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FRAMES OF DILATIONS

M. A. Hasankhani Fard1

In this paper the frames of dilation for L2(0,∞) are introduced. The
elements of this frames appears by the action of the special class of the dilation
operators on a single element ϕ ∈ L2(0,∞). We find some sufficient or necessary
conditions for Bessel condition. The problem that when this sequences are frame
or frame sequence in L2(0,∞) is open.
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1. Introduction

Given a separable Hilbert space H with inner product < ., . >, a sequence
{fk}∞k=1 is called a frame for H if there exist constants A > 0, B < ∞ such that for
all f ∈ H,

A∥f∥2 ≤
∞∑
k=1

| < f, fk > |2 ≤ B∥f∥2, (1)

where A,B are the lower and upper frame bounds, respectively. The second inequal-
ity of the frame condition (1) is also known as the Bessel condition for {fk}∞k=1. If
A = B, then {fk}∞k=1 is called a tight frame[1, 2, 4, 7]. A sequence {fk}∞k=1 in
Hilbert space H is called a frame sequence in H if it is a frame for Hilbert space
span{fk}∞k=1. For more information concerning frames refer to[3, 5, 6]

For any x ∈ R and y ∈ R − {0} the translation operator Tx and dilation
operator Dy on L2(R) are defined by

(Txf)(t) = f(t− x), (Dyf)(x) =
1√
|y|

f(
x

y
).

Frames of translates are frame sequences in L2(R) of the form {Tλk
ϕ}k∈Z, where

{λk}k∈Z is a sequence in R and ϕ ∈ L2(R) [2].
The following example was a motivation to use the dilation operator on L2(0,∞)
instead of translation operator in the definition of the frames of translates.

Example 1.1. The sequence {Dajχ(1,a)}j∈Z is a Bessel sequence in L2(0,∞) with

Bessel bound a− 1, where a > 1, Daj is the dilation operator by aj and χ(1,a) is the

Department of Mathematics Vali-e-Asr University, Rafsanjan, Iran e-mail:
m.hasankhani@vru.ac.ir

43



44 M. A. Hasankhani Fard

characteristic function on interval (1, a). Indeed, for all f ∈ L2(0,∞) we have

∑
j∈Z

|
⟨
f,Dajχ(1,a)

⟩
|2 =

∑
j∈Z

aj |
∫ a

1
f(ajx)dx|2

=
∑
j∈Z

a−j |
∫ aj+1

aj
f(x)dx|2

≤
∑
j∈Z

a−j

∫ aj+1

aj
|f(x)|2dx

∫ aj+1

aj
12dx

= (a− 1)
∑
j∈Z

∫ aj+1

aj
|f(x)|2dx

= (a− 1)

∫ ∞

0
|f(x)|2dx

= (a− 1)∥f∥2.

Also the sequence {Dajχ(1,a)}j∈Z is a tight frame sequence in L2(0,∞) with frame
bound a − 1. Indeed, if f ∈ span{Dajχ(1,a)}j∈Z, then f =

∑
i∈I ciDaiχ(1,a), where

I is a finite subset of Z and ci ∈ R for all i ∈ I. Thus by using the fact D∗
y = D 1

y
,

DxDy = Dxy and Daiχ(1,a)(x) = 0 for all i ̸= 0, x ∈ (1, a) we have

∑
j∈Z

|
⟨
f,Dajχ(1,a)

⟩
|2 =

∑
j∈Z

|

⟨∑
i∈I

ciDaiχ(1,a), Dajχ(1,a)

⟩
|2

=
∑
j∈Z

|
∑
i∈I

ci
⟨
Dai−jχ(1,a), χ(1,a)

⟩
|2

=
∑
j∈Z

|
∑
i∈I

ci

∫ ∞

0
Dai−jχ(1,a)(x)χ(1,a)(x)dx|2

=
∑
j∈Z

|
∑
i∈I

ci

∫ a

1

1√
ai−j

χ(1,a)(a
j−ix)dx|2

=
∑
j∈I

|
∑
i∈I

ci

∫ a

1

1√
ai−j

χ(1,a)(a
j−ix)dx|2

+
∑
j∈Z\I

|
∑
i∈I

ci

∫ a

1

1√
ai−j

χ(1,a)(a
j−ix)dx|2

=
∑
j∈I

|
∑
i∈I

ci

∫ a

1

1√
ai−j

χ(1,a)(a
j−ix)dx|2 + o
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and hence∑
j∈Z

|
⟨
f,Dajχ(1,a)

⟩
|2 =

∑
j∈I

|cj
∫ a

1
χ(1,a)(x)dx+

∑
i∈I,i ̸=j

ci

∫ a

1

1√
ai−j

χ(1,a)(a
j−ix)dx|2

=
∑
j∈I

|cj∥χ(1,a)∥2 + 0|2

= (a− 1)
∑
j∈I

|cj |2∥χ(1,a)∥2

= (a− 1)

⟨∑
i∈I

ciDaiχ(1,a),
∑
j∈I

cjDajχ(1,a)

⟩
= (a− 1)∥f∥2.

2. Main Results

Definition 2.1. A frame of dilation is a frame sequence in L2(0,∞) of the form
{Dλj

ϕ}j∈Z, where {λj}j∈Z is a sequence in (0,∞) and ϕ ∈ L2(0,∞).

If λj = aj, where a > 1, then {Dλj
ϕ}j∈Z is called regular .

A sufficient condition for Bessel condition of a regular frame of dilation is given
in the next proposition.We define the function Φ on (0,∞) by Φ(x) =

∑
j∈Z a

j |ϕ(ajx)|2,
for any ϕ ∈ L2(0,∞) and a > 1. It is easy to show that

∫ a
1 Φ(x)dx = ∥ϕ∥2 and hence

Φ ∈ L1(1, a).

Proposition 2.1. If supp(ϕ) ⊂ ∪i∈I [a
i, ai+1], for some finite subset I of Z, then

{Dajϕ}j∈Z is a Bessel sequence in L2(0,∞) with Bessel bound |I|∥ϕ∥2.

Proof. For all f ∈ L2(0,∞) we have∑
j∈Z

| ⟨f,Dajϕ⟩ |2 =
∑
j∈Z

aj |
∫
supp(ϕ)

f(ajx)ϕ(x)dx|2

≤
∑
j∈Z

aj
∫
supp(ϕ)

|f(ajx)|2dx
∫
supp(ϕ)

|ϕ(x)|2dx

≤ ∥ϕ∥2
∑
j∈Z

∑
i∈I

∫ ai+1

ai
|f(ajx)|2ajdx

= ∥ϕ∥2
∑
i∈I

∑
j∈Z

∫ ai+j+1

ai+j

|f(x)|2dx

= |I|∥ϕ∥2∥f∥2.

�

Corollary 2.1. If supp(ϕ) ⊂ ∪i∈I [ci, di], for some finite subset I of Z such that
di
ci

≤ a for all i ∈ I, then {Dajϕ}j∈Z is a Bessel sequence in L2(0,∞) with Bessel

bound |I|∥ϕ∥2.
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Proof. The intervals [cia
j , dia

j) are disjoint for any i ∈ I and j ∈ Z, since di
ci

≤ a.

Now for all f ∈ L2(0,∞) we have∑
j∈Z

| ⟨f,Dajϕ⟩ |2 =
∑
j∈Z

aj |
∫
supp(ϕ)

f(ajx)ϕ(x)dx|2

≤
∑
j∈Z

aj
∫
supp(ϕ)

|f(ajx)|2dx
∫
supp(ϕ)

|ϕ(x)|2dx

≤ ∥ϕ∥2
∑
j∈Z

∑
i∈I

∫ di

ci

|f(ajx)|2ajdx

= ∥ϕ∥2
∑
i∈I

∑
j∈Z

∫ dia
j

ciaj
|f(x)|2dx

= |I|∥ϕ∥2∥f∥2.

�

Corollary 2.2. If ϕ ∈ L2(0,∞) is compactly supported, then {Dajϕ}j∈Z is a Bessel
sequence in L2(0,∞).

The following example shows that the converse of Proposition 2.1 is not cor-
rect.

Example 2.1. Let a > 1 and let ϕ be a function on (0,∞) defined by

ϕ(x) =

{ √
2−j

aj+1−aj
if x ∈ [aj , aj+1), j ≥ 0,

0 if x ∈ (0, 1)
,

then {Dajϕ}j∈Z is a Bessel sequence in L2(0,∞) with Bessel bound 2
3−2

√
2
. Indeed,

for all f ∈ L2(0,∞) we have∑
j∈Z

| ⟨f,Dajϕ⟩ |2 =
∑
j∈Z

aj |
∑
ℓ∈Z

∫ aℓ+1

aℓ
f(ajx)ϕ(x)dx|2

=
∑
j∈Z

aj |
∞∑
ℓ=0

4
√
2−ℓ

∫ aℓ+1

aℓ
f(ajx)

4
√
2−ℓ

√
aℓ+1 − aℓ

dx|2

≤
∑
j∈Z

aj
∞∑
ℓ=0

√
2−ℓ

∞∑
ℓ=0

|
∫ aℓ+1

aℓ
f(ajx)

4
√
2−ℓ

√
aℓ+1 − aℓ

dx|2

≤
∑
j∈Z

aj
∞∑
ℓ=0

√
2−ℓ

∞∑
ℓ=0

∫ aℓ+1

aℓ
|f(ajx)|2dx

∫ aℓ+1

aℓ

√
2−ℓ

aℓ+1 − aℓ
dx

=
∑
j∈Z

aj
∞∑
ℓ=0

√
2−ℓ

∞∑
ℓ=0

√
2−ℓ

∫ aℓ+1

aℓ
|f(ajx)|2dx

=
∞∑
ℓ=0

√
2−ℓ

∞∑
ℓ=0

√
2−ℓ

∑
j∈Z

∫ aℓ+j+1

aℓ+j

|f(x)|2dx
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= (

∞∑
ℓ=0

√
2−ℓ)2∥f∥2

=
2

3− 2
√
2
∥f∥2

For any 1 ≤ p < ∞ and γ = {γj}j∈Z ∈ ℓp(Z) with γj ̸= 0, for all j ∈ Z, we
define Lγ

p(0,∞) by

Lγ
p(0,∞) := {f : (0,∞) −→ C;

∑
j∈Z

∥ 1

γj
ϕχ[aj ,aj+1)∥pp < ∞}.

Also for ϕ ∈ Lγ
p(0,∞), we define ∥ϕ∥γ by

∥ϕ∥γ := ∥γ∥(
∑
j∈Z

∥ 1

γj
ϕχ[aj ,aj+1)∥pp)

1
p .

For all j ∈ Z we have

|γj |p ≤
∑
j∈Z

|γj |p = ∥γ∥p

and hence for all ϕ ∈ Lγ
p(0,∞)

∥ϕ∥pγ ≥ ∥γ∥p 1

∥γ∥p
(
∑
j∈Z

∥ϕχ[aj ,aj+1)∥pp) = ∥ϕ∥p.

Thus ∥ϕ∥ ≤ ∥ϕ∥γ for any γ = {γj}j∈Z ∈ ℓ2(Z) with γj ̸= 0, for all j ∈ Z and hence
Lγ
p(0,∞) is a sub space of Lp(0,∞).

Theorem 2.1. Let ϕ ∈ L2(0,∞) and B > 0.

1) If ∥ϕ∥γ ≤
√
B, for some γ = {γj}j∈Z ∈ ℓ2(Z) with γj ̸= 0, for all j ∈ Z, then

{Dajϕ}j∈Z is a Bessel sequence in L2(0,∞) with Bessel bound B.
2) If {Dajϕ}j∈Z is a Bessel sequence in L2(0,∞) with Bessel bound B, then ∥ϕ∥ ≤√

B.
3) If {Dajϕ}j∈Z is a frame in L2(0,∞) with frame bounds A and B, then

√
A ≤

∥ϕ∥ ≤
√
B.

Proof.
1) For all f ∈ L2(0,∞) we have∑

j∈Z
| ⟨f,Dajϕ⟩ |2 =

∑
j∈Z

aj |
∑
ℓ∈Z

|γℓ|
1

|γℓ|

∫ aℓ+1

aℓ
f(ajx)ϕ(x)dx|2

≤
∑
j∈Z

aj
∑
ℓ∈Z

|γℓ|2
∑
ℓ∈Z

∫ aℓ+1

aℓ
|f(ajx)|2dx

∫ aℓ+1

aℓ

1

|γℓ|2
|ϕ(x)|2dx

≤ ∥γ∥2
∑
ℓ∈Z

∥ 1

γℓ
ϕχ[aℓ,aℓ+1)∥22

∑
j∈Z

aj
∫ aℓ+1

aℓ
|f(ajx)|2dx

≤ ∥ϕ∥2γ∥f∥2

≤ B∥f∥2
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2) Let {Dajϕ}j∈Z be a Bessel sequence in L2(0,∞) with Bessel bound B. Then
T : ℓ2(Z) −→ L2(0,∞), with T ({cj}j∈Z) =

∑
j∈Z cjDajϕ is well defined bounded

linear operator with ∥T∥ ≤
√
B. The sequence {dj}j∈Z defined by

dj =

{
1 if j = 0,
0 if j ̸= 0

,

has ∥{dj}j∈Z∥ = 1. Thus

B ≥ ∥T∥2 = sup
∥{cj}j∈Z∥=1

∥T ({cj}j∈Z)∥2 ≥ ∥T ({dj}j∈Z)∥2 = ∥ϕ∥2.

3) We have A∥f∥2 ≤
∑

j∈Z | ⟨f,Dajϕ⟩ |2, for all f ∈ L2(0,∞). If f := χ[1,a), then

A(a− 1) ≤
∑
j∈Z

|
⟨
χ[1,a), Dajϕ

⟩
|2

=
∑
j∈Z

a−j |
∫ a

1
ϕ(a−jx)dx|2

≤ (a− 1)
∑
j∈Z

a−j

∫ a

1
|ϕ(a−jx)|2dx

= (a− 1)

∫ a

1

∑
j∈Z

a−j |ϕ(a−jx)|2dx

= (a− 1)

∫ a

1
Φ(x)dx

= (a− 1)∥ϕ∥2

and hence
√
A ≤ ∥ϕ∥. �

Open problems:
1) Which conditions on ϕ will imply that the sequence {Dajϕ}j∈Z is a Bessel se-
quence, frame sequence, Riesz sequence or orthonormal sequence in L2(0,∞)?
2) Can {Dλj

ϕ}j∈Z to be a frame, Riesz basis or orthonormal basis for L2(0,∞)?
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