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In this paper the concept of ሼ Ωఈ: ߙ א ሺ0,1ሿሽ that is a family Ωఈ -quasi 
distances on generating spaces of quasi ܩ -metric family ሺܺ, ߙ :ఈܩ א ሺ0,1ሿሻ  is 
considered and non-convex minimization theorem on such spaces is proved.3Then as 
its application we prove the Caristi type fixed point theorem and Ekeland's 
 variational principle. Our results generalized and improve some recent results in-ߝ
the literature.   
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1. Introduction 
 
In 1994, Chang, Cho and Kang ([5],[6]) gave definition of generating spaces 

of quasi-metric family, which included fuzzy metric spaces ([8]) and Meneger 
probabilistic metric spaces ([20]) as special cases. They proved some fixed point 
theorems and Takahashi-type minimization theorems in complete generating 
spaces of quasi-metric family. In 1996, Kada, Suzuki and Takahashi ([9]) 
introduced the concept ω-distance in metric spaces and proved the Caristi's fixed 
point theorem ([4]), Ekeland's ε-variational principle ([7]) and Takahashi type 
nonconvex minimization theorems ([23]) in complete metric spaces by using the 
ω-distance. Later, in 1997, Chang, Jung, Lee ([10]) by following the approaches of 
Kada et al. defined a family of weak quasi metric in generating spaces of quasi 
metric family and proved minimization theorems. In 2006, Mustafa and Sims ([14]) 
introduced the concept of G-metric. Some authors ([1], [2], [3], [11], [12], [13], 
[15], [19]) have proved some fixed point theorems in these spaces. Recently, 
Saadati, Vaezpour, Vetro and Rhoades ([21]), using the concept of G-metric, 
defined an Ω-distance on complete G-metric space and generalized the concept of 
ω-distance.  
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In this paper, inspire of above conceptes we introduce the concept of 
generating spaces of quasi G-metric family that included Q-fuzzy metric spaces 
[22] and Ωα -quasi distances. Then, we prove Takahashi type nonconvex 
minimization theorems, Caristi type fixed point theorem and ε-variational principle 
in these spaces. 

At first we recall some definitions and lemmas in the G-metric space. For 
more information see ([2], [3], [13], [14], [21]).  

 
 metric space-ࡳ .2
 

Definition 2.1 ([14]) Let X be a non-empty set. A function G: X ൈ X ൈ X ՜ ሾ0,∞ሻ 
is called a G- metric if the following conditions are satisfied :  

 
    1.  Gሺx, y, zሻ ൌ 0 if x ൌ y ൌ z (coincidence),  
    2.  Gሺx, x, yሻ>0 for all x, y א X, where x ് y,  
    3.  Gሺx, x, zሻ ൑ Gሺx, y, zሻ for all x, y, z א X, with z ് y,  
    4.  Gሺx, y, zሻ ൌ Gሺpሼx, y, zሽሻ, where p is a permutation of 

x, y, z (symmetry),  
    5.  Gሺx, y, zሻ ൑ Gሺx, a, aሻ ൅ Gሺa, y, zሻ  for all x, y, z, a א X (rectangle 

inequality).  
  

A G-metric is said to be symmetric if Gሺx, y, yሻ ൌ Gሺy, x, xሻ  for all  x, y א X.  
Definition 2.2([14]) Let ሺX, Gሻ be a G-metric space,  

1. a sequence ሼx୬ሽ in X is said to be G-Cauchy sequence if for each 
ε ൐ 0,  

   there exists a positive integer n଴ such that for all  m, n, l ൒ n଴ ,  
            Gሺx୬, x୫, x୪ሻ ൏   .ߝ

    2.  a sequence ሼx୬ሽ in X is said to be G-convergent to a point x א X if 
for each ε ൐ 0, there exists a positive integer n଴ such that for 
all  m, n ൒ n଴ , Gሺx୬, x୫, xሻ ൏   .ߝ

Definition 2.3 ([21]) Let ሺX, Gሻ be a G-metric space. Then a function  
Ω: X ൈ X ൈ X ՜ ሾ0,∞ሻ  is called an Ω -distance on X  if the following 
conditions are satisfied :   
    1.  Ωሺx, y, zሻ ൑ Ωሺx, a, aሻ ൅ Ωሺa, y, zሻ for all x, y, z, a א X,  

          2.  for any x, y א X, Ωሺx, y, . ሻ, Ωሺx, . , yሻ:  X ՜ ሾ0,∞ሻ  are lower 
semi-continuous,  

    3.  for each  ε ൐ 0, there exists a δ ൐ 0 such that Ωሺx, a, aሻ ൑ δ and  
          Ωሺa, y, zሻ ൑ δ imply Gሺx, y, zሻ ൑ ε. 

Example 2.4 ([21]) Let ሺX, dሻ be a metric space and G: Xଷ ՜ ሾ0,∞ሻ defined by  
 Gሺx, y, zሻ ൌ maxሼdሺx, yሻ, dሺy, zሻ, dሺx, zሻሽ, 

      for all x, y, z א X. Then Ω ൌ G is an Ω-distance on  X. 
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For more examples see ([21]).   
Lemma 2.5 ([21]) Let X be a metric space with metric  G and Ω be an Ω-distance 
on X. Let ሼx୬ሽ, ሼy୬ሽ

,,
be sequences in X, ሼα୬ሽ, ൛β୬ൟ be sequences in ሾ0,∞ሻ 

converging to zero and let x, y, z, a א X. Then we have the following : 
 
    1.  If Ωሺy, x୬, x୬ሻ ൑ α୬ and Ωሺx୬, y, zሻ ൑ β୬ for n א  then ,ࡺ

Gሺy, y, zሻ ൏ and hence y ߝ ൌ z.  
    2.  If Ωሺy୬, x୬, x୬ሻ ൑ α୬ and Ωሺx୬, y୫, zሻ ൑ β୬ for m ൐ ݊ then  

Gሺy୬, y୫, zሻ ՜ 0 and hence y୬ ՜ z.  
    3.  If Ωሺx୬, x୫, x୪ሻ ൑ α୬ for any l, m, n א with n ࡺ ൑ m ൑ l, then 

ሼx୬ሽ is a G-Cauchy sequence. 
    4.  If Ωሺx୬, a, aሻ ൑ α୬ for any n א  then ሼx୬ሽ is a G-Cauchy ,ࡺ

sequence.  
Definition 2.6 ([21]) A G-metric space X is said to be Ω-bounded if there is a 
constant M ൐ 0 such that Ωሺx, y, zሻ ൑ M for all x, y, z א X.  

 
3. Generating space of quasi ۵-metric family 
 
In this section we present the definition of a generating space of quasi 

G-metric family. 
 

Definition 3.1 Let X be a nonempty set and ሼGα: α א ሺ0,1ሿሽ be a family of 
mappings Gα: X ൈ X ൈ X ՜ ሾ0,∞ሻ. Then ሺX, Gα: α א ሺ0,1ሿሻ called a generating 
space of quasi  G-metric family if the following conditions are satisfied : 

    1. Gαሺx, y, zሻ ൌ 0 for all α א ሺ0,1ሿ if and only if x ൌ y ൌ z,  
    2. Gαሺx, x, yሻ>0 for all x, y א X, where x ് y and α א ሺ0,1ሿ,  
    3.  Gαሺx, x, zሻ ൑ Gሺx, y, zሻ for all x, y, z א X, with z ് y and α א ሺ0,1ሿ,  
    4. Gαሺx, y, zሻ ൌ Gαሺpሼx, y, zሽሻ, where p is a permutation of x, y, z 

and α א ሺ0,1ሿ, 
    5. for any α א ሺ0,1ሿ, there exists a number μ א ሺ0, αሿ such that, 

Gαሺx, y, zሻ ൑ Gμሺx, a, aሻ ൅ Gμሺa, y, zሻ  for all x, y, z, a א X  and 
α א ሺ0,1ሿ,  

    6. for any x, y, z א X , Gαሺx, y, zሻ  is non-increasing in α  and left 
continuous in α.  

      A generating space of quasi  G-metric is said to be symmetric if Gαሺx, y, yሻ ൌ
Gαሺy, x, xሻ for all x, y א X and α א ሺ0,1ሿ. 

Example 3.2 Let X be a metric space with metric G. If we put Gαሺx, y, zሻ ൌ
Gሺx, y, zሻ for all α א ሺ0,1ሿ and x, y, z א X, then ሺX, Gα: α א ሺ0,1ሿሻ is a generating 
space of quasi G-metric family.  
Example 3.3 Let ሺX, dα: α א ሺ0,1ሿሻ be a generating space of quasi metric family. If 
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we put Gαሺx, y, zሻ ൌ maxሼdαሺx, yሻ, dαሺy, zሻ, dαሺx, zሻሽfor all α א ሺ0,1ሿ and x, y, z א
X, then ሺX, Gα: α א ሺ0,1ሿሻ is a generating space of quasi G-metric family. 
Example 3.4 Let ሺX, ԡ. ԡα ׷  α א ሺ0,1ሿሻ be a generating space of quasi-norm metric 
family [10]. If we put  Gαሺx, y, zሻ ൌ ԡx െ yԡα ൅ ԡy െ zԡα ൅ ԡx െ zԡα for all 
α א ሺ0,1ሿ and x, y, z א X, then ሺX, Gα: α א ሺ0, 1ሿሻ be a generating space of quasi 
G-metric family.  

Generating space of quasi  G-metric family has properties of G-metric 
space.  
Definition 3.5 Let ሺX, Gα: α א ሺ0, 1ሿሻ be a complete generating space of quasi 
G-metric family. For ε ൐ 0 and 0 ൏ ߙ ൑ 1 the open ball U୶ሺε, αሻ is defined by 

 U୶ሺε, αሻ ൌ ሼy א X ׷  Gαሺx, y, yሻ ൏   .ሽߝ
Definition 3.6 A subset B of ሺX, Gα: α א ሺ0, 1ሿሻ is called open set if for each 
x א B  there exist ε ൐ 0 and 0 ൏ ߙ ൑ 1 such that U୶ሺε,αሻ ؿ B.  
Lemma 3.7 In a generating space of quasi G-metric family ሺX, Gα: α א
ሺ0 , 1ሿሻ every open ball is an open set.  
Proof: Let U୶ሺε, αሻ be an open ball and y א U୶ሺε, αሻ. Then  Gαሺx, y, yሻ ൏  and ߝ
there exists 0 ൏ ߚ ൏ that λ ߙ ൌ Gβሺx, y, yሻ ൏  It is enough to prove that there .ߝ
exist ε଴ ൐ 0  and 0 ൏ α଴ ൑ 1 such that U୷ሺε଴, α଴ሻ ك U୶ሺε,αሻ.  Setting  ε଴ ൌ ε െ
λ and ߙ଴ ൌ .ߚ  Then if z א U୷ሺε଴, α଴ሻ ൌ U୷ሺε െ λ, βሻ therefor  Gβሺy, z, zሻ ൏ ߝ െ
λ. Now by,  

 Gαሺx, z, zሻ ൑  Gβሺx, y, yሻ ൅  Gβሺy, z, zሻ ൏ λ ൅ ε െ λ ൌ ε,  
      we obtain z א U୶ሺε, αሻ and the proof is completed.    

The following lemma can be e asily proved. 
Lemma 3.8 Let ሺX, Gα: α א ሺ0, 1ሿሻ be a generating space of quasi G-metric family. 
Define,  

 τሼGαሽ ൌ ሼB ؿ X ׷ x׊  א B, ε׌ ൐ 0, 0 ൏ ߙ ൑ ,U୶ሺε ݐ݄ܽݐ ݄ܿݑݏ  1 αሻ ؿ Bሽ.  
      Then τሼGαሽ is a topology on  X.  
Lemma 3.9 Every generating space of quasi G-metric family ሺX, Gα: α א ሺ0, 1ሿሻ is 
Hausdorff.  
Definition 3.10 Let ሺX, Gα: α א ሺ0, 1ሿሻ be a generating space of quasi G-metric 
family and ሼx୬ሽ be a sequence in X.   

    1.  ሼx୬ሽ is said to be G-convergent to a point x א X if, for each ε ൐ 0 
and α א ሺ0, 1ሿ, there exists a positive integer  n଴ such that for all 
m, n ൒  n଴, Gαሺx୫, x୬, xሻ < ε.  

    2.  ሼx୬ሽ is said to be G-Cauchy sequence if for each ε ൐ 0 and 
α א ሺ0, 1ሿ, there exists a positive integer  n଴ such that for all 
m, n, l ൒  n଴, Gαሺx୫, x୬, x୪ሻ < ε.  

    3.  A generating space of quasi G-metric family ሺX, Gα: α א ሺ0, 1ሿሻ 
that every G-Cauchy sequence is G-convergent is said complete.  

 



Minimization theorems in generating spaces of quasi G-metric family          197 

Definition 3.11 Let ሺX, Gα: α א ሺ0, 1ሿሻ be a generating space of quasi G-metric 
family. Then a family ሼ Ωα: α א ሺ0,1ሿሽ of mappings from Ωα: X ൈ X ൈ X ՜ ሾ0,∞ሻ 
is called a family of Ωα-quasi distances if the following conditions are satisfied : 

 
    1.  for any α א ሺ0 1ሿ, there exists a number μ א ሺ0, αሿ such that, 

Ωαሺx, y, zሻ ൑ Ωμሺx, a, aሻ ൅ Ωμሺa, y, zሻ for all x, y, z, a א X.  
    2.  for any x, y א X and α א ሺ0, 1ሿ, Ωαሺx, y, . ሻ, Ωαሺx, . , yሻ X ׷ ՜

ሾ0,∞ሻ are lower semi-continuous.  
    3.  for each ε ൐ 0 and α א ሺ0 , 1ሿ, there exists δ ൐ 0 and a number 

μ א ሺ0, αሿ such that Ωμሺx, a, aሻ ൑ δ and Ωμሺa, y, zሻ ൑ δ imply 
Gαሺx, y, zሻ ൑ ε.  

 Example 3.12 Let ሺX, Gሻ be a G-metric space. Put,  
Ωαሺx, y, zሻ ൌ Gαሺx, y, zሻ ൌ Gሺx, y, zሻ  for all α א ሺ0, 1ሿ, 

      then ሼ Ωα: α א ሺ0,1ሿሽ is a family of  Ωα-quasi distances.  
 

Example 3.13 Let ሺX, ԡ. ԡα ׷  α א ሺ0,1ሿሻ be a generating space of quasi-norm 
metric family [10]. If we put  Gαሺx, y, zሻ ൌ ԡx െ yԡα ൅ ԡy െ zԡα ൅ ԡx െ zԡα and 
Ωαሺx, y, zሻ ൌ ԡx െ yԡα ൅ ԡx െ zԡα for all α א ሺ0,1ሿ and x, y, z א X, then 
ሼ Ωα: α א ሺ0,1ሿሽ a family of Ωα-quasi distances.  

 
Lemma 3.14 Let ሺX, Gα: α א ሺ0, 1ሿሻ be a generating space of quasi G-metric 
family and ሼ Ωα: α א ሺ0,1ሿሽ be a family of Ωα-quasi distances on X. Let 
ሼx୬ሽ, ሼy୬ሽ

,,
be sequences in  X, ሼα୬ሽ, ൛β୬ൟ be sequences in ሾ0,∞ሻ converging to 

zero and let x, y, z, a א X. Then  we have the following : 
1. If Ωαሺy, x୬, x୬ሻ ൑ α୬ and Ωαሺx୬, y, zሻ ൑ β୬ for n א  and ࡺ

α א ሺ0, 1ሿ, 
   then Gαሺy, y, zሻ ൏ and hence y ߝ ൌ z.  

    2.  If Ωαሺy୬, x୬, x୬ሻ ൑ α୬ and Ωαሺx୬, y୫, zሻ ൑ β୬ for m ൐ ݊ and 
α א ሺ0, 1ሿ,              then Gαሺy୬, y୫, zሻ ՜ 0 and hence 
y୬ ՜ z. 

    3.  If Ωαሺx୬, x୫, x୪ሻ ൑ α୬ for any l, m, n א with n ࡺ ൑ m ൑ l and 
α א ሺ0, 1ሿ, then ሼx୬ሽ  is a G-Cauchy sequence.  

    4.  If Ωαሺx୬, a, aሻ ൑ α୬ for any n א and α ࡺ א ሺ0, 1ሿ, then ሼx୬ሽ  is 
a G-Cauchy sequence.  

 
4. Non-convex minimization theorem 
 

Here we prove the non-convex minimization theorems for generating space of 
quasi G-metric family, which generalize and improve the recent results. 
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Notation 4.1 Let Φ be the set of all φ such that φ ׷ ሾ0,∞ሻ ՜ ሾ0,∞ሻ is 
sub-additive, 

( i.e. φሺx ൅ yሻ ൑ φሺxሻ ൅ φሺyሻ, for x, y א ሾ0,∞ሻ) and nondecreasing 
continuous such that  φିଵሺሼ0ሽሻ ൌ ሼ0ሽ. 

For more details see ([17], [18]).  
The following theorem is the Takahashi type nonconvex minimization theorem in a 
complete generating space of quasi G-metric space.  

 
Theorem 4.2 Let ሺX, Gα: α א ሺ0, 1ሿሻ  be a complete generating space of quasi 
G-metric family and let ሼ Ωα: α א ሺ0,1ሿሽ be a family Ωα -quasi distances on X 
such that for all x, y, z א ሾ0,∞ሻ and α א ሺ0 , 1ሿ,  

  
maxሼΩαሺx, z, zሻ,Ωαሺy, y, zሻ ൑ Ωαሺx, y, yሻ ൅ Ωαሺy, z, zሻሽ. 

Suppose that f ׷ X ՜ ሺെ∞,∞ሿ  is a proper lower semi-continuous function 
bounded from below. Assume that for each u א X with inf୶אX fሺxሻ ൏ ݂ሺݕሻ and 
φ א Φ, there exists v א X with v ് u and  

fሺvሻ ൅ φ൫Ωαሺu, v, vሻ൯ ൑ fሺuሻ,  
for all α א ሺ0, 1ሿ. Then there exists x଴ א X such that inf୶אX fሺxሻ ൌ fሺx଴ሻ. 
Proof: Suppose that inf୶אX fሺxሻ ൏ ݂ሺyሻ for every y א X. Since f is a proper, let 
uଵ א X and fሺuଵሻ ൏ ∞. Then inductively, we define the sequence ሼu୬ሽ in X such 
that,  

u୬ାଵ א S୬ ൌ ൛x א X ׷  φ൫Ωαሺu୬, x, xሻ൯ ൑ fሺu୬ሻ െ fሺxሻ, α׊ א ሺ0, 1ሿൟ, 
K୬ ൌ inf

୶אS౤
fሺxሻ 

and   

fሺu୬ାଵሻ ൏ K୬ ൅
1
n. 

Since,   
 φ൫Ωαሺu୬, u୬ାଵ, u୬ାଵሻ൯ ൑ fሺu୬ሻ െ fሺu୬ାଵሻ, 

   
then ሼ fሺu୬ሻሽ is non-increasing. Therefore, k ൌ lim୬՜∞ fሺu୬ሻ  exists.  

Now, we claim that ሼu୬ሽ is G-Cauchy,i.e. for any l ൐ ݉ ൐ ݊ with m ൌ n ൅ k 
and l ൌ m ൅ t  (k, t א   ,(ࡺ

   lim୬,୫,୪՜∞ Ωαሺu୬, u୫, u୪ሻ ൌ 0. 
We have for some μ א ሺ0, αሿ,  
  
                Ωαሺu୬, u୫, u୪ሻ ൌ Ωαሺu୬, u୬ା୩, u୬ା୩ା୲ሻ 

 ൑ Ωμሺu୬, u୬ା୩, u୬ା୩ሻ ൅ Ωμሺu୬ା୩, u୬ା୩, u୬ା୩ା୲ሻ, 
and,  

Ωμሺu୬ା୩, u୬ା୩, u୬ା୩ା୲ሻ ൑ max൛Ωμሺu୬, u୬ା୩ା୲, u୬ା୩ା୲ሻ,Ωμሺu୬ା୩, u୬ା୩, u୬ା୩ା୲ሻൟ 
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                             ൑ Ωμሺu୬, u୬ା୩, u୬ା୩ሻ ൅ Ωμሺu୬ା୩, u୬ା୩ା୲, u୬ା୩ା୲ሻ. 
 Therefore by sub-additivity of φ,  

 φ ቀΩμሺu୬ା୩, u୬ା୩, u୬ା୩ା୲ሻቁ ൑ φ ቀΩμሺu୬, u୬ା୩, u୬ା୩ሻ ൅ Ωμሺu୬ା୩, u୬ା୩ା୲, u୬ା୩ା୲ሻቁ 
                 

൑ φሺΩμሺu୬, u୬ା୩, u୬ା୩ሻሻ+φ ቀΩμሺu୬ା୩, u୬ା୩ା୲, u୬ା୩ା୲ሻቁ 
                                     ൑ fሺu୬ሻ െ fሺu୬ା୩ሻ ൅ fሺu୬ା୩ሻ െ fሺu୬ା୩ା୲ሻ 
                                    ൌ fሺu୬ሻ െ fሺu୬ା୩ା୲ሻ. 

 Also fሺu୬ା୩ା୲ሻ ൑ fሺu୬ା୩ሻ, because ሼfሺu୬ሻሽ is non-increasing. Then,  
      

            φ൫Ωαሺu୬, u୫, u୪ሻ൯ ൑ fሺu୬ሻ െ fሺu୬ା୩ሻ ൅ fሺu୬ሻ െ fሺu୬ା୩ା୲ሻ              
          ൑ fሺu୬ሻ െ fሺu୬ା୩ା୲ሻ ൅ fሺu୬ሻ െ fሺu୬ା୩ା୲ሻ 

                                               ൌ
2൫fሺu୬ሻ െ fሺu୬ା୩ା୲ሻ൯.                                                                     ሺ2.1ሻ  

  
Thus,   lim୬,୫,୪՜∞ φሺΩαሺu୬, u୫, u୪ሻሻ ൌ 0  and consequently ሼu୬ሽ  is a G -Cauchy 
sequence. Since X is complete, ሼu୬ሽ converges to a point u଴ א X. Therefore, in 
view of the lower semi-continuity of Ωα and ሺ2.1ሻ, we have 
  

φ൫Ωαሺu୬, u଴, u଴ሻ൯ ൑  fሺu୬ሻ െ k ൌ fሺu୬ሻ െ liminf  fሺu୬ሻ ൑ fሺu୬ሻ െ fሺu଴ሻ 
 

for all α א ሺ0, 1ሿ.  Therefore, there exists uଵ א X such that u଴ ് uଵ and fሺ uଵሻ ൅
φ൫Ωαሺu଴, uଵ, uଵሻ൯ ൑ fሺ u଴ሻ. Hence, for some μ א ሺ0, αሿ,  
 

fሺ uଵሻ ൅ φ൫Ωαሺu୬, uଵ, uଵሻ൯ ൑ fሺ uଵሻ ൅ φ ቀΩμሺu଴, uଵ, uଵሻቁ ൅ φ ቀΩμሺu୬, u଴, u଴ሻቁ 

                                        ൑ fሺ u଴ሻ ൅ φ ቀΩμሺu୬, u଴, u଴ሻቁ 
                                        ൑  fሺu୬ሻ 

and consequently uଵ א S୬. Since for every n א   ,ࡺ
 

fሺu଴ሻ ൑ fሺu୬ାଵሻ ൏ K୬ ൅
1
n

൑  fሺuଵሻ ൅
1
n

, 

we have, fሺu଴ሻ ൑ fሺuଵሻ. Then, fሺu଴ሻ ൌ fሺuଵሻ and φ൫Ωαሺu଴, uଵ, uଵሻ൯ ൌ 0. By 
assumption, there exists uଶ א Xsuch that 
uଶ ് uଵandfሺ uଶሻ ൅ φ൫Ωαሺuଵ, uଶ, uଶሻ൯ ൑ fሺ uଵሻ.Then, φ൫Ωαሺuଵ, uଶ, uଶሻ൯ ൌ 0. 
Now, by Part ሺ3ሻ of the Definition ሺ3.11ሻ and the properties of φ, we have 
u଴ ൌ uଶ. Similarly, since Ωαሺuଶ, uଵ, uଵሻ ൌ Ωαሺu଴, uଵ, uଵሻ, we obtain u଴ ൌ uଵ. 
Thus, uଵ ൌ uଶ, which is a contradiction and this complete the proof.   
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Corollary 4. 3 Let ሺX, Gα: α א ሺ0, 1ሿሻ be a complete generating space of quasi 
G-metric family and let ሼ Ωα: α א ሺ0,1ሿሽ be a family Ωα-quasi distances on X 
such that for all x, y, z א ሾ0,∞ሻ and α א ሺ0,1ሿ, 

  maxሼΩαሺx, z, zሻ,Ωαሺy, y, zሻሽ ൑ Ωαሺx, y, yሻ ൅ Ωαሺy, z, zሻ. 
Suppose that f ׷ X ՜ ሺെ∞,∞ሿ  is a proper lower semi-continuous function 
bounded from below. Assume that for each u א X with inf୶אX fሺxሻ ൏ ݂ሺݑሻ, there 
exists v א X with v ് u and  

Ωαሺu, v, vሻ ൑ fሺuሻ െ fሺvሻ.  
 

Then there exists x଴ א X such that inf୶אX fሺxሻ ൌ fሺx଴ሻ.                 
 
Proof: It is sufficient that put φሺtሻ ൌ t in the Theorem ሺ4.2ሻ. 

 
The following Corollary is a generalization of the Takahashi type nonconvex 
minimization theorem in a complete generating space of quasi metric space ([10]).  

 
Corollary 4.4 Let ሺX, dα: α א ሺ0,1ሿሻ  be a complete generating space of quasi 
metric family. Let f ׷ X ՜ ሺെ∞,∞ሿ be a proper lower semi-continuous function 
bounded from below. Assume that there exists a family ሼ pα: α א ሺ0,1ሿሽ of weak 
quasi metrics on X such that for each u א X with inf୶אX fሺxሻ ൏ ݂ሺݑሻ, there exists 
v א X with v ് u and  

  
fሺvሻ ൅ pαሺu, vሻ ൑ fሺuሻ. 

Then there exists x଴ א X such that inf୶אX fሺxሻ ൌ fሺx଴ሻ. 
Proof: It is enough to defin  Gαሺx, y, zሻ ൌ maxሼdαሺx, yሻ, dαሺy, zሻ, dαሺx, zሻሽ and 
Ωαሺx, y, zሻ ൌ maxሼpαሺx, yሻ, pαሺx, zሻሽ for all x, y, z א X and α א ሺ0,1ሿ.Then, by the 
previous corollary application, the proof is completed.    
The following theorem is the Caristi type fixed point theorem in a complete 
generating space of quasi G-metric space.  

 
Theorem 4.5 Let ሺX, Gα: α א ሺ0, 1ሿሻ  be a complete generating space of quasi 
G -metric family and   ሼ Ωα: α א ሺ0,1ሿሽ  be a family Ωα -quasi distances on X . 
Assume that  f ׷ X ՜ ሺെ∞,∞ሿ is a proper lower semi-continuous function bounded 
from below and T be a mapping from X into itself. Suppose that for every x א X 
and φ א Φ,   

 fሺTxሻ ൅ φ൫Ωαሺx, Tx, Txሻ൯ ൑ fሺxሻ. 
Then there exists x଴ א X such that Tx଴ ൌ x଴ and Ωαሺx଴, Tx଴, Tx଴ሻ ൌ 0. 

Proof: Since f is proper, there exists u א X such that fሺuሻ ൏ ∞. Put  
 Y ൌ ሼx א X ׷ fሺxሻ ൑ fሺuሻሽ. 

Since f is lower semi-continuous, Y is closed. Hence Y is a complete generating 
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G-metric space. Let x א Y. Since fሺTxሻ ൅ φ൫Ωαሺx, Tx, Txሻ൯ ൑ fሺxሻ ൑ fሺuሻ for all 
α א ሺ0, 1ሿ, we have Tx א Y. Thus Y is invariant under T. Now, assume Tx ് x 
for every x א Y. Then, by Theorem ሺ4.2ሻ,  there exists v଴ א Y such that  fሺ v଴ሻ ൌ
inf୶אY fሺxሻ.  Since fሺTv଴ሻ ൅ φ൫Ωαሺv଴, Tv଴, Tv଴ሻ൯ ൑ fሺv଴ሻ, and fሺ v଴ሻ ൌ
inf୶אY fሺxሻ, we have  fሺTv଴ሻ ൌ fሺ v଴ሻ ൌ inf୶אY fሺxሻ  and φ൫Ωαሺv଴, Tv଴, Tv଴ሻ൯ ൌ 0.  
Similarly, fሺTଶv଴ሻ ൌ fሺ Tv଴ሻ ൌ inf୶אY fሺxሻ and φ൫ΩαሺTv଴, Tଶv଴, Tଶv଴ሻ൯ ൌ 0.  By 
definition ofφ, we obtain   Ωαሺv଴, Tv଴, Tv଴ሻ ൌ 0 andΩαሺTv଴, Tଶv଴, Tଶv଴ሻ ൌ 0 for 
allα א ሺ0, 1ሿ.  Therefor, by Part ሺ3ሻ of Definition ሺ3.11ሻ, ݒ଴ ൌ ܶଶݒ଴ . 
Similarly, since Ωఈሺܶଶݒ଴, ,଴ݒܶ ଴ሻݒܶ ൌ Ωఈሺݒ଴, ,଴ݒܶ    ,଴ሻݒܶ
we obtain ܶݒ଴ ൌ     .଴ ,  which is a contradictionݒ

 
Corollary 4.6 Let ሺX, Gα: α א ሺ0, 1ሿሻ be a complete generating space of quasi 
G-metric family and ሼ Ωα: α א ሺ0,1ሿሽ a family Ωα-quasi distances on X. Assume 
that f ׷ X ՜ ሺെ∞,∞ሿ is a proper lower semi-continuous function bounded from 
below. Let that T be a mapping from X into itself. Suppose that for every x א X,  

  
fሺTxሻ ൅ Ωαሺx, Tx, Txሻ ൑ fሺxሻ. 

Then there exists x଴ א X such that Tx଴ ൌ x଴ and Ωαሺx଴, Tx଴, Tx଴ሻ ൌ 0. 
The following Corollary is a generalization of the Caristi type fixed point theorem 
in a complete generating space of quasi metric space ([10]).  

 
Corollary 4.7 Let ሺX, dα: α א ሺ0,1ሿሻ be a complete generating space of quasi 
metric family and let f ׷ X ՜ ሺെ∞,∞ሿ be a proper lower semi-continuous function 
bounded from below and that T be a mapping from X into itself. Assume that 
there exists a family  ሼ pα: α א ሺ0,1ሿሽ of weak quasi metrics on X such that for 
every x א X,  

fሺTxሻ ൅ pαሺx, Txሻ ൑ fሺxሻ. 
Then there exists x଴ א X such that Tx଴ ൌ x଴ and pαሺx଴, Tx଴ሻ ൌ 0. 
The following theorem is Ekeland's ε -variational principle in a complete 
generating space of quasi G-metric space.  

 
Theorem 4.8 Let ሺX, Gα: α א ሺ0, 1ሿሻ be a complete generating space of quasi 
G-metric family and ሼ Ωα: α א ሺ0,1ሿሽ a family Ωα-quasi distances on X such that 
for all x, y, z א X and α א ሺ0, 1ሿ,  

maxሼΩαሺx, z, zሻ,Ωαሺy, y, zሻሽ ൑ Ωαሺx, y, yሻ ൅ Ωαሺy, z, zሻ. 
 

Assume that f ׷ X ՜ ሺെ∞,∞ሿ is a proper lower semi-continuous function bounded 
from below. Then we have  
ሺ1ሻ  for every ε ൐ 0and u א X  such that Ωαሺu, u, uሻ ൌ 0  for all  α א ሺ0, 1ሿand 
fሺuሻ ൑  inf୶אX fሺxሻ ൅ ελ , there exists a v א X  such that  fሺvሻ ൑ fሺuሻ, 
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φሺΩαሺu, v, vሻሻ ൑ λ  for all α א ሺ0, 1ሿ , and for every w א X  with w ് v , there 
exists a  β א ሺ0, 1ሿ such that,  

  
fሺwሻ ൐ ݂ሺvሻ െ εφሺΩβሺv, w, wሻሻ. 

ሺ2ሻ for every u א X with fሺuሻ ൏ ∞, there exists a v א X such that fሺvሻ ൑ fሺuሻ, 
and for every w א X with w ് v, there exists a β א ሺ0, 1ሿ such that  

fሺwሻ ൐ ݂ሺvሻ െ φሺΩβሺv, w, wሻሻ. 
Proof: ሺ1ሻ Let  M ൌ ሼx א X ׷  fሺxሻ ൑ fሺuሻ െ εφሺΩαሺu, x, xሻሻ, α א ሺ0, 1ሿሽ. 
Then M is non-empty and complete. Moreover, for every x א M,  

εφሺΩαሺu, x, xሻሻ ൑  fሺuሻ െ  fሺxሻ ൑ fሺuሻ െ  inf
୶אX

fሺxሻ ൑ ελ 
for all α א ሺ0, 1ሿ . Then φሺΩαሺu, x, xሻሻ ൑ λ  and fሺxሻ ൑ fሺuሻ . Assume that for 
every x א X  there exists a w א X  such that w ് x  and fሺwሻ ൑  fሺxሻ െ
εφሺΩαሺx, w, wሻሻ for all α א ሺ0, 1ሿ. Thus, fሺwሻ ൑  fሺxሻ െ εφሺΩαሺx, w, wሻሻ ൑ fሺxሻ. 
Now, for every α א ሺ0, 1ሿ, there exists a μ א ሺ0, αሿ such that,     

εφሺΩαሺu, w, wሻሻ ൑ εφሺΩμ 
ሺu, x, xሻሻ ൅ εφሺΩμ 

ሺx, w, wሻሻ. 
Then,  

εφሺΩαሺu, w, wሻሻ ൑ fሺuሻ െ fሺxሻ ൅ fሺxሻ െ fሺwሻ ൌ fሺuሻ െ fሺ wሻ 
for all α א ሺ0, 1ሿ. This implies that w א M. Therefore, for every  x א M, there 
exists a w א M such that w ് x and fሺ wሻ ൑  fሺxሻ െ  εφሺΩ α ሺx, w, wሻሻ  for all 
α א ሺ0, 1ሿ. Based on Theorem ሺ4.2ሻ, there exists an x଴ א X such that fሺx଴ሻ ൌ
inf୶אM fሺxሻ. Now, for such x଴ , there exists xଵ א M such that xଵ ് x଴  and  

 fሺx ଵሻ ൑ fሺx଴ሻ െ εφሺΩαሺx଴, xଵ, xଵሻሻ, 
for all α א ሺ0, 1ሿ.  Thus,  fሺx ଵሻ ൌ fሺx଴ሻ ൌ inf୶אM fሺxሻ  and φሺΩαሺx଴, xଵ, xଵሻሻ ൌ 0 
for all α א ሺ0, 1ሿ.  Therefor, Ωαሺx଴, xଵ, xଵሻ ൌ 0 . Similarly, there exists x2 א M 
such that x1 ് x2 and Ωαሺx1, x2, x2ሻ ൌ 0 for all α א ሺ0, 1ሿ. According to part ሺ3ሻ 
of Definition ሺ3.11ሻ , we obtain x0 ൌ x2  and therefor x0 ൌ x1.  This is 
contradiction.  
ሺ2ሻ  Let W ൌ ሼx א X ׷ fሺxሻ ൑ fሺuሻሽ.  Then W  is non-empty and complete. 
Moreover, for every x א W there exists v א X such that v ് x and  

fሺvሻ ൑ fሺxሻ െ φሺΩαሺx, v, vሻሻ 
for all α א ሺ0, 1ሿ . Since fሺvሻ ൑ fሺxሻ ൑ fሺuሻ , then v א W . Thus, by Theorem 
ሺ4.2ሻ  and above proof, we can prove ሺ2ሻ.     
The following Corollary is a generalization of Ekeland's ε-variational principle in a 
complete generating space of quasi metric space ([10]).  

 
Corollary 4.9 Let ሺX, dα: α א ሺ0,1ሿሻ be a complete generating space of quasi 
metric family and  ሼ pα: α א ሺ0,1ሿሽ a family weak quasi metrics. Assume f ׷ X ՜
ሺെ∞,∞ሿ is a proper lower semi-continuous function bounded from below. Then :  
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ሺ1ሻ  for every ε ൐ 0 and u א X  such that pαሺu, u ሻ ൌ 0  for all  α א ሺ0, 1ሿ  and 
fሺuሻ ൑  infxאX fሺxሻ ൅ ελ , there exists a v א X such that  fሺvሻ ൑ fሺuሻ, pαሺu, v ሻ ൑
λ for all α א ሺ0, 1ሿ, and for every w א X with w ് v, there exists a β א ሺ0, 1ሿ 
such that,  

  
fሺwሻ ൐ ݂ሺvሻ െ ε pβሺv, wሻሻ. 

 
ሺ2ሻ for every u א X with fሺuሻ ൏ ∞, there exists a v א X such that fሺvሻ ൑ fሺuሻ, 
and for every w א X with w ് v, there exists a β א ሺ0, 1ሿ such that  
  

fሺwሻ ൐ ݂ሺvሻ െ pβሺv, wሻ. 
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