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FRAMES OF DILATIONS

M. A. Hasankhani Fard!

In this paper the frames of dilation for L2(0,00) are introduced. The
elements of this frames appears by the action of the special class of the dilation
operators on a single element ¢ € L2(0,00). We find some sufficient or necessary
conditions for Bessel condition. The problem that when this sequences are frame
or frame sequence in L2(0,00) is open.
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1. Introduction

Given a separable Hilbert space H with inner product < .,. >, a sequence
{fx}32, is called a frame for H if there exist constants A > 0, B < oo such that for
all f e X,

AlFIP <D 1< £ fe> 1P < BIFIP, (1)
k=1

where A, B are the lower and upper frame bounds, respectively. The second inequal-
ity of the frame condition (1) is also known as the Bessel condition for {fi}32,. If
A = B, then {fi}32, is called a tight frame[l, 2, 4, 7]. A sequence {f;}?2, in
Hilbert space H is called a frame sequence in H if it is a frame for Hilbert space
spand fr}32,. For more information concerning frames refer to[3, 5, 6]

For any z € R and y € R — {0} the translation operator 7, and dilation
operator Dy on Ly(R) are defined by

(D)) = (6= 2), (D)) = —=F (),

Vvl v
Frames of translates are frame sequences in Lo(R) of the form {7}, ¢}rez, where
{Ak}rez is a sequence in R and ¢ € Ly(R) [2].
The following example was a motivation to use the dilation operator on Lo (0, c0)
instead of translation operator in the definition of the frames of translates.

Example 1.1. The sequence {Dy;iX(1,0) }jez s a Bessel sequence in L(0,00) with
Bessel bound a — 1, where a > 1, D,; is the dilation operator by a’ and X(L,a) S the
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characteristic function on interval (1,a). Indeed, for all f € L2(0,00) we have

S Duxa) P = Sl [ faiz)dap
jez jez 1
@it

:Za‘ﬂ/ﬂj f(@)da|?

JEZ

< Za_j/

jEL @l

alt1 alt1

|f () dz / 1%dx

J

J+1

—@-D [ 1f@)Pda

= (a — - X 2 T
—( 1)/0 ()P
— (a— |||~

Also the sequence {DyiX(1,q)}jez 5 a tight frame sequence in La(0,00) with frame
bound a — 1. Indeed, if f € span{DyiX(1,a)}jez, then f = > ;c;ciDsiX(1,q), where
I is a finite subset of Z and c¢; € R for all i € I. Thus by using the fact Dy = D1,

Y

DyDy = Dyy and Dyix1,a)(z) =0 for alli # 0, x € (1,a) we have

Y 1, Duixa) P =D <Z CiDaiX(l,a)vDan(l,a)> ?

JEL jez  \iel
=> 1) ci{Dui-iX(1,0) X(1a)) I°
jer el
=> > Ci/(] DoimiX(1,0) (%)X (1,0 () d|?
JEL el
a q »
= Z ‘ Z Ci/ fX(l,a)(aJ_Zl“)de
jez Ger  J1 Va'l
a q »
= Z ‘ Z Ci/ ——X( a)(a]_zfﬂ)dx‘Q
- - Var—J ’
jel ier 71
a 1 -
+ Z | ZCz/l \/ﬁX(l,a)(aJ ﬂ:’)dl’|2
JEZNI i€l

a q o
= C; ——=X(l.a CL‘]_Z.I' d.z 2 + o
212 /1 ==X, )( )dz|

jel el
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and hence
Z‘<f7Dan(1a Z|Cj/ X(la dZL'—l- Z Cz/ \/7 1a(a] ' )d.’IJ’Q
JEL Jel i€l i#j
= lejlixaal? + 0P
jel
= (a=1)>_lePlxaal?
jel
a_ 1 <ch atX(1,a) ZC] ai X 1a)>
el JjeI
= (a—D|fI*

2. Main Results

Definition 2.1. A frame of dilation is a frame sequence in L2(0,00) of the form
{Dy, qb}]ez, where {\j}jez is a sequence in (0,00) and ¢ € Lo(0,00).
If \j = a’, where a > 1, then {D;¢}jez is called regular .

A sufficient condition for Bessel condition of a regular frame of dilation is given
in the next proposition. We define the function ® on (0, co) by (2) =X ez @ |Pp(x) 2,

for any ¢ € L2(0,00) and a > 1. It is easy to show that [ ®(z)dz = ||¢||* and hence
& e Li(1,a)

Proposition 2.1. If supp(¢) C Userla, a’tt], for some finite subset I of 7, then
{D,;¢}jez is a Bessel sequence in La(0,00) with Bessel bound |I|||¢[*.

Proof. For all f € Ly(0,00) we have

™1 (f, D) [ Zafr/ (@) dar?

JEZL JEZL supp
<Y / \f(aiz) Pde / 16(x) 2de
jez supp(¢) supp(¢)
'L+1
<Py / r)Palda
JEZ i€l
z+]+1
NS / 2)dx
i€l jEL
PR

0

Corollary 2.1. If supp(¢) C Ujerle, di], for some finite subset I of 7 such that
% < q for alli € I, then {Dyd}jez is a Bessel sequence in La(0,00) with Bessel
bound (18]I
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Proof. The intervals [c;a’,d;a’) are disjoint for any i € I and j € Z, since g—: <a
Now for all f € Ls(0,00) we have

™1 (f, D) [ Zafr/ @) da?

JEZL JEZL supp
<Y / f(a) Pz / 6(2) P
jez supp(¢) supp(¢)
D30 oy TR
JEZ el
daJ
— 1YY / 2)Pdz
iel jez i’
— 1116121111

0

Corollary 2.2. If ¢ € Ly(0,00) is compactly supported, then {D,;¢}jez is a Bessel
sequence in Ls(0,00).

The following example shows that the converse of Proposition 2.1 is not cor-
rect.

Example 2.1. Let a > 1 and let ¢ be a function on (0,00) defined by
==
0 ifze(01)

then {D,;¢}jcz is a Bessel sequence in Lo(0,00) with Bessel bound 2\[ Indeed,
for all f € Ly(0,00) we have

> 1{f, Dasd) P ZaJ!Z/ S(2)dz?

JEZ JEZ LeZ
4 o0 )
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< J%aﬂ ;FZ y/a flala) S —da?
Qb+t 57
<ZZGJZFZ/ )2z y 7a4+1—a4d$
JE =
~Y Z Vo Z Vo / )Pz
jEZ /=0

atti+t

szz/w )2dz



Frames of dilations 47

= (_ V2 ORfIP
=0

2 2
_3_2\/§Hf”

For any 1 < p < oo and v = {v;}jez € £,(Z) with v; # 0, for all j € Z, we
define L;(0,00) by

1
L7(0,00) := {f : (0,00) — C; Y | —x(as,ar+1) I} < 00}.
jez M

Also for ¢ € L}(0,00), we define ||¢]|, by

1 1
Il = VI ||7¢X[aj,aj+1)|!£)z7-

jez M
For all 5 € Z we have
P <> P = Il
JEZ
and hence for all ¢ € L}(0,00)

1
1oll% > IIVHPW(Z 10X (a3 ,a+1)I5) = 2P
JEZ

Thus ||¢]| < ||¢]|ly for any v = {v;}jez € l2(Z) with v; # 0, for all j € Z and hence
L (0,00) is a sub space of L,(0,00).

Theorem 2.1. Let ¢ € Ly(0,00) and B > 0.

1) If |8lly < VB, for some v = {7;}jez € €2(Z) with v; # 0, for all j € Z, then
{D.i¢}jez is a Bessel sequence in Lo(0,00) with Bessel bound B.

2) If {D,i¢}jez is a Bessel sequence in L(0,00) with Bessel bound B, then ||¢| <
VB.

3) If {Dy;¢}icz is a frame in La(0,00) with frame bounds A and B, then VA <
o]l < VB.

Proof.
1) For all f € La(0,00) we have

€+1
S Dud) P =Y a J|Zm|| [, f@
JEZ jez  tez e
aé-‘rl 1

<Y S Y / 2)dx / Ww»(x)?dx

jer  tew tez at |7

< 2 Zn—quafam 1By o / o)

LeT JEZ at
LETE

< B|f|?
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2) Let {D,j¢};jcz be a Bessel sequence in L(0,00) with Bessel bound B. Then
T : 6y(Z) — L2(0,00), with T({c;}jez) = > ez ¢jDas® is well defined bounded

linear operator with ||7'|| < v/B. The sequence {d;};cz defined by
0 :{ 1 if j=0,
J 0 ifj#0 ~
has |[{d;};ez| = 1. Thus
Bx|T|?= sup [IT({c;}je)ll” = IT{d;}ien)lI” = llo]*.

{ej}jezll=1

3) We have A|f|2 < ¥es | (f Das) P, for all f € La(0,00). TF f = x{1.09, then
Ala—1) <D " [{X1,0), Dasd) I”

JEZ
=Y o) [ FaTD)deP?
—Z J\/l o(aTz)dz]

— a_j ’ a_j:an
< (a 1% /1|¢< )2
= (a — ’ a_j a_jxgx
— 1)/1]% (aIx)2d
—(a—1) /1a<I>(x)dx
= (a— 1|9

and hence vA < |9
Open problems:

O

1) Which conditions on ¢ will imply that the sequence {D,;$} ez is a Bessel se-

quence, frame sequence, Riesz sequence or orthonormal sequence in Ly (0, 00)?
2) Can {Dy;d}jez to be a frame, Riesz basis or orthonormal basis for La(0,00)?
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