either
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f(y *(y*(x*x(x*y))*z) <t or f(z) <,
that is, either
(Y (y*(xx(xxy))*2), & forz, g f.

(i1) If f((y*(y*(XxX*x(X*Y)))*2)A f(z)>t Ar, then either

o2 f((yx(y*x(X*(x*y))))*xz)>t or o= f(z)=>r.
This implies either ((y * (y * (X * (X * y)))) * 2),q, f or z,q, f. Hence in any
case

((yx(y=(x*(x*=y))=*2), € va,f orz € vf.
Remark 5.3. For any (€, €, v ) -fuzzy sub-commutative ideal f of a BCI-
algebra X , we can conclude that if 6 = 0.5, then f is the (€,€ v O)-fuzzy
sub-commutative ideal of X .

The relationship between (€,, €, v Q,)-fuzzy sub-commutative

ideals and the crisp sub-commutative ideals of a BCI-algebra X can be expressed
in the form of the following theorem.
Theorem 5.4. Let f be a fuzzy set of a BCl-algebra X . Then f is an
(§,, € Vv Q;)-fuzzy sub-commutative ideal of X if and only if f/(# ¢) is a
sub-commutative ideal of X forall r € (J, 1].
Proof. Let f be an (€, €, v {,)-fuzzy sub-commutative ideal of X and
x e f/ for r € (9, 1]. Since
fO)vox2t(X)2r>o
we have f(0)>r. Hence O e f/. Let (y*(y*(X*(X*Yy)))*2z,z¢e f.
Then f((y*(y*(X*(X*Yy)))*z)>r>0 and f(z) >r > 0. Since
fxx(xxy) v oz f((y=(y=*(x*x=*y))*2) f(2)
2IAr=r>90
we have f(x=*(X*y))>r. Thus x=*(Xx*y)e f’. Hence f’ is a sub-
commutative ideal of X .
Conversely, assume that f’ is a sub-commutative ideal of X for all
r € (0, 1]. Suppose there exists X € X such that
fOvo<t(x)=r.
Then r > 0 and X € f but0 ¢ f, a contradiction. Hence
f(0)v o= f(x).
Now, suppose X, Y, Z € X be such that
fxx(xxy)) v o< f((y = (y*(x*(x*Yy)))*2) A f(2).
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Take t = f((y * (y * (X * (X * Y)))) * ) A f(2). Then
t>0 and(y *(y*(X*(x*y))*xzef’ andze f/ but x*(x*y)e f/,
which is a contradiction. Hence
fxx(xxy) vz f((y=(y*(x*(x*y))=*2)n f(2).
This shows that f isan (€,, €, v 0;)-fuzzy sub-commutative ideal of X .
Corollary 5.5. Let f be a fuzzy set of a BCI-algebra X . Then

(1) f isan ('€,€ v Q)-fuzzy sub-commutative ideal of X if and only if
f, (# @) is a sub-commutative ideal of X forall r € (0.5, 1].
(2) f isan ('€,€ v Q)-fuzzy sub-commutative ideal of X if and only if

Q(f; r)( # @) is a sub-commutative ideal of X forall r € (0, 0.5], where
Q(f; 1) = {x e X | xqf}.
6. Conclusions

In the study of fuzzy algebraic system, we see that the fuzzy sub-
commutative ideals with special properties always play a central role.
In this paper, we define the concepts of (€, €, v q5)-fuzzy sub-

commutative ideal and (€,, € v Q,)-fuzzy sub-commutative ideal of BCI-

algebras and give several properties of fuzzy sub-commutative ideals in BCI-
algebras in terms of these notions.

We believe that the research along this direction can be continued, and in
fact, some results in this paper have already constituted a foundation for further
investigation concerning the further development of fuzzy BCI-algebras and their
applications in other branches of algebra. In the future study of fuzzy BCI-
algebras, perhaps the following topics are worth to be considered:

(1) To characterize other classes of BCI-algebras by using this notion;

(2) To apply this notion to some other algebraic structures;

3) To consider these results to some possible applications in computer
sciences and information systems in the future.
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